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A general model of linearly stochastically coupled identical connected neural networks with hybrid coupling is

proposed, which is composed of constant coupling, coupling discrete time-varying delay and coupling distributed time-

varying delay. All the coupling terms are subjected to stochastic disturbances described in terms of Brownian motion,

which reflects a more realistic dynamical behaviour of coupled systems in practice. Based on a simple adaptive feedback

controller and stochastic stability theory, several sufficient criteria are presented to ensure the synchronization of lin-

early stochastically coupled complex networks with coupling mixed time-varying delays. Finally, numerical simulations

illustrated by scale-free complex networks verify the effectiveness of the proposed controllers.
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1. Introduction

In the last decade the research interest has in-
creasingly been aroused in the dynamic analysis of var-
ious complex networks including neural networks, reg-
ular graph, random graph, small-world network, scale-
free network, evolving networks, etc.[1−27] Nowadays
complex network lies in our daily life with examples
including ecosystems, the World Wide Web (WWW),
the World Trade Web, linguistic webs and food webs,
etc.[1,2] The chaotic synchronization has been studied
in Refs.[3–18, 22–42]. More recently, there has been
increasing interest in the study of synchronization dy-
namics in complex dynamical networks composed of
coupled chaotic dynamical systems.[3−10,14,24] As a
particular class of complex networks, the synchroniza-
tion of chaotic neural networks or an array of chaotic
neural networks has been a hot topic now.[11−18,22−27]

Moreover, in most of the published literature on
synchronization of complex networks, linear or non-
linear deterministic coupling has been investigated in-
tensively. In reality the network coupling often occurs
in random fashion and therefore stochastic coupling is
ubiquitous in the evolution of complex networks. In

fact, stochastic effects may be viewed as random fluc-
tuations from the release of neurotransmitters, and
other probabilistic causes.[14,19−21,26] Therefore, the
transmitted signals may not be fully detected and re-
ceived by the other neurons of the system. In or-
der to investigate and simulate more realistic com-
plex dynamical networks, the noise effect should be
taken into consideration in modelling the complex
networks.[14,19−21,23,25,26] In Ref.[14], a model of com-
plex networks with time-varying delayed stochasti-
cally coupling has been introduced, but it has not
considered the distributed time-varying stochastically
coupling term.

On the other hand, the distributed delay in com-
plex networks or/and neural networks has been an
active subject nowadays.[19,25−29] Time delays often
occur in complex networks due to the signals prop-
agation through the links[19−21] and the frequently
delayed couplings in biological neural networks, gene
regulatory networks, communication networks and so
on. According to the way it arises, the time-delay can
be generally divided into two classes: discrete and
distributed.[19,25,26,28] It is worth pointing out that
continuously distributed delays have gained particu-
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lar attention since a network usually has a spatial
nature due to the presence of a number of parallel
pathways of a variety of axon sizes and lengths.[28]

Therefore, the distributed delay should be taken into
consideration for modelling a realistic complex net-
work. Recently, the synchronization between only two
chaotic neural networks with discrete and distributed
delays has been studied in.[25−27] However, to the best
of authors’ knowledge, synchronization problems for
stochastically hybrid coupled complex neural networks
with coupling discrete and distributed time-varying
delays have not been addressed in the literature, and
so the purpose of this paper is to shorten such a gap.

Motivated by the above discussion, we deal with
the synchronization problem for an array of stochasti-
cally hybrid coupled complex networks with both the
discrete and distributed time-varying delays. By us-
ing the adaptive feedback techniques, several theoret-
ical results guaranteeing the synchronization of the
stochastically hybrid coupled complex networks with
discrete and distributed time-varying delays are ob-
tained. Moreover, the derived theoretical results are
verified by scale-free complex networks.

Notation Throughout this paper, Rn and Rn×m

denote, respectively, the n-dimensional Euclidean
space and the set of all real matrices. The super-

script ‘T’ denotes matrix transposition and the no-
tation X ≥ Y (respectively, X > Y ) where X

and Y are symmetric matrices, means that X − Y

is positive semi-definite (respectively, positive defi-
nite). λmax(·) or λmin(·) denotes the largest or small-
est eigenvalue of a matrix, respectively. Let h > 0 and
C([−h, 0;Rn]) denote the family of continuous func-
tions φ from [−h, 0] to Rn with the norm ‖φ‖2 =
sup−h≤θ≤0 ‖φ(θ)‖, where ‖·‖ is the Euclidean norm
in Rn; E{·} represents the mathematical expectation
operator. Let (Ω ,F , {Ft}t≥0, P ) be a complete prob-
ability space with a filtration {Ft}t≥0 satisfying the
usual conditions (i.e. the filtration contains all P -null
sets and is right continuous). LPF0

([−h, 0];Rn) denotes
the family of all F0-measurable C([−h, 0];Rn)- valued
random variables ξ = {ξ(θ) : −h ≤ θ ≤ 0} such that
sup−h≤θ≤0 E ‖ξ(θ)‖p

< ∞. I represents the identity
matrix.

2. Model formulation and prelim-

inaries

Consider the following stochastically hybrid com-
plex dynamical neural networks with coupling dis-
crete and distributed time-varying delays coupled by
N identical nodes:

dxi(t) =

[
−Cxi(t) + Af̃(xi(t)) + Bg̃(xi(t− τ1(t))) + D

∫ t

t−τ2(t)

h̃(xi(s))ds + Ui

]
dt

+αi

N∑

j=1

G1ijΓ1xj(t)dw1i(t) + βi

N∑

j=1

G2ijΓ2xj(t− τ1(t))dw2i(t)

+γi

N∑

j=1

G3ijΓ3

∫ t

t−τ2(t)

xj(s)dsdw3i(t), i = 1, 2, . . . , N, (1)

where xi(t) = [xi1(t), xi2(t), . . . , xin(t)]T ∈ Rn

is the state vector of the ith node; Ui =
[u1, u2, . . . , uN ]T, i = 1, 2 . . . , N is the control in-
put; C = diag(c1, c2, . . . , cn) > 0 represents the
rate with which the ith unit will reset its poten-
tial to the resting state in isolation when discon-
nected from the network and the external inputs;
A = (aij)n×n, B = (bij)n×n and D = (dij)n×n

represent the connection weight matrix, the dis-
crete time-varying connection weight matrix and dis-

tributed time-varying connection weight matrix re-
spectively; τ1(t) denotes the time-varying delay, and
τ2(t) represents the distributed time-varying delay;
ωi = [ω1i(t), ω2i(t), ω3i(t)]T is 3-dimensional Brown-
ian motion; αi, βi and γi are the noise intensities;
The matrices Γ1, Γ2 and Γ3 describe inner couplings
of the complex networks; f̃ , g̃ and h̃ are the ac-
tivation functions of neurons satisfying f̃(xi(t)) =
(f̃1(xi1(t)), . . . , f̃n(xin(t)))T ∈ Rn, g̃(xi(t − τ1(t))) =
(g̃1(xi1(t − τ1(t))), . . . , g̃n(xin(t − τ1(t))))T ∈ Rn,
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and h̃(xi(t)) = (h̃1(xi1(t)), . . ., h̃n(xin(t)))T ∈ Rn;
The matrices G1 = (G1ij)N×N , G2 = (G2ij)N×N and
G3 = (G3ij)N×N are the coupling configuration ma-
trices representing the coupling strength and the topo-
logical structure of the networks, and they satisfy

Gkii = −
N∑

j=1,j 6=i

Gkij ,

k = 1, 2, 3, i, j = 1, 2 . . . , N. (2)

The initial conditions associated with system (1) are
given as follows:

xi(s) = ξi(s), −τ∗ ≤ s ≤ 0, i = 1, 2 . . . , N, (3)

where for any ξi ∈ L2
F0

([−τ∗, 0],Rn), τ∗ = supt∈R ∈
{τ1(t), τ2(t)}, with L2

F0
([−τ∗, 0],Rn) being the family

of all F0-measurable C([−τ∗, 0];Rn)-valued random
variables satisfying that sup−τ∗≤ϕ≤0 E |ξi(ϕ)|2 < ∞,
and C([−τ∗, 0];Rn) denotes the family of all contin-
uous Rn-valued functions ξi(ϕ) on [−τ∗, 0] with the
norm ‖ξi‖ = sup−τ∗≤ϕ≤0 |ξi(ϕ)| .

s(t) ∈ Rn is a solution of an isolated node

ds(t) =
[
−Cs(t) + Af̃(s(t)) + Bg̃(s(t− τ1(t)))

+D

∫ t

t−τ2(t)

h̃(s(η))dη
]
dt (4)

with x0 ∈ Rn.
Here, let ei(t) = xi(t) − s(t) be the error states.

It follows from systems (1) and (3) and condition (2)
that

dei(t) =
[
−Cei(t) + Af(ei(t)) + Bg(ei(t− τ1(t)))

+D

∫ t

t−τ2(t)

h(ei(s))ds + Ui

]
dt

+αi

N∑

j=1

G1ijΓ1ej(t)dw1i(t)

+βi

N∑

j=1

G2ijΓ2ej(t− τ1(t))dw2i(t)

+γi

N∑

j=1

G3ijΓ3

∫ t

t−τ2(t)

ej(s)dsdw3i(t),

i = 1, 2, . . . , N, (5)

where f(ei(t)) = f̃(ei(t) + s(t))− f̃(s(t)), g(ei(t)) =
g̃(ei(t)+s(t))−g̃(s(t)) and h(ei(t)) = h̃(ei(t)+s(t))−
h̃(s(t)).

Remark 1 The complex neural network model
(1) is quite general, which contains the coupling mixed

time-varying delays and stochastically coupling. It
should be pointed out that the synchronization prob-
lem for complex networks with both coupling discrete
and distributed time-varying delays has not received
much attention in the literature, and it does not men-
tion the case where the stochastically coupling dis-
tributed time-varying delays are also involved.

Throughout this paper, the following assumptions
are needed:

(A1). The activation functions f̃i(x) and g̃i(x)
satisfy the Lipschitz condition, i.e. for all i =
1, 2, . . . , n, there exist constants λi > 0 and φi > 0
such that

∣∣∣f̃i(x)− f̃i(y)
∣∣∣ ≤ λi |x− y| ,

|g̃i(x)− g̃i(y)| ≤ φi |x− y| , ∀x, y ∈ Rn.

(A2). The activation function h̃(x) satisfies the
Lipschitz condition in a vector form

∥∥∥h̃(x)− h̃(y)
∥∥∥ ≤ ‖H(x− y)‖ , ∀x, y ∈ Rn,

where H ∈ Rn×n is a constant matrix.
(A3). f̃i(0) = g̃i(0) = h̃i(0) = 0.

(A4). τ1(t) and τ2(t) are bounded and contin-
uously differentiable functions, 0 < τ1(t) ≤ τ1, 0 <

τ2(t) ≤ τ2 and τ̇1(t) ≤ µ < 1, τ̇2(t) ≤ % < 1.
Under the assumptions (A3), it is easy to verify

that fi(0) = gi(0) = hi(0) = 0. Hence, error system
(4) admits a trivial solution ei(0) ≡ 0, i = 1, 2, . . . , N .

The following definition is needed in this paper:

Definition 1 Let xi(t; t0, X0)(1 ≤ i ≤ N) be
a solution of the array of linearly stochastically cou-
pled complex networks with coupling discrete and dis-
tributed delays (1), where X0 = (x0

1 ,x0
2, . . . , x0

N ).
If there is a nonempty subset Ω ⊆ Rn, with x0

i ∈
Ω(1 ≤ i ≤ N), such that xi(t; t0,X0) ∈ Rn for all
t ≥ t0, 1 ≤ i ≤ N , and

limt→∞E ‖xi(t; t0, X0)− s(t; t0, X0)‖2 = 0,

i = 1, 2, . . . , N, (6)

or

limt→∞E ‖ei(t)‖2 = 0, i = 1, 2, . . . , N, (7)

then stochastically hybrid complex networks (1) with
coupling mixed time-varying delays is said to achieve
synchronization in mean square and Ω × · · · × Ω is
called the region of synchrony for networks (1).
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3. Main results

The following lemmas will be essential to achiev-
ing the main results.

Lemma 1 (See Ref.[43]). Let Ω1,Ω2, and Ω3 be
real matrices of appropriate dimensions with Ω3 > 0.
Given any vector x,y of appropriate dimensions, then
the following inequality holds:

2xTΩT
1 Ω2y ≤ xTΩT

1 Ω3Ω1x + yTΩT
2 Ω−1

3 Ω2y.

Lemma 2 (See Ref.[20]). For any positive def-
inite matrix N > 0, scalar ν > ν(t) > 0, vector func-
tion w : [0, ν] → Rn such that the integrations con-
cerned are well defined, the following inequality holds:

(∫ v(t)

0

w(s)ds

)T

N

(∫ v(t)

0

w(s)ds

)

≤ v(t)

((∫ v(t)

0

wT(s)Nw(s)

))
ds.

Theorem 1 Under assumptions (A1)−(A4), let
the controller be Ui(t) = εi(t)ei(t), where the feed-
back strengths εi(t) = (εi1(t), εi2(t), . . . , εin(t))T with
update laws are taken as

ε̇ij = −δije
2
ij(t),

i = 1, 2, . . . , N, j = 1, 2, . . . , n, (8)

in which δij are arbitrary positive constants, i.e. δij >

0. Then, system (5) is said to be synchronized in mean
square, that is, the trivial solution of error system (5)
is asymptotically stable in mean square.

Proof 1 Construct the following nonnegative
function:

V (t, e(t)) =
1
2

N∑

i=1

eT
i (t)ei(t)

+
N∑

i=1

∫ t

t−τ1(t)

eT
i (s)Pei(s)ds

+
N∑

i=1

∫ t

t−τ2(t)

∫ t

s

eT
i (θ)Qei(θ)dθds

+
1
2

N∑

i=1

n∑

j=1

1
δij

(εij + l)2, (9)

where P and Q are positive definite matrices and l is
a constant, P , Q and l are to be determined in the
following, separately.

By using the well-known Itô-differential
formula,[44] the stochastic derivative of V along the
trajectory of error system (5) can be obtained as
follows:

dV (t, e (t))

= L V (t, e(t))dt

+
N∑

i=1

eT
i (t)

[
αi

N∑

j=1

G1ijΓ1ej (t) dw1i (t)

+βi

N∑

j=1

G2ijΓ2ej(t− τ1 (t))dw2i(t)

+γi

N∑

j=1

G3ijΓ3

∫ t

t−τ2(t)

ej (s) dsdw3i (t)

]
,

(10)

where the weak infinitesimal operator L is given by

L V (t, e(t)) =
N∑

i=1

eT
i (t)

[
−Cei (t) + Af (ei (t)) + Bg (ei (t− τ1 (t))) + D

∫ t

t−τ2(t)

h (ei (s)) ds + εiei (t)

]

+
N∑

i=1

[
eT

i (t) Pei (t)− (1− τ̇1 (t)) eT
i (t− τ1 (t))Pei (t− τ1 (t))

]

+
N∑

i=1

[
τ2 (t) eT

i (t) Qei (t)− (1− τ̇2 (t))
∫ t

t−τ2(t)

eT
i (s) Qei (s) ds

]

+
N∑

i=1

n∑

j=1

(εij + l) e2
ij (t) +

α2
i

2

N∑

i=1




N∑

j=1

G1ijΓ1ej (t)




T 


N∑

j=1

G1ijΓ1ej (t)




+
β2

i

2

N∑

i=1




N∑

j=1

G2ijΓ2ej (t− τ1 (t))




T 


N∑

j=1

G2ijΓ2ej (t− τ1 (t))



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+
γ2

i

2

N∑

i=1




N∑

j=1

G3ijΓ3

∫ t

t−τ2(t)

ej (s) ds




T 


N∑

j=1

G3ijΓ3

∫ t

t−τ2(t)

ej (s) ds




=
N∑

i=1

{
−eT

i (t) Cei (t) + eT
i (t) Af (ei (t)) + eT

i (t) Bg (ei (t− τ1 (t)))

+eT
i (t)D

∫ t

t−τ2(t)

h (ei (s)) ds + eT
i (t) Pei (t)− (1− τ̇1 (t)) eT

i (t− τ1 (t))Pei (t− τ1 (t))

+τ2 (t) eT
i (t) Qei (t)− leT

i (t) ei (t)− (1− τ̇2 (t))
∫ t

t−τ2(t)

eT
i (s) Qei (s) ds

+
α2

i

2

[
N∑

j=1

G1ijΓ1ej (t)

]T[
N∑

j=1

G1ijΓ1ej (t)

]

+
β2

i

2

[
N∑

j=1

G2ijΓ2ej (t− τ1 (t))

]T[
N∑

j=1

G2ijΓ2ej (t− τ1 (t))

]

+
γ2

i

2

[
N∑

j=1

G3ijΓ3

∫ t

t−τ2(t)

ej (s) ds

]T[
N∑

j=1

G3ijΓ3

∫ t

t−τ2(t)

ej (s) ds

]}
. (11)

According to assumption (A4), we have

− (1− τ̇1 (t)) ≤ − (1− µ) , (12)

and

− (1− τ̇2 (t)) ≤ − (1− ρ) . (13)

From assumption (A1), we can obtain

fT(ei(t))f(ei(t)) =
n∑

j=1

f2
j (eij(t)) ≤

n∑

j=1

γ2
j e2

ij(t)

≤ ΛeT
i (t)ei(t), (14)

and

gT(ei(t))g(ei(t)) =
n∑

j=1

g2
j (eij(t)) ≤

n∑

j=1

φ2
je

2
ij(t)

≤ ΦeT
i ei(t), (15)

where Λ = max{λ2
j : j = 1, 2, . . . , n} and Φ =

max{φ2
j : j = 1, 2, . . . , n}.

It follows from Lemma 1 and inequalities (14) and
(15) that

eT
i (t)Af(ei(t))

≤ 1
2
eT

i (t)AATei(t) +
1
2
fT(ei(t))f(ei(t))

≤ 1
2
eT

i (t)AATei(t) +
1
2
ΛeT

i (t)ei(t), (16)

and

eT
i (t)Bg(ei(t− τ1(t)))

≤ 1
2
eT

i (t)BBTei(t)

+
1
2
gT(ei(t− τ1(t)))g(ei(t− τ1(t)))

≤ 1
2
eT

i (t)BBTei(t)

+
1
2
ΦeT

i (t− τ1(t))ei(t− τ1(t)). (17)

Let Ω1,Ω2 and Ω3 in Lemma 1 be the compatible
dimensions identity matrix, then we will have

eT
i (t)D

∫ t

t−τ2(t)

h(ei(s))ds

≤ 1
2
eT

i (t)DDTei(t)

+
1
2

∫ t

t−τ2(t)

hT(ei(s))ds

∫ t

t−τ2(t)

h(ei(s))ds.

(18)

From assumption (A2), the following inequality:

‖h(ei(t))‖ ≤ ‖Hei(t)‖ (19)

holds, then hT(ei(t))h(ei(t)) ≤ eT
i (t)HTHei(t).

According to Lemma 2 and inequality (19), we
have

1
2

∫ t

t−τ2(t)

hT(ei(s))ds

∫ t

t−τ2(t)

h(ei(s))ds

≤ τ2(t)
2

∫ t

t−τ2(t)

hT(ei(s))h(ei(s))ds

≤ τ2

2

∫ t

t−τ2(t)

eT
i (s)HTHei(s)ds. (20)

It is easy to check that
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


N∑

j=1

G1ijΓ1ej(t)




T 


N∑

j=1

G1ijΓ1ej(t)


 ≤ N

N∑

j=1

G2
1ije

T
j (t)Γ T

1 Γ1ej(t)

≤ NIλmax(Γ T
1 Γ1)

N∑

j=1

G2
1ije

T
j (t)ej(t), (21)




N∑

j=1

G2ijΓ2ej(t− τ1(t))




T 


N∑

j=1

G2ijΓ2ej(t− τ1(t))




≤ N
N∑

j=1

G2
2ije

T
j (t− τ1(t))Γ T

2 Γ2ej(t− τ1(t)) ≤ NIλmax(Γ T
2 Γ2)

N∑

j=1

G2
2ije

T
j (t− τ1(t))ej(t− τ1(t)), (22)

and



N∑

j=1

G3ijΓ3

∫ t

t−τ2(t)

ej(s)ds




T 


N∑

j=1

G3ijΓ3

∫ t

t−τ2(t)

ej(s)ds




≤ N
N∑

j=1

G2
3ijΓ

T
3 Γ3

∫ t

t−τ2(t)

eT
j (s)ds

∫ t

t−τ2(t)

ej(s)ds ≤ N

N∑

j=1

G2
3ijΓ

T
3 Γ3τ2(t)

∫ t

t−τ2(t)

eT
j (s)ej(s)ds

≤ τ2NIλmax(Γ T
3 Γ3)

N∑

j=1

G2
3ij

∫ t

t−τ2(t)

eT
j (s)ej(s)ds. (23)

Using inequalities (12)–(23) yields from expression (11)

L V (t, e(t)) ≤
N∑

i=1

{
−eT

i (t)Cei(t) +
1
2
eT

i (t)AATei(t) +
1
2
ΛeT

i (t)ei(t) +
1
2
eT

i (t)BBTei(t)

+
1
2
ΦeT

i (t− τ1(t))ei(t− τ1(t)) +
1
2
eT

i (t)DDTei(t) +
τ2

2

∫ t

t−τ2(t)

eT
i HTHei(s)ds

+eT
i (t)Pei(t)− (1− µ)eT

i (t− τ1(t))Pei(t− τ1(t)) + τ2e
T
i (t)Qei(t)− leT

i (t)ei(t)

−(1− %)
∫ t

t−τ2(t)

eT
i (s)Qei(s)ds +

α2

2
σ1NIλmax(Γ T

1 Γ1)
N∑

n=1

eT
j (t)ej(t)

+
β2

2
σ2NIλmax(Γ T

2 Γ2)
N∑

j=1

eT
j (t− τ1(t))ej(t− τ1(t))

+τ2
γ2

2
σ3NIλmax(Γ T

3 Γ3)
N∑

j=1

∫ t

t−τ2(t)

eT
j (s)ej(s)ds

}

=
N∑

i=1

{
eT

i (t)

[
−C +

1
2
AAT +

1
2
Λ +

1
2
BBT +

1
2
DDT + P + τ2Q

+
α2

2
σ1N

2Iγmax(Γ T
1 Γ1)− lI

]
eT

i + eT
i (t− τ1(t))

[
1
2
ΦI − (1− µ)P

+
β2

2
σ2N

2Iλmax(Γ T
2 Γ2)

]
ei(t− τ1(t))

+
∫ t

(t−τ2(t))

eT
i (s)ei(s)ds

[
τ2

2
HTH − (1− %)Q + τ2

γ2

2
σ3N

2Iλmax(Γ T
3 Γ3)

]}

≤
N∑

i=1

{
eT

i (t)[λmax(−C) +
1
2
λmax(AAT) +

1
2
Λ +

1
2
λmax(BBT)

1
2
λmax(DDT) + λmax(P )

+τ2λmax(Q) +
α2

2
σ1N

2Iλmax(Γ T
1 Γ1)− lI]ei(t) + eT

i (t− τ1(t))

[
1
2
ΦI − (1− µ)P
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+
β2

2
σ2N

2Iλmax(Γ T
2 Γ2)

]
ei(t− τ1(t))

+
∫ t

(t−τ2(t))

eT
i (s)ei(s)ds

[
τ2

2
HTH − (1− %)Q + τ2

γ2

2
σ3N

2Iλmax(Γ T
3 Γ3)

]}
, (24)

where

α = max1≤i≤N{αi},
β = max1≤i≤N{βi},
γ = max1≤i≤N{γi},
σ1 = max1≤i,j≤N{G2

1ij},
σ2 = max1≤i,j≤N{G2

2ij},
σ3 = max1≤i,j≤N{G2

3ij}.

Let

P =
1

2(1− µ)
[ΦI + β2σ2N

2λmax(Γ T
2 Γ2)I], (25)

Q =
τ2

2(1− ρ)
[HTH + γ2σ3N

2λmax(Γ T
3 Γ3)I], (26)

and

l = λmax(−C) +
1
2
λmax(AAT) +

1
2
Λ

+
1
2
λmax(BBT) +

1
2
λmax(DDT) + λmax(P )

+τ2λmax(Q) +
α2

2
σ1N

2λmax(Γ T
1 Γ1) + 1, (27)

then it will be obtained that

L V (t, e(t)) ≤ −eT(t)e(t). (28)

According to the invariant principle of stochastic dif-
ferential equation proposed in Ref.[45], it can be de-
rived that E ‖ei(t; ξ)‖2 → 0, and at the same time
εij(t) → εij(i = 1, 2, . . . , N, j = 1, 2, . . . , n) (con-
stants). This completes the proof.

If the discrete and distributed time-varying delays
in stochastically hybrid coupled complex networks (1)
become constant delays, we can obtain the following
results.

Theorem 2 Under assumptions (A1)− (A4), let
the controller be Ui(t) = εi(t)ei(t), where the feed-
back strengths εi(t) = (εi1(t), εi2(t), . . . , εin(t))T with
update laws are taken as

ε̇ij = −δije
2
ij (t) ,

i = 1, 2, . . . , N, j = 1, 2, . . . , n, (29)

in which δij are arbitrary positive constants, i.e. δij >

0. Then, system (5) is said to be synchronized in mean

square, that is, the trivial solution of error system (5)
is asymptotically stable in mean square.

Proof 2 Construct the following nonnegative
function:

V (t, e (t)) =
1
2

N∑

i=1

eT
i (t)ei(t)

+
N∑

i=1

∫ t

t−τ1

eT
i (s)Pei(s)ds

+
N∑

i=1

∫ 0

−τ2

∫ t

t−s

eT
i (θ)Qei(θ)d(θ)ds

+
1
2

N∑

i=1

n∑

j=1

1
δij

(εij + l)2 (30)

where P and Q are positive definite matrices and l is
a constant, P , Q and l are to be determined in the
following, separately. The rest of the proof is similar
to that of Theorem 1, and hence omitted.

If the stochastic coupling distributed delay term
is removed from system (1), we can obtain

dxi(t) = [−Cxi(t) + Af̃(xi(t)) + Bg̃(xi(t− τ1(t)))

+D

∫ t

t−τ2(t)

h̃(ei(s))ds + Ui]dt

+αi

N∑

j=1

G1ijΓ1xj(t)dω1i(t)

+βi

N∑

j=1

G2ijΓ2xj(t− τ1(t))dω2i(t). (31)

Then, we have the following results.

Corollary 1 Under assumptions (A1) − (A4),
let the controller be Ui(t) = εi(t)ei(t), where the feed-
back strengths εi(t) = (εi1(t), εi2(t), . . . , εin(t))T with
update laws are taken as

ε̇ij = −δije
2
ij (t) ,

i = 1, 2, . . . , N, j = 1, 2, . . . , n, (32)

in which δij are arbitrary positive constants, i.e. δij >

0. Then, system (5) is said to be synchronized in mean
square, that is, the trivial solution of error system (5)
is asymptotically stable in mean square.
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Proof 3 Construct the following nonnegative
function:

V (t, e (t)) =
1
2

N∑

i=1

eT
i (t)ei(t)

+
N∑

i=1

∫ t

t−τ1(t)

eT
i (s)Pei(s)ds

+
N∑

i=1

∫ t

t−τ2(t)

∫ t

s

eT
i (θ)Qei(θ)dθds

+
1
2

N∑

i=1

n∑

j=1

1
δij

(εij + l)2, (33)

where P and Q are positive definite matrices and l

is a constant, P ,Q and l are to be determined in the
following, separately. The rest of the proof is similar
to that of Theorem 1, and hence omitted.

If both distributed delay and coupling distributed
delay terms are removed from expression (1), we can
have

dxi(t) = [−Cxi(t) + Af̃(xi(t))

+Bg̃(xi(t− τ1(t))) + Ui]dt

+αi

N∑

j=1

G1ijΓ1xj(t)dw1i(t)

+βi

N∑

j=1

G2ijΓ2xj(t− τ1(t))dw2i(t).(34)

Then, the following results can be obtained.

Corollary 2 Under assumptions (A1)−(A4), let
the controller be Ui(t) = εi(t)ei(t), where the feed-
back strengths εi(t) = (εi1(t), εi2(t), . . . , εin(t))T with
update laws are taken as

ε̇ij = −δije
2
ij (t) ,

i = 1, 2, . . . , N, j = 1, 2, . . . , n, (35)

in which δij are arbitrary positive constants, i.e. δij >

0. Then, system (5) is said to be synchronized in mean
square, that is, the trivial solution of error system (5)
is asymptotically stable in mean square.

If the stochastic coupling terms are removed from
system (1) and only the model with general linear cou-
pling and coupling mixed time-varying delays is con-
sidered, then the network reduces to

dxi (t) =
[
−Cxi (t) + Af̃ (xi (t))

+Bg̃ (xi (t− τ1 (t)))

+D

∫ t

t−τ2(t)

h̃ (xi (s))ds

+αi

N∑

j=1

G1ijΓ1xj (t)

+βi

N∑

j=1

G2ijΓ2xj (t− τ1 (t))

+γi

N∑

j=1

G3ijΓ3

∫ t

t−τ2(t)

xj (s) ds + Ui

]
dt,

i = 1, 2, . . . , N. (36)

We can obtain the following results.

Corollary 3 Under assumptions (A1)−(A4), let
the controller be Ui(t) = εi(t)ei(t), where the feed-
back strengths εi(t) = (εi1(t), εi2(t), . . . , εin(t))T with
update laws are taken as

εij = −δije
2
ij (t) ,

i = 1, 2, . . . , N,  = 1, 2, . . . , n, (37)

in which δij are arbitrary positive constants, i.e. δij >

0. Then, system (5) is said to be synchronized, that
is, the trivial solution of error system (5) is asymptot-
ically stable.

Remark 2 If the linear coupling term is removed
from the coupled chaotic neural networks (1), in the
case where N = 1, the complete synchronization of
chaotic neural networks with discrete and distributed
delays can also be realized via the adaptive feedback
scheme, and the results derived here are equivalent to
the results in Refs.[25, 26]. Moreover, the coupled sys-
tem can be a general complex network, that is, it is
not restricted to the chaotic neural networks. One can
easily extend our results derived in this paper to more
general cases.

Remark 3 Inspired by the ideas in Ref.[14], we
investigate in detail, a more general model of stochas-
tically hybrid coupled networks with coupling dis-
crete and distributed time-varying delays in this pa-
per. Note that continuously distributed delays have
gained particular attention since a network usually
has a spatial nature due to the presence of a num-
ber of parallel pathways of a variety of axon sizes and
lengths. If both distributed delay and coupling dis-
tributed delay are removed from system (1), corollary
2 obtained in this paper is equivalent to the main the-
orem in Ref.[14].
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4. Numerical simulation

In this section, an illustrative example is given to
support the obtained results.

Example Consider the following chaotic neural
networks with discrete and distributed time-varying
delays:[25,26]

dx(t) =
[
−Cx(t) + Af̃(x(t)) + Bg̃(x(t− τ1(t)))

+D

∫ t

t−τ2(t)

h̃(x(s))ds
]
dt (38)

with x(t) = (x1(t), x2(t))T, f̃(x(t)) = g̃(x(t)) =
h̃(x(t)) = tanh(x(t)) = (tanh(x1), tanh(x2))T,

τ1(t) =
et

et + 1
, τ2(t) = 1,

C =


 1 0

0 1


 , A =


 1.8 −0.15

−5.2 3.5


 ,

B =


 −1.7 −0.12

−0.26 −2.5


 , and D =


 0.6 0.15

−2 −0.12


 .

Then, the neural network model has a chaotic attrac-
tor with initial values x1(t) = 0.9, x2(t) = 0.9, and
∀t ∈ [−1, 0] (see Fig.1).

Fig.1. Chaotic trajectory of model described by expres-

sion (38).

The linearly stochastically hybrid coupled identi-
cal chaotic neural networks are considered as follows:

dxi(t) =
[
−Cxi(t) + Af̃(xi(t)) + Bg̃(xi(t− τ1(t)))

+D

∫ t

t−τ2(t)

h̃(xi(s))ds + Ui

]
dt

+αi

N∑

j=1

G1ijΓ1xj(t)dw1i(t)

+βi

N∑

j=1

G2ijΓ2xj(t− τ1(t))dw2i(t)

+γi

N∑

j=1

G3ijΓ3

∫ t

t−τ2(t)

xj(s)dsdw3i(t)

i = 1, 2, . . . , N. (39)

where xi(t) = [xi1(t), xi2(t)]T are the state variables
of the ith chaotic neural networks. Here, we let the
number of nodes is N = 30. Here we assume that the
network structure of (1) obeys the scale-free distribu-
tion of the Barabási–Albert model.[2] For simplicity,
the inner linking matrices are taken as

Γ1 = Γ2 = Γ3 =


 1 0

0 1


 .

The noise intensity is taken as αi = βi = γi = 0.03,
for i = 1, 2, . . . , 30. In the simulations, the Euler–
Maruyama numerical scheme is employed to simulate
the stochastically hybrid coupled networks. The ini-
tial parameters are given as follows: σij = 30, xi1(0) =
1− 0.01 ∗ i, xi2(0) = 1− 0.01 ∗ i; εi1(0) = 3 + 0.1 ∗ i;
εi2(0) = 2 + 0.1 ∗ i.

The chaotic behaviour of system (38) is depicted
in Fig.1. Figure 2 shows the state trajectories of
linearly stochastically hybrid coupled networks (39)
without control. One can easily see from Fig.3 that
the state trajectories of stochastically coupled chaotic
neural networks with coupling discrete and distributed
delays. From Fig.4, the synchronization errors ei1 and
ei2(i = 1, 2, . . . , 30) between the stochastically hybrid
coupled networks (39) with coupling discrete and dis-
tributed time-varying delays and the isolated chaotic
neural networks (38). Figure 5 are the time evolution
of the adaptive feedback εi1 and εi2 (i = 1, 2, . . . , 30).
From these simulations, one can find that the syn-
chronization in stochastically hybrid coupled networks
with coupling discrete and distributed time-varying
delays is achieved in mean square via the adaptive
feedback scheme, and these simulations match the the-
oretical results perfectly.
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Fig.2. State trajectories of xi1 without control (a) and xi2 without control (b).

Fig.3. (a) Synchronization errors of ei1, (b) synchronization errors of ei2.

Fig.4. (a) State trajectory of xi1 under control, (b) state trajectory of xi2 under control.

Fig.5. (a) Time evolution of εi1, (b) time evolution of εi2.



4090 Tang Yang et al Vol. 17

5. Conclusion

In this Letter, a more general model of linearly
stochastically hybrid coupled networks is introduced,
which reflects more realistic and complicated dynam-
ical behaviours of complex networks. With the adap-
tive feedback approach, several sufficient conditions
have been developed to guarantee the complete syn-
chronization in an array of linearly stochastically hy-

brid coupled networks with both coupling discrete de-
lay and distributed time-varying delay. The stochas-
tic coupling terms are subjected to stochastic dis-
turbances described in terms of Brownian motion.
The variable feedback strength will be automatically
adapted to a suitable strength. In the end, the nu-
merical simulations are given to show the feasibility
of the proposed approach.
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