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By using the method of density-matrix renormalization-group to solve the different spin–spin correlation func-

tions, the nearest-neighbouring entanglement (NNE) and the next-nearest-neighbouring entanglement (NNNE) of

one-dimensional alternating Heisenberg XY spin chain are investigated in the presence of alternating the-nearest-

neighbouring interaction of exchange couplings, external magnetic fields and the next-nearest neighbouring interaction.

For a dimerised ferromagnetic spin chain, the NNNE appears only above a critical dimerized interaction, meanwhile,

the dimerized interaction a effects a quantum phase transition point and improves the NNNE to a large extent. We also

study the effect of ferromagnetic or antiferromagnetic next-nearest neighbouring (NNN) interaction on the dynamics

of NNE and NNNE. The ferromagnetic NNN interaction increases and shrinks the NNE below and above a critical

frustrated interaction respectively, while the antiferromagnetic NNN interaction always reduces the NNE. The antifer-

romagnetic NNN interaction results in a large value of NNNE compared with the case where the NNN interaction is

ferromagnetic.
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1. Introduction

Entanglement is one of the most profound fea-
tures of quantum mechanics and has been consid-
ered as an important resource in quantum informa-
tion processing (QIP) including teleportation,[1] cryp-
tography and secure direct communication,[2,3] and
quantum communication and computation.[4] In or-
der to realize quantum information process, a great
effort has been made to generate the entanglement
in linear optics,[5] cavity QED [6−8] and ion trap[9,10]

schemes. In recent years much attention has been fo-
cused on the spin system with Heisenberg exchange
interaction, which is a typical quantum system, and
the entanglement properties have been extensively in-
vestigated in spin systems, such as Ising model[11] and
isotropic and anisotropic Heisenberg models.[12−15]

However, as far as we know, most of studies mentioned
above merely focused on the models with the near-
est neighbouring interaction of exchange couplings,

while the next-nearest neighbouring interaction has
not been taken into account. Dimerized systems and
frustrated systems with the next-nearest-neighbouring
(NNN) interactions[16−18] play an important role in
condensed matter theory, and the entanglement prop-
erties of dimerized and frustrated systems has been
considered.[19−23] Sun et al [19] investigated the entan-
glement properties of dimerized and frustrated spin-
one models by applying the concept of negativity.
In Ref.[20], entanglement is studied in an open al-
ternating chain of nuclear spins s = 1/2 with spin–
spin couplings in an external magnetic field under the
thermodynamic equilibrium conditions. Gu et al [21]

have investigated the entanglement in frustrated spin-
half Heisenberg chains. Chen et al [22] analysed sub-
lattice entanglement and quantum phase transitions
in antiferromagnetic spin chains, Chen et al [23] stud-
ied the fidelity and quantum phase transition for the
Heisenberg chain with next-nearest-neighbouring in-
teraction. In fact, some one-dimensional and two-
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dimensional compounds (CuGeO3 and NaV2O5) have
manifested such interactions. Therefore, one should
include the next-nearest neighbouring interaction in
the study of spin chain entanglement.

The 1D Heisenberg model is simple but realistic
and extensively studied in solid state systems. Re-
cently, Osterloh et al [24] examined the entanglement
between two spins of positions i and j in the spin
chains for the pure case, Huang et al,[25] Osenda et
al [26] and Shan et al [27] demonstrated that the entan-
glement can be controlled by introducing impurities
into the systems. Meanwhile, the entanglement shares
many features with quantum phase transition (QPT)
for a many-body system.[28,29] The QPT, which occurs
at an absolute zero temperature and is purely driven
by quantum fluctuation, is the structural change in
property of the ground state. The associated level
crossings lead to the occurrence of non-analyticities in
the energy spectrum. Therefore, the knowledge about
the ground-state entanglement, the nonlocal correla-
tion in quantum systems, is considered as a key to fur-
ther understanding the QPT. In this paper, we study
the pairwise ground state entanglement between the
nearest-neighbouring sites and that between the next-

nearest neighbouring sites in one-dimensional s =
1
2

Heisenberg XY spin chain with dimerised exchange
couplings and the next-nearest neighbouring coupling,
which, to our knowledge, has not been reported be-
fore. The present study will help us further under-
stand the behaviour of the entanglement and the QPT
in one-dimensional alternating Heisenberg XY model
with the next-nearest neighbouring interactions, and
this model can display a variety of interesting phys-
ical phenomena. More interestingly, we can control
or manipulate the NNE and the NNNE in QPT point
with the help of dimerised exchange couplings, dimer-
ized external magnetic fields and frustrated exchange
interaction.

2. Solution of the XY model and

spin–spin correlation functions

We consider a one-dimensional alternating

Heisenberg XY model of N spin-
1
2

particles with
the nearest-neighbouring interactions and the next-
nearest neighbouring interactions. One-dimensional

Hamiltonian can be written as

H =− 1 + γ
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where Ji,i+1 and Ji,i+2 are alternating exchange in-
teraction and the nearest-neighbouring interactions
respectively, hi is the strength of external magnetic
field on site i, σx,y,z are the Pauli matrices, γ is a di-
mensionless parameter characterizing the anisotropy
of the model, and N is the total number of sites.
Furthermore, the periodic boundary conditions satisfy
σx

N+1 = σx
1 , σy

N+1 = σy
1 , and σz

N+1 = σz
1 .

The spectrum of this Hamiltonian can be deter-
mined exactly by a straightforward application of the
standard methods. The first step in the procedure
is to perform a Jordan–Wigner transformation[30] by
introducing Fermi operators c+

j and cj , as a result,
Hamiltonian (1) is mapped in the free fermion Hamil-
tonian

H =−
N∑
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i ci+1 + γc+
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− 2
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In this paper, the exchange interaction and the exter-
nal magnetic field have the forms J2i−1,2i = J1 = J ,
J2i,2i+1 = J2 = αJ , h2i,2i+1 = h2i−1,2i(h) = βh,

(i = 1, 2, . . . ,
N

2
) respectively, where α = J2/J1 in-

troduces the dimerised parameter, the ratio of the
next-nearest (Ji,i+2 = J3) to the nearest-neighbouring
interaction coefficients, κ = J3/J1, is called the frus-
tration parameter. J < 0 and J > 0 correspond to
the antiferromagnetic and the ferromagnetic cases, re-
spectively. For J3 = 0, expression (2) reduces to one-
dimensional alternating(dimerised) Heisenberg model,
and for J1 = J2 it reduces to one-dimensional frus-
trated Heisenberg model.
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The density-matrix renormalization-group
(DMRG) method[31,32] is applied to obtaining the
spin correlation function. The two-point reduced den-
sity matrix obtained by tracing the full density matrix
of the system over all sites except the pair {i, j} has
the form

ρi,j =
1
4

(
Ii,j + 〈σz

i 〉σz
i + 〈σz

j 〉σz
j

+
∑

k=x,y,z

〈σk
i σk

j 〉σk
i σk

j

)
. (3)

In this part, we choose the concurrence defined by
Wootters[33] as a measure of the pairwise entangle-
ment. For a pure or mixed state of two qubits de-
scribed by the density matrix ρ, the concurrence C

may be calculated explicitly as

C(ρ) = max(0, λ1 − λ2 − λ3 − λ4), (4)

where λ1, λ2, λ3, and λ4 are the eigenvalues in de-
scending order of the spin-flipped density operator
R, which is defined as R =

√√
ρρ̃
√

ρ, where ρ̃ =
(σy⊗σy)ρ∗(σy⊗σy), ρ̃ denotes the complex conjugate
of ρ and σy is the usual Pauli matrix. All the matrix
elements in the density matrix can be calculated from
the different spin–spin correlation functions.

3. Results and discussion

In this paper, we focus on the discussion of trans-
verse Ising model with γ = 1 and the introduction of
the dimensionless parameter λ = J/(2h). The goal
of our present study is to find out dynamic charac-
teristics of the entanglement in varying the dimerised
parameters of exchange couplings, external magnetic
fields and NNN interaction. Figure 1 displays the
diagram of the J1 − J2 − J3 model which can be
considered either as a linear chain(a) or a zigzag
chain(b). The alternating the nearest-neighbouring
interaction is J1 and J2 respectively, while the
next-nearest-neighbouring interaction is parametrized
by J3. We consider three different physical mod-
els, i.e. dimerised ferromagnetic spin chain, frus-
trated ferromagnetic–ferromagnetic (F–F) spin chain,
and frustrated ferromagnetic–antiferromagnetic (F–
AF) spin chain. First, we examine the dimerised
Heisenberg chain. This model is characterized by an
alternation of strong and weak bonds between two
nearest-neighbouring spins.

Fig.1. Diagram of the J1 − J2 − J3 model that can be

considered either as a linear chain(a) or a zigzag chain(b).

The nearest-neighbouring alternating interaction is J1 and

J2 respectively, while the next-nearest-neighbouring inter-

action is parametrized by J3.

Figure 2 shows the nearest neighbouring concur-
rence C(1,2) and C(2,3), which correspond to two
nearest-neighbouring spins coupled by bonds J1 and
J2 respectively, as a function of the reduced coupling
constant λ at different values of the dimerised param-
eter α of exchange coupling, parameter β of external
magnetic field with the system size N=59. Numerical
results in Figs.2(a) and 2(c) show that the concur-
rence C(1,2) decreases when the dimerised parame-
ter α of exchange couplings increases, while for the
concurrence C(2,3) the situation is opposite, and the
pair of qubits (1,2) and (2,3) has the same pairwise
entanglement for the homogeneous chain α = 1. In
fact, in the case of weak alternation of the nearest-
neighbouring exchange coupling, we have here the
dimerised spin chain which can be considered quali-
tatively as a set of non-interacting spin pairs. In the
limit of strong dimerization, the concurrence reaches
a maximum value. Moreover, spin 2 can be entan-
gled both with spin 1 and with spin 3. Since spin 2
is strongly entangled with spin 1, the entanglement
of spins 2 and 3 is weaker. Obviously, the increase
of exchange interaction J2 suppresses the entangle-
ment of spins coupled by J1. The increase of J2 can
enhance the entanglement between spins coupled by
J2. This explains the behaviour of the concurrence
displayed in Fig.2. The effect of the alternation of
external magnetic field β is also shown in Figs.2(b)
and 2(d). However, different from the effect of the
exchange couplings, the concurrences (1,2) and (2,3)
have a similar behaviour and increase first and then
decrease with the increase of the value of parameter β,
suggesting a critical alternation of external magnetic
field βc, where the maximum concurrence takes place,
must exist.
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From Fig.2, we can see that the alternate inter-
action plays an important role in enhancing the near-
est neighbouring concurrence. The maximum value
of the concurrence between neighbouring sites does
not occur at the critical point. This is because based
on the properties of shared entanglement this maxi-
mum should occur away from the critical point. En-
tanglement sharing is relevant to the quantum phase
transition in the transverse Ising model, for it sets a

fundamental bound to the amount of entanglement
that may be distributed among the other sites, which
means that as the overall entanglement in the lattice
is increased, some sites become disentangled. How-
ever, is well all known, the maximum value of the con-
currence between the next-nearest-neighbouring sites
does occur at the critical point λ = 1, so it is nec-
essary to discuss in this subsection the effect on the
next-nearest-neighbouring entanglement (NNNE).

Fig.2. The nearest neighbouring concurrence C1,2 and C2,3 as a function of reduced coupling constant

λ for various alternating values of the nearest-neighbouring interaction and external magnetic field, with

the NNN interaction κ = 0.

Figures 3(a) and 3(b) show the change of concur-
rence C(1,3) as a function of λ for different values of
alternate interactions α and β with κ = 0, i.e. in the
absence of the NNN interaction. We can see that there
is no entanglement at α = 0.5 and β = 0.5. The weak
alternate interactions α and β suppress and finally
completely destroy the NNN concurrence. The dashed
line in Fig.3(a) depicts that at the critical point, λ = 1,
of the transverse Ising model (α = 1), where maxi-
mum next-nearest-neighbouring entanglement occurs,
there is a fundamental transition in the structure of
the ground state. This is consistent with the previous
result. As α increases the NNN concurrence tends

to increase faster, the peak value induced by the NN
interaction increases and the λm, where concurrence
approaches a maximum, shifts to the left very rapidly.
The dimerised interaction does facilitate the forma-
tion of entanglement because of the inner alternation.
Therefore, we can further understand the relation be-
tween the entanglement and the quantum transition.
In Figs.3(c) and 3(d), we plot our numerical results
for the threshold NN alternate interactions α and β

for the case of next-nearest-neighbouring concurrence.
Only above the critical α and β, can the NNN con-
currence appears.
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Fig.3. The next-nearest-neighbouring concurrence C1,3 as a function of reduced coupling constant λ for

various alternating values of the nearest-neighbouring interaction and external magnetic field, with the

NNN interaction κ = 0.

For the frustrated model, there is a competition
between the NN and the NNN interactions. So the
model displays some special features of entanglement.
In Fig.4, we give the results of the NN and the NNN
concurrence as a function of parameter λ for differ-
ent values of frustrated interaction κ. The NNN in-
teraction has a different frustration effect on C(1,2).
For a frustrated ferromagnetic–ferromagnetic (F–F)
spin chain κ > 0, by making a comparison among
the different curves in Fig.4(a), it is interesting to
find that the entanglement peak between the near-
est neighbours in the dotted line increases to a value
larger than that in the solid line. With the increasing
of κ, the concurrence indicated by the dash-dotted line
decreases. We can imagine that there must exist a crit-
ical frustration strength (κc): below κc, the NNN in-
teraction enhances entanglement, while above κc, the
NNN interaction shrinks the entanglement. This be-
haviour is due to the energy level crossing at the point
κ = 0.5, as seen clearly from Fig.4(a). Before and after
the critical point, the entanglements display distinct
behaviours. However, for a frustrated ferromagnetic–
antiferromagnetic (F–AF) spin chain κ < 0, the situa-
tion becomes different due to the frustration, with the
increase of absolute value of κ and weak parameter

λ, antiferromagnetic NNN interaction always shrinks
the entanglement, which is different from the results
obtained from Fig.4(a). Another important charac-
ter revealed from Fig.4(b) is that, as parameter λ in-
creases, the concurrence increases and tends to move
to infinity (> 0) by increasing the value of parameter
κ: the strong κ is helpful for keeping the better en-
tanglement. It is the frustrated interaction that leads
to considerably different evolutions of the entangle-
ment, hence the entanglement is rather sensitive to
any variation in NNN interaction. From Figs.4(c) and
4(d), we can see that the height of the peak increases
with the increase of antiferromagnetic κ, which is a
characteristic feature of one-dimensional Heisenberg
antiferromagnetic chain. This suggests that the anti-
ferromagnetic component becomes significant for large
values of κ. Meanwhile, the antiferromagnetic NNN
interaction results in a large value of NNNE compared
with the case where the NNN interaction is ferromag-
netic. In order to explain these results it is necessary
to take into account the influence of the competing
roles played by the NN and the NNN interactions on
the entangled states. Thus, by adjusting the NNN in-
teraction constant, one can control or manipulate the
NN and the NNN entanglements.
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Fig.4. The concurrences C1,2 and C1,3 as a function of reduced coupling constant λ for various

frustrated values of next-nearest-neighbouring interaction, with the NN interaction α = β = 1.0.

4. Conclusions

From the above analysis, it is clearly noted
that dimerised exchange couplings, dimerised external
magnetic fields and frustrated exchange interaction,
which play the competing roles in enhancing quantum
entanglement, have a notable influence on the NN and

the NNN concurrences in one-dimensional s =
1
2

XY
spin system. The NN and the NNN concurrences ex-
hibit some interesting phenomena. For a dimerised
ferromagnetic spin chain, the NNNE appears only
above the critical dimerised interaction, which a ef-
fects quantum phase transition point and increases the
NNNE. For a ferromagnetic-antiferromagnetic frus-

trated spin chain, the NNN interaction is predomi-
nant in the competing role and can enhance the en-
tanglement to a steady value. The ferromagnetic NNN
interaction increases and shrinks the NNE below and
above critical frustrated interaction respectively, while
the antiferromagnetic NNN interaction always reduces
the NNE. Meanwhile, the antiferromagnetic NNN in-
teraction can generate a larger value of NNNE com-
pared with the case where the NNN interaction is fer-
romagnetic. So we can employ the NNN interaction
strength as well as dimerised interaction to realize the
quantum entanglement control. As for the case where
γ 6= 1 (XY model), we will present further reports in
the future.
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and Wootters W K 1993 Phys. Rev. Lett. 70 1895

Shan C J, Man Z X, Xia Y J and Liu T K 2007 Int. J.

Quantum Information 5 359

[2] Deutsch D, Ekert A, Jozsa R, Macchiavello C, Popescu S

and Sanpera A 1996 Phys. Rev. Lett. 77 2818

Shan C J, Man Z X, Xia Y J and Liu T K 2007 Int. J.

Quantum Information 5 335

[3] Man Z X and Xia Y J 2007 Chin. Phys. 16 1197

[4] Wei H, Deng Z J, Zhang X L and Feng M 2007 Phys. Rev.

A 76 054304

Wei H, Fang R R, Liu J B, Zhou F, Yang W L and Deng

Z J 2008 J. Phys. B 41 085506

[5] Kim M S, Lee J, Ahn D and Knight P L 2002 Phys. Rev.

A 65 040101

Zhang L H, Dong P and Cao Z L 2007 Chin. Phys. 16 640

[6] Zheng S B and Guo G C 2000 Phys. Rev. Lett. 85 2392

[7] Hu Y H, Fang M F and Liao X P 2007 Chin. Phys. 16

1344

[8] Shan C J, Xia Y J 2006 Acta Phys. Sin. 55 1585

Liu T K, Cheng W W, Shan C J, Gao Y F and Wang J S

2007 Chin. Phys. 16 3697

[9] Wang C Z and Fang M F 2003 Chin. Phys. 12 287



4008 Shan Chuan-Jia et al Vol. 17

[10] Turchette Q A, Wood C S, King B E, Myatt C J, Leibfried

D, Itano W M, Monroe C and Wineland D J 1998 Phys.

Rev. Lett. 81 3631

[11] Zhang Y, Liu D and Long G L 2007 Chin. Phys. 16 324

[12] Wang X G 2001 Phys. Rev. A 64 012313

Wang X G 2002 Phys. Rev. A 66 044305

Wang X G 2002 Phys. Rev. A 66 034302

[13] Zhu Y, Zhu S Q and Hao X 2007 Chin. Phys. 16 2229

[14] Zhou L, Song H S, Guo Y Q and Li C 2003 Phys. Rev. A

68 024301

Zhang G F and Li S S 2005 Phys. Rev. A 72 034302

[15] Cheng W W, Huang Y X, Liu T K and Li H 2007 Physica

E 39 150

[16] Zvyagin A A and Skorobagatko G A 2006 Phys. Rev. B

73 024427

[17] Beccaria M, Campostrini M and Feo A 2006 Phys. Rev.

B 73 052402

[18] Mkhitaryan V V and Sedrakyan A G 2008 Phys. Rev. B

77 035111

[19] Sun Z, Wang X G and Li Y Q 2005 New J. Phys. 7 83

[20] Doronin S I, Pyrkov A N and Feldman E B 2007 JETP

Lett. 85 519

[21] Gu S J, Li H b, Li Y Q and Lin H Q 2004 Phys. Rev. A

70 052302

[22] Chen Y, Zanardi P, Wang Z D and Zhang F C 2006 New

J. Phys. 8 97

[23] Chen S, Wang L, Gu S J and Wang Y P 2007 Phys. Rev.

E 76 061108

[24] Osterloh A, Amico L, Falci G and Fazio R 2002 Nature

(London) 416 608

[25] Huang Z, Osenda O and Kais S 2004 Phys. Lett. A 322

137

[26] Osenda O, Huang Z and Kais S 2003 Phys. Rev. A 67

062321

[27] Shan C J, Cheng W W, Liu T K, Huang Y X and Li H

2008 Chin. Phys. B 17 0794

Shan C J, Cheng W W, Liu T K, Huang Y X and Li H

2008 Chin. Phys. Lett. 25 817

[28] Vidal G, Latorre J I, Rico E and Kitaev A 2003 Phys.

Rev. Lett. 90 227902

[29] Roscilde T, Verrucchi P, Fubini A, Haas S and Tognetti

V 2005 Phys. Rev. Lett. 94 147208

[30] Jordan P and Wigner E 1928 Z. Phys. 47 631

[31] White S R 1993 Phys. Rev. B 48 10345
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