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In this paper, a Takagi-Sugeno (T-S) fuzzy model-based method is proposed to deal with the problem of syn-

chronization of two identical or different hyperchaotic systems. The T—S fuzzy models with a small number of fuzzy

IF-THEN rules are employed to represent many typical hyperchaotic systems exactly. The benefit of employing the T—S

fuzzy models lies in mathematical simplicity of analysis. Based on the T—S fuzzy hyperchaotic models, two fuzzy con-

trollers are designed via parallel distributed compensation (PDC) and exact linearization (EL) techniques to synchronize

two identical hyperchaotic systems with uncertain parameters and two different hyperchaotic systems, respectively. The

sufficient conditions for the robust synchronization of two identical hyperchaotic systems with uncertain parameters and

the asymptotic synchronization of two different hyperchaotic systems are derived by applying the Lyapunov stability

theory. This method is a universal one of synchronizing two identical or different hyperchaotic systems. Numerical

examples are given to demonstrate the validity of the proposed fuzzy model and hyperchaotic synchronization scheme.
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(EL)
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1. Introduction

Since the pioneer work of Carroll and Pecora,!]
the synchronization of two chaotic dynamical systems
becomes one of the most important applications of
chaos and has received more and more attention due
to its potential applications in creating secure commu-
nication systems.!?l Recently, many new hyperchaotic
systems were found or created by researchers.[>~23] It
should be noted that the presence of more than one
positive Lyapunov exponent clearly improves the se-
curity by generating more complex dynamics. There-
fore, the synchronization of two hyperchaotic sys-
tems is more meaningful and has been studied exten-
sively in the last few years. Various control methods
have been applied to synchronizing two hyperchaotic
(or chaotic) systems, such as sampled-data feedback

1 [19

control, !9 adaptive control,[24=28 delayed feedback

[29] 1.[30,31]

control, impulsive contro active backstep-
ping control,32 H. control,[®3] etc. Among these syn-
chronization methods, some need to satisfy the Lips-

sB4Y and sometimes

chitz conditions of nonlinear term:
require very high gains.[*® Most of them deal with one
or two kinds of specified hyperchaotic systems. There
are few unified methods of synchronizing hyperchaotic
systems.

Takagi-Sugeno (T-S) fuzzy model proposed in
Ref.[36] is widely applied to many fields because of
its simple structure with local dynamics. The anal-
ysis of a chaotic or hyperchaotic system via a fuzzy
model allows a better understanding of the system
itself, and even generating a new type of chaotic or
hyperchaotic system. It is well-known that chaotic or
hyperchaotic systems are extremely sensitive to the
system parameters. Therefore, it is meaningless to use
the T—S fuzzy models to represent chaotic or hyper-
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chaotic systems approximately. Fortunately, Tanaka
et al37) presented an exact T-S fuzzy model of many
kinds of typical chaotic systems and Lian et al[®8! pre-
sented a synthesis approach to the synchronization of
chaotic systems by using the T—S fuzzy model-based
design methods. This provides a theoretical founda-
tion for applying the fuzzy control method to chaos
control and the synchronization. But for hyperchaotic
systems, to the best of authors’ knowledge, there are
few results about this work except Refs.[20,39], in
which only one or two particular hyperchaotic systems
were represented by using the T—S fuzzy models. Fur-
thermore, they did not present a general method to
describe hyperchaotic systems by using the T—S fuzzy
models exactly. Therefore, in this paper, we will give
a systematic scheme to model many well-known hy-
perchaotic systems by using the T—S fuzzy models ex-
actly.

In this paper we will solve the following prob-
lem: how to choose appropriate membership functions
and how to set up appropriate fuzzy rules, such that
an exact T—S fuzzy model of a hyperchaotic systems
can be derived. This paper shows that a simple T—S
fuzzy system with few fuzzy sets and fuzzy rules can
The
second contribution of the paper is that the theoret-

model a complex hyperchaotic system exactly.

ical foundation for applying the fuzzy control to the
control and the synchronization of hyperchaotic sys-
tems is provided. Based on these T—S fuzzy hyper-
chaotic models, we design two fuzzy controllers to re-
alize the synchronization of two identical and differ-
ent hyperchaotic systems, respectively. By applying
the Lyapunov stability theory and the exact lineariza-
tion (EL) technique, we derive the sufficient condi-
tions of the robust synchronization of two identical
hyperchaotic systems with uncertain parameters and
the asymptotic synchronization of two different hyper-
chaotic systems, respectively.

The rest of this paper is organized as follows.
In Section 2, some preliminaries for the T-S fuzzy
model are presented. Moreover, a systematic mod-
elling method is presented to describe hyperchaotic
systems by the T—S fuzzy model exactly. The exact
T-S fuzzy models of many kinds of well-known hyper-
chaotic systems can be derived by using this method.
Based on these T—S fuzzy hyperchaotic models, the
robust synchronization of two identical hyperchaotic
systems with uncertain parameters and the asymp-
totic synchronization of two different are achieved by
designing fuzzy controllers in Section 3. The effec-

tiveness of the proposed fuzzy modelling and synchro-
nization approach is demonstrated through some nu-
merical examples in Section 4. Some conclusions are
finally drawn in Section 5.

2. Fuzzy modelling of hyper-

chaotic systems

2.1. T-S fuzzy model

Consider the continuous-time T—S fuzzy rule base
described as follows:

Ri: IF py(t) is My, ..., and py(t) is M;,, THEN

@(t) = Asa(t) + Biu(t) + b, 1)

where i = 1,2,...,7 (r is the number of fuzzy rules),
z(t) € R" and u(t) € R™ denote the state vector
and the input vector, respectively, A; € R™ "™ and
B; € R™™™ are known system matrix and input ma-
trix with appropriate dimensions, respectively, p1(t),
p2(t), ..., pg(t) are premise variables, M;; is a fuzzy
set (=1,2,...
By taking a standard fuzzy inference strategy, i.e. us-

,q), and b € R™ is a constant vector.

ing a singleton fuzzifier, product fuzzy inference and
centre average defuzzifier, the final continuous-time
fuzzy T-S system is inferred as follows:

S wilp(t)) (Aix(t) + Byu(t) +b)
Yoo wi(p(t)) ’

@(t) =

(2)

wi(p(t)) = H M;;(p;(1)),

with M;;(p;(t)) being the degree of membership of
p](t) in Mija and

r

>, wi(p(t)) >0,

i=1 1=1,2,...,7.
wi(p(t)) = 0.

By using p1i(p(t))(= wi(p(t))/30i=; wi(p(t))) instead
of w;(p(t)), Eq.(2) is rewritten as

©(t) = _Z pi(p(t)) (Aiz(t) + Biu(t) +b).  (3)

Note that
ni(p(t)) =1,
=1 1=1,2,...,m,

K3

=

where p;(p(t)) can be regarded as the firing strength
of the ith IF-THEN rules.
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2.2. A unified fuzzy modelling method of
hyperchaotic systems

In this subsection, we investigate the problem of
T-S fuzzy modelling of hyperchaotic systems. In the
following hyperchaotic systems, 1 (t), x2(t), 3(t) and
x4(t) are state variables, a, ¢, d, | and k are system
parameters. Assume that zi(t) € [¢1 — di,é + d}],
x2(t) € [é2 — do, o + Jg] and d; > 0, ds > 0. Accord-
ing to the property of boundedness of hyperchaotic
systems, it is obvious that the above assumption is rea-
sonable. The exact values of éq, CZ17 ¢o and JQ can be
obtained by simulation. Since there is no input in the
autonomous hyperchaotic systems, the term Bj;u(¢)
in the T—S fuzzy model is omitted in the process of
Note that
most hyperchaotic systems can be expressed as

&(t) = Ax(t) + f(z(t)) + b, (4)

where x(t) is the state vector of the hyperchaotic sys-
tems, Ax(t) and f(x(t)) denote the linear part and
the nonlinear part of the hyperchaotic systems respec-

fuzzy modelling of hyperchaotic systems.

tively, A is a known matrix, b is the constant vector
of the hyperchaotic systems. In the following, the sys-
tematic TS fuzzy modelling methods of hyperchaotic
systems are summarized into three cases according to
the different forms of the nonlinear part f(z(t)).

Case 1 Ounly one nonlinear term lies in f(x).
For this case, we can choose any state variable in
the nonlinear term as the premise variable. For ex-
ample, in the following modified Rossler hyperchaotic
system:[2%]

=z (t )+af£2( )+ za(t),
=k + a1 (t) + 21 (t)23 (),
= —cx3(t) + dxy(t), (5)

the unique nonlinear term is x(¢)zs(t). Then we
can choose either x(t) or z3(t) as the premise vari-
able.
the premise variable. Then the membership functions

are defined as Fi1(z1(¢)) = 1 (1 — cl_jxl(t)) and
1

2
), and the fuzzy IF-

Without loss of generality, we choose x1(t) as

1 C1 — t
Falm(0) = 3 (1+ 2520
dy
THEN rules are defined as
RY: IF z4(t) is F11, THEN (t)
and
R2Z IF l’l(t) is F21, THEN ZL’(t)
where @(t) = (z1(6),2(t), 25 (1), 24(1)) .

= Aliﬂ(t) + b,

= Agw(t) —+ b,
For the

above fuzzy rule base, by taking a standard fuzzy in-
ference strategy, i.e. using a singleton fuzzifier, prod-
uct fuzzy inference and centre average defuzzifier, we
can obtain the following T—S fuzzy system:

Yor Fa (a1 () (As(t) + b)
5 .
> izt Fir(@1(t))
The remaining task is to choose appropriate values of

A, Ay and b such that Eq.(6) can be equivalent to

Eq.(4).
sented as follows:

@(t) =

(6)

For system (5), each part of Eq.(4) is pre-

0O -1 -1 0 0

1 a 0 1 0
A= , fla) = ’

! U w1 (8)as ()

0 —c d 0
and

b=(0 0 k 0)".
Denote A; = A} + AY, and Ay = Aj + Aj, and

let A] = A, =A and b= b. Substituting them into

Eq.(6), and equating Eq.(6) to Eq.(4), we can obtain
the values of AY and A% as follows:

0 0 0 0

0 0 0 0
Ay = 0

0 0 ¢1+dy O

0 0 0 0

and

0 0 0 0

0 0 0 0
Al = i

0 0 —dy 0

0 0 0 0

Consequently, we derive the exact T-S fuzzy
model of hyperchaotic system (5).

Case 2 More than one nonlinear term lies in
f(z) with a common factor in these nonlinear terms.
For this case, we can choose the common factor in
The re-
maining process of T—S fuzzy modelling of this class

the nonlinear terms as the premise variable.

of hyperchaotic system is similar to that in Case 1,
and therefore it is omitted.

Case 3 More than one nonlinear term lies in f(x)
without a common factor in these nonlinear terms.
For this case, we have to choose two state variables
occurring in f(z) as the premise variables. For exam-
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ple, in the following Chen hyperchaotic system:!3:25:28]

t) + lxa(t), (7)

the nonlinear terms are x7(t)z3(t), z1(t)x=2(t) and
.Z'Q(t)l‘g(t).
ables among from z1(t), z2(t) and x3(¢).

Then we can choose any two state vari-
Without
loss of generality, we choose x1 and zo as the premise
variables and the membership functions are defined as

fm@w»—;Q_ﬁd?®>,
Falm(0) = 3 (1+2=20)
&ﬂmu»:;(l_@—gﬂﬂ)
I%WMD=;O+@}§@)7

Fia(w2(t)) = Faz(22(t)) =1,
and
Fai(21(t)) = Fau(21(1)) = 1.

Furthermore, the following fuzzy IF-THEN rules are
presented:

R: IF 24(¢) is F1; and xo(t) is Fio, THEN i(t) =
Aixz(t) + b,

R2: IF xq(t) is Fby and xo(t) is Fae, THEN i(t) =
Asx(t) + b,

R3: IF x4(t) is F3; and xo(t) is F3o, THEN i(t) =
Asz(t) + b,

and

R IF 21(t) is Fy and xo(t) is Fyp, THEN i(t) =
Aqz(t) + b,
where x(t) = (21(t),22(t),23(t),z4(t))T. For the
above fuzzy rule base, by taking a standard fuzzy in-
ference strategy, i.e. using a singleton fuzzifier, prod-
uct fuzzy inference and centre average defuzzifier, we
can obtain the following T—S fuzzy system:

_ S T By (5(0) (As(t) + b)
S G By ()

a(t) (8)

The rest of task is to choose appropriate values of
A; and b; (i = 1,2, 3,4) such that Eq.(8) can be equiv-
alent to Eq.(4). For system (7), each part of Eq.(4) is

presented as follows:

—a a 0 1 0
A d ¢ 0 0 fla) = —x1(t)xs(t) ’
0 0 —k 0 1 (t)x2(t)
and
b= 00 0)T.

Denote A; = A, + A7, and let A, = A (1 =
1,2,3,4), and b = b. Substituting them into Eq.(8),
and equating Eq.(8) to Eq.(4), we can obtain the val-
ues of A7 as follows:

0 0 0 0
AN o 2(—61 — Jl) 0
' 26 + dy) ol’
0 0
0 0 0 0
|0 0 2(—é1+dy) 0
o 2@ —dy) 0 0]’
0 0 0
00 0 0
0 0 0 0
Ay = ,
00 0 0
0 0 2(E+dy) 0
and
0 0 0 0
00 0 0
A =
00 0 0
0 0 2@é—dy) 0

Consequently, we derive the exact T-S fuzzy
model of hyperchaotic system (7).

To summarize, by using the proposed fuzzy mod-
elling method, most hyperchaotic systems can be rep-
resented by the following T—S fuzzy models exactly:
R
IF pi(t) is Fi, ..
A;x(t)+ b,
where ¢ = 1,2,...,r, the premise variable p;(t) is an

., and p,(t) is Fi,, THEN @(t) =

proper state variable, b is a constant vector, r is the
number of fuzzy IF-THEN rules. Then, applying the
product-inference rule, singleton fuzzifier, and the cen-
tre of gravity defuzzifier to the above fuzzy rule base,
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an overall fuzzy hyperchaotic system can be inferred
as

T

(1) = Y pi(p(t))(Aiz(t) + b), (9)

j=1 i=1 \j=

Remark 1 Most hyperchaotic systems can be
represented by the T—S fuzzy models exactly using
the proposed fuzzy modelling method in this pa-
per. For example, the original Rossler hyperchaotic
system['®29) and other modified Rossler hyperchaotic
systems®! belong in Case 1. The Lorenz hyper-
chaotic system,®) the generalized Lorenz hyperchaotic
system, % the Liu hyperchaotic system, 3! the Lii hy-

14191 the Lii hyperchaotic sys-

perchaotic system (i)
tem (ii)(4 and a new hyperchaotic system!*! belong
in Case 2. The modified Lii hyperchaotic system,[??
the generalized Henon—Heiles system['® and another
new hyperchaotic system[23 belong in Case 3. There-
fore, the exact T—S fuzzy models of most hyperchaotic
systems can be achieved by using the fuzzy modelling
method in this paper. This plays an important role in
applying the fuzzy control theory to the control and
the synchronization of hyperchaotic systems.

Remark 2 Presented in Ref.[38] are some fuzzy
modelling methods of chaotic systems, which are suit-
able for many typical chaotic systems. They can be
applied to Case 1 and Case 2 in this paper. But they
are ineffective for Case 3 in this paper.

Remark 3 In Ref.[20], the authors assumed that
x € [c —d, ¢+ d], which is reasonable. But they chose

1
the membership functions as M; (z) = 3 (1 + 3) and

1
Ms(z) = - (1 - f) Obviously this is not reasonable.

2 d
1 d
Ifc>0,whenx:c+d,M1(a:):§ 1+C—g

will exceed 1. If ¢ < 0, when z = ¢ — d, Ma(z) =

1 c—d
2(1 d

functions, M7 (x) and Ms(z) cannot exceed 1.

will exceed 1. In fact, as membership

3. Robust synchronization of two
hyperchaotic systems via T—S

fuzzy models

In this section, we first investigate the robust
synchronization of two identical hyperchaotic systems

with uncertain parameters based on the T-S fuzzy
models. The interval matrix theory is applied to deal-
ing with the parametric uncertainty. Then, we discuss
the asymptotic synchronization of two different hyper-
chaotic systems based on the T—S fuzzy models.

3.1. Robust synchronization of two iden-
tical hyperchaotic systems with un-
certain parameters

Consider a fuzzy hyperchaotic system with uncer-
tain parameters as a drive system

a(t) = Y mp(t) (Aw(t) +b),  (10)
i=1

and the following fuzzy hyperchaotic system as a re-
sponse system

&(t) = > miB(®) (A@() + Bu() +b), (1)
i=1

where A; and A/ are interval matrices, which denote
the uncertain parameters. In this paper, we assume
that A; and A; have the same upper and lower bounds
foreach i (i =1,2,...,7), i.e.

A; e N[U;, V| = {Az € R " uiji < aijr < Uz‘jk}7
and
A} e N[U,, Vj| = {AQ € R"™"|uyji, < ajyy, < 'Uijk},

where j,k = 1,2,...,n, ui;r and v, are the lower
!
ijk

Definition 1 Drive system (10) and response

and upper bounds of a;;;, or a respectively.
system (11) are robustly synchronized if drive sys-
tem (10) and response system (11) are asymptotically
synchronized for any uncertain parameters A, A; €
N[U,V;] i=1,2,...,7).

Lemma 1149 The interval matrix A; € N U;, Vi]
is equivalent to the following form:

Az’ = Ay; + E,XF;, X € E*,

where Ag; = (U; +V;i)/2, Gi = (gijk)nxn = (Vi —
Ui)/2, E; = (\/gi11€1, - ,\/Giln€ls- - -\/GinlCn, - -5
VGinnen), and F; = (\/gi11€1, - ., \/Gitn€n, - - - » \/Jin1€1,
o 7\/giﬂen)T, with e; (j =1,2,...,n) being the jth
column vector of the identity matrix I, x,, and X* =
{¥ € R"*"| X =diag (611, -, €1n, - - - s Enn) s
lejx] < 1}, in which j,k=1,...,n.

JEnls -
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Assumption 1 In this paper, all the matrices
E; are identical and all the matrices F; are identical.

From the process of fuzzy modelling of hyper-
chaotic systems, we can see that the above assump-
tion holds for most hyperchaotic systems. Therefore,
we can denote E; = F and F; = F'.

Lemma 24! For any given column vectors with
appropriate dimensions ¢ and 7, there exists an arbi-
trary constant v > 0 such that

26T <A+ Iy, VE e X, (12)

where X is defined as the same as that of Lemma 1.
Based on the parallel distributed compensation
(PDC) technique, a fuzzy controller can be designed
to realize the synchronization as follows:
Subcontroller wq(t):
R IF pi(t) is Fi, ..., and py(t) is Fi,, THEN
uq(t) = Kix(t), i =1,2,...,7.
Subcontroller 4(t):
R IF py(t) is Fy, ..., and py(t) is Fi,, THEN
a(t) = —K;@(t), i=1,2,...,r.
An overall fuzzy controller is constructed by the
parallel connection, i.e.

u(t) = uq(t) +a(t)

= > wilp(t) Kia(t)

—Zui (p(t)) K;z(t). (13)

Denote the error signal as e(t) = x(t) —&(t). Sub-
stituting expression (13) into Eq.(11), we can derive a
closed-loop synchronization error system as follows:

ét) = im(z»(t)) (4; - BK:) =(t)

=i (b() (A - BK) a(0). (14)

According to Lemma 1 and Assumption 1, the

error dynamics can be transformed into

ét) = Z pi(p(t)) (Aoi — BK; + EXF) z(t)

= 1 (B(t)) (Ao; — BK; + EXF) &(t).
i=1
(15)

Assume that B is nonsingular. Then we always
can find out a matrix G by choosing appropriate con-
trol gain matrices K;, such that

A01 — BKl = AOi — BKl = G, (16)

where i = 2,3,...,r. Then the error dynamics (15)
can be exactly linearized into

é(t) = (G+ EXF)e(t). (17)

Theorem 1 The error dynamics is robustly sta-
ble if the following linear matrix inequality (LMI) is
satisfied:

X +XT+yEE" QF"
v QET) o, (s
FQ —~TI
where Q@ = P!, P is a positive definite matrix,

X = GQ, I denotes the identity matrix and ~ is
a given positive constant i.e. v > 0.

Proof Now, we choose the Lyapunov function
as

V(t) = e (t)Pe(t).

The time derivative of V(¢) along the trajectory of
Eq.(17) is given as

V(t) = 2eT(t)Pé(t)
= e"(t) (PG + GTP)e(t) + 2eT (t)PEXFe(t).

Denote (T = eT(t)PE, and n = Fe(t). According to
Lemma 2, we can derive

V(t) < eT(t)Pe(t), (19)

where ¥ = PG + G'P + yPEE"P + v 'F'F, v
is any given positive constant, i.e. v > 0. From in-
equality (19), we can see that if ¥ < 0 holds, we
have V (t) < 0. Therefore, the error dynamics (17) is
robustly stable. According to the Schur complement
lemma, the inequality ¥ < 0 can be transformed into
the LMI (18). This completes the proof.

Therefore, we can choose K; = B~! (AOi — G)
to realize the robust synchronization of two identical
hyperchaotic systems with uncertain parameters, i.e.
drive system (10) and response system (11).

Remark 4 If B is nonsingular, the problem of
the synchronization of two identical hyperchaotic sys-
tems with uncertain parameters can be presented as
optimization problem (20), where Q@ = P~! X; =
K,Q,i=1,2,...,r,and k = 2,3,...,7.
find out such a small positive value of ¢, i.e. € > 0,

If we can

the two identical hyperchaotic systems with uncertain
parameters will be synchronized.
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min _ €
Q. X1,.... X,
st.e >0, Q >0,
QAS + AnQ - X!'B' - BX, +7EE" QF"\
FQ —~I ’
—el A -BX)T - (A - BX)T

( OIQ 1) ( OkQ k) < 0. (20)

(AnQ — BX1) — (AoprQ — BX}y,)

3.2. Asymptotic synchronization of two
different hyperchaotic systems

Consider fuzzy hyperchaotic system (9) as a drive
system, and the following fuzzy hyperchaotic system
as a response system:

l
&(t) =3 b (B(1)) (Aka%(t) + Bu(t) + B) . (21)
k=1

Assumption 2 The constant term b in Eq.(9)
is equal to b in Eq.(21).

Since the constant terms b and b are equal to zero
in most hyperchaotic systems, the above assumption
Based on the PDC technique,
a fuzzy controller can be designed to realize the syn-

holds in most cases.

chronization as follows:
Subcontroller uq(t):
R%: IF pi(t) is Fy,..
uq(t) = K;z(t),
Subcontroller @(t):
R*: IF py(t) is Fi,..., and py(t) is Fyy, THEN
u(t) = —Hpz(t), k=1,2,...,1L

An overall fuzzy controller is constructed by the

., and pg(t) is Fi;, THEN
i=1,2,...,r

parallel connection, i.e.
u(t) = uq(t) +a(t)

= Z pi(p(t)) Kiz(t)

=D I (B(1)) Hy(t). (22)
Denote the error signal as e(t) = x(t)—&(t). Sub-

stituting expression (22) into Eq.(21), we can derive a
closed-loop synchronization error system as follows:

é(t) = > pi(p(t))(A; — BK;)x(t)
=1

l
=3 he (B(t)) (A — BHY) (1), (23)
k=1

-1

Assume that B is nonsingular. Then we always
can find out a Hurwitz stable matrix G' by choosing
appropriate control gain matrices K; and Hj, such
that

A, —BK,=A, - BK; = A, — BH;, = G, (24)

where : = 2,3,...,rand k = 1,2,...,L.
dynamics (23) can be exactly linearized into:

Then, error

é(t) = Ge(t). (25)

Since G is the Hurwitz stable matrix, Eq.(25) is
asymptotically stable. Therefore error dynamics (23)
is also asymptotically stable. Here, K; = B~'(A; —
G) and Hy = B_l(Ak — G)

Remark 5 If B is not nonsingular, we can real-
ize the synchronization of two different hyperchaotic
systems by solving a similar optimization problem to
that in Remark 4.

Remark 6 Since the secure communication sys-
tem composed of two different hyperchaotic systems
is more difficult to break down, the derived asymp-
totic synchronization results in this paper are signifi-
cant not only in theory but also in practical applica-
tion. Moreover, a linear closed-loop synchronous error
system can be obtained by the proposed fuzzy syn-
chronous controller in this paper, and therefore many
satisfactory performance indices can be achieved, such
as rapid response, short transient time, etc.

Remark 7 Investigated in Refs.[41-43] is the
synchronization of chaotic systems via the T—S fuzzy
model. However, there exist some inaccuracies in
them. In Ref.[41], the authors derived the following
error system:

é(t) = éhi(z(t))Aie(t), tAh
Ae(t) = Ke(t), t=t.

=1,2

g Ly ey
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It is obvious that the authors considered that z(t) =
2(t). However, before reaching the synchronization
between the drive system and the response system,
2(t) is not equal to z(t). Therefore, Eq.(26) should be

e(t) +w, t# by,

e(t) = ; hi(=(t) A
= Ke(t), t =ty,

Ae(t)

k=1,2,...,

(27)

where w = > (hi(2(t)) — hi(2(t)))A;&(t). There are
i=1
similar errors to those in Refs.[42, 43].

4. Illustrative examples

To visualize the effectiveness of the theoretical
analysis and design, some examples are included for il-
lustration. Firstly, we investigate the T—S fuzzy mod-
elling of the Lii hyperchaotic system (i) and the Lorenz
hyperchaotic system. The Lii hyperchaotic system (i)
is as follows:

a1 (t) = a(w2(t) — 21(t)) + 24(D),

Zo(t) = —zr23(t) + cxa(t),

T3(t) = w122(t) — kxs(t),

T4(t) = mras(t) + Loy (t). (28)

The Lorenz hyperchaotic system is bellow:

#1(t) = —a(z1(t) — x2(t)) + x4(2),

Lo(t) = Loy (t) — 22(t) — 21()23(2),

3(t) = x1(t)w2(t) — kas(t),

24(t) = —z1(O)z3(t) + day(t). (29)

According to Ref.[19], when the parameters are
chosen as a = 36, ¢ = 20, k = 3 and [ = 1, the Li
hyperchaotic system (i) has two positive Lyapunov ex-
ponents, which are shown in Fig.1.

0 :‘c:

“ ]
g —4 1 1
)

g i
Q

jon

5 -8

>

g

5 =12

j=h

® i
ES

=

0 10 20 30 40 50 60
t/s
Fig.1. The Lyapunov exponents of Lii hyperchaotic sys-
tem (i).

Thus, the Lii hyperchaotic system is hyperchaotic
in this case, which is shown in Figs.2 and 3. The ini-
(10,10,10,10)T.
From the simulation we can have z1 € [¢; —di, ¢ —|—d1]
where ¢; = 0.1409, and d1 = 20.8651. Then we can
derive the T—S fuzzy models of the Lii hyperchaotic

tial state vector is chosen as x(0) =

system (i) as follows:
Rll IF (El(t) is Flla THEN a:(t)
R22 IF ZCl(t) is FQl, THEN ib(t)

= Alm(t) —+ b,
= Agm(t) =+ b,

where z(t) = (21(t), 22(t), 23(t), z4(t))T,
—36 36 0 1
0 20 —21.0060 O
Al = )
0  21.0060 -3 0
0 0 21.0060 1
—36 36 0 1
0 20 20.7242 0
A2 = )
0 —20.7242 -3 0
0 0 —20.7242 1
and
b=(0 0 0 0)"
50
40
= 30
T 20
10
0

20

0 20

xa(t) —20 o0 10

10
a:l(t)

0

Fig.2. The projection of Lii hyperchaotic system (i) on
T] — T2 — T3.

100
50

= 0

<

& _50

—100

20

20

x2(t) —20 g9 —10

.731(t)
Fig.3. The projection of Lii hyperchaotic system (i) on

T — T2 — 4.

The membership functions are chosen as

1 0.1409 — =1 (¢
Al = (1 " )
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and

For(21()) = <1 + 01409“”) .

1
2 20.8651

According to Ref.[3], when the parameters are
chosen as a = 10, I = 28, k = 8/3 and d = 1.3,
the Lorenz hyperchaotic system has two positive Lya-
punov exponents, which are shown in Fig.4.

oPr———

Lyapunov exponents

0 10 20 30 40 50 60
t/s

Fig.4. The Lyapunov exponents of Lorenz hyperchaotic
system.

Thus, the Lorenz hyperchaotic system is hyper-
chaotic in this case, which is shown in Figs.5b and
6. The initial state vector is chosen as x(0) =
(30, 30, 30,30)7.
tain 1 € [¢; — di,¢1 + dl], where ¢; = 3.5625 and
di = 26.5831.
models of the Lorenz hyperchaotic system as follows:
RY: IF z4(t) is Fi1, THEN @(t) = Ajz(t) + b,

R%: IF z4(t) is Foy, THEN @(t) = Asz(t) + b,
where z(t) = (21(t), 72(t), 23(t), 24(t))T,

From the simulation we can ob-

Then we can derive the T-S fuzzy

—10 10 0 1
28 -1 —30.1455 0
Al = )
0 30.1455 -8/3 0
0 0 —30.1455 1.3
—10 10 0 1
28 -1 23.0206 0
A2 = ’
0 —23.0206 —8/3 0
0 0 23.0206 1.3

and

b=(0 00 0)".

60
50
40
30
20
10

0

a:g(t)

Fig.5. The projection of Lorenz hyperchaotic system on
T1 — T2 — T3.

300
200
100

0
—100
—200

—~

S

Nad
<r<
8

x2(t) —20 —920

z1(t)
Fig.6. The projection of Lorenz hyperchaotic system on
T1 — X2 — T4.

The membership functions are chosen as

1

Fu(®) =3 (1

2

| 3.5625 — 21 (t)
26.5831 ’

and

For(21(t) = % (1 4 3:5025 — 1 (f) xl(t))

26.5831

In the following, based on the above T-S fuzzy
hyperchaotic models, we first investigate the synchro-
nization of the Lii hyperchaotic system (i) with uncer-
tain parameters. Assume that the uncertain parame-
ters of the drive system is a = 364 0.2sin(t), ¢ = 20+
0.1cos(t), k = 3+ 0.03sin(¢) and [ = 1+ 0.01 cos(t).
And the uncertain parameters of the response system
are @ = 36 — 0.2cos(t), & = 20 + 0.1sin(t), k' =
3-0.03cos(t) and I’ = 1+0.01 sin(t). The control ma-
trix B is chosen as B = I, where I denotes the iden-
tity matrix. The initial conditions for the drive system
and the response system are (0) = (5,10, 5,20)T and
£(0) = (20,-5,-10,5)T. According to Theorem 1,
choosing v = 5, the following results are derived by
LMI toolbox in Matlab 7.0:

P = diag(0.26127,0.29859,0.19782,0.19035),
and

G = diag(—14.082, —9.8101, —13.923, —14.206),
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and then the following feedback gains are derived as

—21.918 36 0 1
_ 0 29.8101 —21.0060 0
K, = ,
0 21.0060 10.923 0
0 0 21.0060 15.206
and
—21.918 36 0 1
_ 0 29.8101 20.7242 0
Ky =
0 —20.7242 10.923 0
0 0 —20.7242 15.206

The synchronization error curves are presented in
Fig.7. From Fig.7, we can see that the robust synchro-
nization of two identical hyperchaotic systems with
uncertain parameters is derived.

20

—20
20

e (1‘)

—20

20

es (t)

—20

20

eq (t)

20 02 04 06 08 10

t/s
Fig.7. Synchronization error curves of two identical hy-
perchaotic systems with uncertain parameters.

Next, we discuss the problem of synchronization
between the Lii hyperchaotic system and the Lorenz
hyperchaotic system. We consider the Lii hyper-
chaotic system (i) as a drive system, and the Lorenz
hyperchaotic system as a response system. The con-
trol matrix B is chosen as B = I, where I denotes
the identity matrix. The initial conditions for the
drive system and the response system are x(0) =
(10,10,10,10)T and £(0) = (30, 30,30,30)T respec-

tively. According to relationship (24), choosing
G = diag(—6,-1,—2,-5),

we can obtain the feedback gains K;, and Hy (i,k =

1,2) as follows:

—30 36 0 1
0 21 —21.0060 0
Kl = ;
0 21.0060 -1 0
0 0 21.0060 6
—-30 36 0 1
0 21 20.7242 0
K2 = )
0 —20.7242 -1 0
0 0 —20.7242 6
—4 10 0 1
28 0 —30.1455 O
Hl = )
0 30.1455 -2/3 0
0 0 —30.1455 6.3
and
—4 10 0 1
28 0 23.0206 0
H; =
0 —23.0206 —2/3 0
0 0 23.0206 6.3

The synchronization error curves are presented in
Fig.8. From Fig.8, we can see that asymptotic syn-
chronization between two different hyperchaotic sys-
tems is derived.

20

0

—20

20

0 L
—20

0

20

0

—20

20

0
—20

0

e1(t)

0 2 4 6 8 10

e2(t)

e3(t)

0 2 1 6 ) 10

ea(t)

t/s
Fig.8. Synchronization error curves of two different hy-
perchaotic systems.

5. Conclusions

In this work, a T-S fuzzy modelling method of
hyperchaotic systems is proposed, which provides a
foundation to apply the fuzzy control theory to the
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synchronization of hyperchaotic systems. The exact
T-S fuzzy models of many well-known hyperchaotic
systems can be derived. Based on these fuzzy hy-
perchaotic models, the robust synchronization of two
identical hyperchaotic systems with uncertain param-
eters and the asymptotic synchronization of two dif-

ferent hyperchaotic systems are achieved via the Lya-
punov stability theory and the PDC technique. Nu-
merical simulation results are given to demonstrate
the effectiveness of the proposed scheme. This implies
that fuzzy model-based synchronization approach is
very flexible and useful in practical applications.

References

[1] Pecora L M and Carroll T L 1990 Phys. Rev. Lett. 64 821
[2] Feki M 2003 Chaos, Solitons and Fractals 18 141
[3] EI-Dessoky M M 2007 Chaos, Solitons and Fractals doi:
10.1016/j.chaos.2007.06.053
[4] Elabbasy E M, Agiza H N and EI-Dessoky M M 2006
Chaos, Solitons and Fractals 30 1133
[5] Jia Q 2007 Phys. Lett. A 366 217
[6] Cui BT and Lou X Y 2008 Chin. Phys. B 17 520
[7] Wang F Z, Chen Z Q, Wu W J and Yuan Z Z 2007 Chin.
Phys. 16 3238
[8] Cai G L and Huang J J 2006 Acta Phys. Sin. 55 3997 (in
Chinese)
[9] Wang G Y, Zheng Y and Liu J B 2007 Acta Phys. Sin.
56 3113 (in Chinese)
[10] Cang S J, Chen Z Q and Yuan Z Z 2008 Acta Phys. Sin.
57 1493 (in Chinese)
[11] Liu C X and Wang F Q 2007 Chin. Phys. 16 942
[12] Guo Z A, Lii L and Zhang Q L 2008 Chin. Phys. B 17
498
[13] Wang F Q and Liu C X 2006 Chin. Phys. 15 963
(14] Chen A M, Lu J N, Li J H and Yu S M 2006 Phys. A
364 103
[15] Gao T G, Chen Z Q and Yuan Z Z 2006 Int. J. Modern
Phys. C 17 471
[16] Jayaram A and Tadi M 2006 Chaos, Solitons and Fractals
25 707
[17] Zhao Y, Zhang H G and Zheng C D 2008 Chin. Phys. B
17 529
[18] Rossler O E 1979 Phys. Lett. A 71 155
[19] Zhao J C and Lu J A 2008 Chaos, Solitons and Fractals
35 376
[20] Zhang H B, Liao X F and Yu J B 2005 Chaos, Solitons
and Fractals 26 835
[21] Nikolov S and Clodong S 2006 Chaos, Solitons and Frac-
tals 28 252
[22] Wang G Y, Zhang X, Zheng Y and Li Y X 2006 Phys. A
371 260
[23] Chen Z Q, Yang Y, Qi G Y and Yuan Z Z 2007 Phys.
Lett. A 360 696

[24] Zhang H G, Xie Y H, Wang Z L and Zheng C D 2007
IEEE Trans. Neural Network 18 1841

[25] Park J H 2005 Chaos, Solitons and Fractals 26 959

[26] Zhang H G, Xie Y H and Liu D R 2006 Dynamics of Con-
tinuous, Discrete and Impulsive Systems Series B: Appli-
cations and Algorithms 13 297

[27] Zhang H G, Huang W, Wang Z L and Chai T Y 2005
Phys. Lett. A 350 363

[28] Tao C H and Liu X F 2007 Chaos, Solitons and Fractals
32 1572

[29] Liu X W and Gao X 2007 Int. J. Mordern Phys. C 18
1095

[30] Ma T D, Zhang H G and Wang Z L 2007 Acta Phys. Sin.
56 3796 (in Chinese)

[31] Zhang H G, Wang Z L and Liu D R 2005 Int. J. Bifur.
Chaos 15 2603

[32] Zhang H, Ma X K, Yang Y and Xu C D 2005 Chin. Phys.
14 86

[33] Yang D S, Zhang H G, Li A P and Meng Z Y 2007 Acta
Phys. Sin. 56 3121 (in Chinese)

[34] Martinez-Guerra R and Yu W 2008 Int. J. Bifur. Chaos
18 235

[35] Yu W 2005 Int. J. Commun. Systems 18 487

[36] Takagi T and Sugeno M 1985 IEEFE Trans. Syst. Man and
Cybern. 15 116

[37] Tanaka K, Ikeda T and Wang H O 1998 IEEE Trans.
Circ. Syst. 1 45 1021

[38] Lian K Y, Chiang T S, Chiu C S and Liu P 2001 IEEE
Trans. Syst. Man and Cybern. 31 66

[39] Wang J W, Xiong X H, Zhao M C and Zhang Y B 2008
Chaos, Solitons and Fractals 35 922

[40] Wu F X, Shi Z K and Dai G Z 2001 Control Theory and
Applications 18 113 (in Chinese)

[41] Wang Y W, Guan Z H and Wang H O 2005 Phys. Lett.
A 339 325

[42] Barajas-ramirez J G, Chen G R and Shieh L S 2004 Int.
J. Bifur. Chaos 14 2721

[43] Kim J H, Park C W, Kim E and Park M 2005 Chaos,
Solitons and Fractals 24 1353



