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In this paper, a new auxiliary equation method is presented of constructing more new non-travelling wave solutions

of nonlinear differential equations in mathematical physics, which is direct and more powerful than projective Riccati

equation method. In order to illustrate the validity and the advantages of the method, (2+1)-dimensional asymmet-

ric Nizhnik—Novikov—Vesselov equation is employed and many new double periodic non-travelling wave solutions are

obtained. This algorithm can also be applied to other nonlinear differential equations.
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1. Introduction

Nonlinear wave phenomena play an important
role in the physical world and have been a challenging
topic of research for both mathematicians and physi-
cists. There exists an extensive literature dealing with
nonlinear wave equations, in which exact explicit soli-
tary wave, kink wave and periodic wave solutions are
discussed. To find exact solutions for a given non-
linear wave system, a lot of effective methods have
been presented such as tanh-function method, Jacobi
elliptic function expansion method, Riccati equation
rational expansion method, F-expansion method, pro-

jective Riccati equation method and so on.—18]

Motivated by the projective Riccati equation
method proposed by Conte and Musette!'®! in 1992,
we present a new direct algebraic method and so ob-
tain many new double periodic wave solutions of par-
tial differential equations which cannot be acquired by
using the projective Riccati equation method.

The remainder of this paper is organized as fol-
lows. In Section 2, we give the description of the
new auxiliary equation method; In Section 3, we ap-
ply this method to a (2+1)-dimensional asymmetric
Nizhnik—Novikov—Vesselov equation; Finally the con-
clusions drawn from the present study are given in

Section 4.

non-travelling wave solutions, asymmetric

2. Description of the method

For a given nonlinear partial differential equations

with independent variables © = (21, za, ..., ZTm, t) and

dependent variable wu;,
Hi(wi, Wity Wi, > Uiy Wiz s Witt Wi, ¢
WUizoty Uiz aq s Wizoxss Wizgasy - - ) = 0» (1)

we seek its solutions in the form

—a0+2f2 H

with new variables f(€) and g(&) satisfy the following

(aif(&) +big(§)) (2)

relations:

F1(©) = f(&)g(8),
9 =a+9(&*+rf©)72

<q+ e +cf(5)2), 3)

where ¢, r, and ¢ are constants, f'(§) = % &),
g€ = ig(f), and &, ag, a;, b; (1 =1,2,...,m;) are

dg

the functions of x which are to be determined later.
To determine u; explicitly, we take the following
steps.
Step 1 Determine m; by balancing the nonlinear
term and highest order derivative term in Eq.(1). If m;
is not a positive integer, we firstly make the transfor-

mation w;(z1,Za, ..., Tm,t) = v (21, Ty, Ty, t)™.
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Step 2 Substituting Eq.(2) into Eq.(1) along
with Egs.(3) , then equating all coefficients of
f€)g(&)(i,5 = 0,1,...

numerator to zero, we can deduce a set of over-

) of the resulting system’s

determined partial differential equations with respect

toa;, b; (1=0,1,2,...,m;,5 =1,2,...,m;) and &.
Step 3

differential equations with the aid of the symbolic

Solving the over-determined partial

computation system Maple, we can obtain the ex-
plicit expressions for a;, b; (i = 0,1,2,...,m;,j =
1,2,...,m;) and &.

Step 4 Substituting these results obtained in
step 3 into Eq.(2) with the corresponding solutions
f(&) and g(€&) of Egs.(3), we can obtain the exact so-
lutions of Eq.(1).

In the rest of this section, we will analyse the so-
lutions of Eq.(3). From Egs.(3), one has

/()
f&)

Substituting Eq.(4) into Eq.(3) leads to

9(&) = (4)

—f1(Ef(E€) +2f(€)* +af(©)*+r=0. (5)

In order to solve Eq.(5),we introduce the following

transformation: )
16 = o (6)
g wie ©)
o wo O w0
and
w"(€) + qu(€) + rw(€)® =0, 8)
hence,
(@' (€) + qu(©)® + Jw(©)* +e=0.  (9)

It is found that elliptic equation (8) or (9) admits
the following several types of solutions:

Typel Asqg=1+m?, r=—-2m? and c = —1,
then the solution of Eq.(8) takes the form

w(§) = sn(&,m). (10)

Hence, considering Eqs.(6) and (7), we have the fol-
lowing results:

1

fl(f) = m»

and
en(g, m)dn(&,m)

91(§) = (€, m)

Type 2 Asq=1-2m?2,r =2m?, and c = m?>—1,
then the solution of Eq.(8) takes the form

w(§) = en(§, m). (12)

Hence, considering Egs.(6) and (7), we have the fol-
lowing results:
1

on(g,m)’

fa(§) =

and
_ sn(&,m)dn(&,m)
92(8) = cn(€,m) ’

Type 3 Asqg=—-2+m?, r=2,and c=1—m?,
then the solution of Eq.(8) takes the form

w(§) = dn(&, m). (14)

Hence, considering Egs.(6) and (7), we have the fol-

(13)

lowing results:

1

fS(f) = Wﬂ

and
msn(g, m)en(€, m)

dn(g, m)

Type 4 Asqg=1+m? r= -2, and c = —m?,
then the solution of Eq.(8) takes the form
b
sn(&,m)’

Hence, considering Eqgs.(6) and (7), we have the fol-

93(§) = (15)

— ns(¢,m) = (16)

lowing results:

f4(€) = sn({, m)v

and
_ cn(§,m)dn(§, m)
94(6) - Sl’l(€7m) .

Type 5 As g = 1—2m?, r = —2 4 2m?, and
¢ =m?, then the solution of Eq.(8) takes the form

1
en(§,m)’

Hence, considering Eqs.(6) and (7), we have the fol-

(17)

w(§) = nc(§,m) = (18)

lowing results:

f5(€) = Cn(év m)7
and
sn(é,m)dn(g, m)
en(g,m)
Type 6 Asq=—2+m?, r=2-2m? andc=1,
then the solution of Eq.(8) takes the form
b
dn(g,m)”

g5(§) =

(19)

w(§) = nd(¢§,m) = (20)
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Hence, considering Eqs.(6) and (7), we have the fol-
lowing results:

f6(£) = dn(&, m),

and
02 sn(f, m)cn(f, m)
dn(¢, m)
Type 7 As ¢ = —24+m?, r = =2+ 2m?, and
¢ = —1, then the solution of Eq.(8) takes the form

sn(&,m) .

cn(§,m)

96(§) = (21)

w(§) = sc(§,m) =

(22)

Hence, considering Eqs.(6) and (7), we have the fol-
lowing results:

_ en(§,m)
O = Saem)
and dné,m)
n(&,m
O ey
Type 8 As ¢ =1—-2m?, r = 2m? — 2m?*, and

8) takes the form

¢ = —1, then the solution of Eq.(
wl€) =sd(e,m) = e (24)

Hence, considering Eqs.(6) and (7), we have the fol-
lowing results:

and

 aem)
su(€, m)dn(&,m)’

Type 9 Asq=—-2+m?, r=-2,c=—1+m?,
then the solution of Eq.(8) takes the form

cn(€,m)
sn(g,m)

Hence, considering Eqgs.(6) and (7), we have the fol-

g8(§) = (25)

w(€) = es(€,m) =

(26)

lowing results:

_sn(§,m
) = T,
and d
go(€) = — &) (21)

sn(&, m)en(€, m)’
Type 10 Asqg=1+m?, r=—-2m?, and c = —1,

then the solution of Eq.(8) takes the form

en(§,m)

w(§) = cd(§,m) = W (28)

Hence, considering Eqs.(6) and (7), we have the fol-
lowing results:

Fo(®) = e,

~—

and

sn(&,m)
en(&,m)dn(&,m)’

Type 11 As ¢ = 1 —2m?, r = —2, and ¢ =
m? —m?, then the solution of Eq.(8) takes the form

w(€) = ds(,m) = &) (30)

sn(&,m)’

g10(§) = (1 — m2) (29)

Hence, considering Egs.(6) and (7), we have the fol-

lowing results:

(@) = e,
and
gn(e) = —-2&m (31)

sn(&,m)dn(g,m)’
Type 12 Asg=1+m? r = -2 and c = —m?,
then the solution of Eq.(8) takes the form
dn(¢,m)

w(§) = de(§,m) = m (32)

Hence, considering Egs.(6) and (7), we have the fol-
lowing results:

_ en(§,m)
f12(8) = e, m)’
and
_ sn(§,m)
9200 = (e ey Y
Type 13 As ¢ = _1%2”12, r o= —%7 and

1
c=-7 then the solution of Eq.(8) takes the form

sn(§, m)

w(§) = (e, m) £1° (34)

Hence, considering Eqgs.(6) and (7), we have the fol-
lowing results:

_en(§,m) 1
B = T
and
913(57 m) = ¥ds(§7m) (35)
2 2
Type 14 As q = _m;—l, r = 1 2m , and
1 —m? .
c = T then the solution of Eq.(8) takes the
form 1 €m)
+ msn(&, m
w() = ——"r—7— (36)

dn(&,m)
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Hence, considering Eqs.(6) and (7), we have the fol-
lowing results:

_ dn(§,m)
f14(§) = m7
and
g14(§) = Fmed(§,m). (37)
Type 15 As g = #, r = —%2, and

2
c= _mT? then the solution of Eq.(8) takes the form

1
B sn(&,m) £icn(€,m)’

w(§) (38)

Hence, considering Eqs.(6) and (7), we have the fol-
lowing results:

f15(£) = Sn(§7 m) + icn(f, m),

and
915(€) = —idn(¢,m). (30)
Type 16 As g = _1+2m27 . 1_277122+m4’
and ¢ = i, then the solution of Eq.(8) takes the form
1

w(§) = (40)

men(€,m) £dn(€,m)’

Hence, considering Eqs.(6) and (7), we have the fol-
lowing results:

flG(g) = mcn(f, m) + dn(é-? m)7

and
916(§) = —msn(§, m). (41)
1 2 1—2m? 4
Type 17 Asq = — Jrzm,r:f mQ+m,

1
and ¢ = T then the solution of Eq.(8) takes the form

_ sn(&,m)
on(E,m) + dn(g, m)

w() (42)
Hence, considering Eqs.(6) and (7), we have the fol-
lowing results:

en(€, m) £ dn(&, m)

f17(§) - sn(f,m) )

and
g17(§) = Fns(§, m). (43)

Type 18 As g = m? —6m + 1, r = —2, and
¢ = 4m —8m? +4m?3, then the solution of Eq.(8) takes

the form
~ —1+msn(&,m)?

w(é-) - Sn(f,m)

(44)

Hence, considering Eqs.(6) and (7), we have the fol-
lowing results:

f1s(§) = 1 Jfr;ifs;:(r?, m)?’

and

msn(&,m)? + 1
msn(£,m)2 —1°

918(§) = —cs(§, m)dn(E, m) (45)

Type 19 As ¢ =m?2+6m+1, r = —2, and
¢ = —4m — 8m? — 4m3, then the solution of Eq.(8)
takes the form

1+ msn(§,m)?
- osaEm)

Hence, considering Egs.(6) and (7), we have the fol-

w(§) (46)

lowing results:

Fn(©) = e

and

msn(&,m)? — 1

= —cs .

919(5) Cb(§7m)dn(€7m) msn(f,m)z +1 ( 7)
1 2 -1 2
Type 20 As g = — +2m,r: ;m7and
m2—1 .
c=—7F then the solution of Eq.(8) takes the form
+1+sn(&,m)

= 4

wie) = =t (19)

Hence, considering Egs.(6) and (7), we have the fol-
lowing results:

__cn(§m)
f20(§) = It m)
and
920(§) = Fde(&, m). (49)
Type 21 As ¢ = 2—2m2’ r o= —%4, and

1
c=-7 then the solution of Eq.(8) takes the form

__ sn(§m)
) = F dn(e, m)° (50)
Hence, considering Eqs.(6) and (7), we have the fol-

lowing results:

_ F1+dn(g,m)
f21(§) = TaEm)
and
921(§) = Fes(§,m). (51)
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—1 4 2m? 1 i :
Type 22 As g = +2 m =3 and  lowing results:
1
¢ = ——, then the solution of Eq.(8) takes the form fas(&) = sn(§, m) ’
4 en(§,m) £ dn(g, m)
1+
vo-LEHEn gy
n(&,m
’ 923(€) = dms(&,m). (55)
Hence, considering Eqs.(6) and (7), we have the fol- T 04 As o — —~1+2m? 1
lowing results: ype 5 4= ) = 2(3m2 + 1)’
3m? +1
Faal€) = sn(&,m) and ¢ = —&, then the solution of Eq.(8) takes
22 1+cen(E,m)’ the form
and m) +2 (56)
922(§) = Fds(&, m). (53) [ —°
1+ m?2 1 3m2+1 n(&,m) +sn(é, )
Type 23 As ¢ = — m,rz—f,and .
o2 2 2 Hence, considering Eqs.(6) and (7), we have the fol-
c= —w, then the solution of Eq.(8) takes ~ lowing results:
the form

cn(€,m) £ dn(&, m)
sn(&,m) '

Hence, considering Eqs.(6) and (7), we have the fol-

w(§) =

(54)

,/WH n(€,m) + sn(€,m)

faal6 en(€,m) + 2 ’

and

-3 -3
_ 2 _ v Y a2
nfe,m) + 2en(, m)dn(e,m) — (m* = 1)y /=2 —sn(e,m) + 2,/3 S mPen(e, mjsn(e,m)
g24(§) = , (57)
2+ enlgom) (sng.m) + 522 u(em) )
[
where sn(&,m), en(§, m) and dn(€, m) are Jacobi ellip-  and
tic sine function, Jacobi elliptic cosine function, Jacobi Hy— Gy =0 (58)

elliptic function of third kind respectively, and m de-
notes the modulus of Jacobi elliptic functions. When
m — 1, Jacobi functions degenerate to the hyperbolic
functions. When m — 0, Jacobi functions degenerate
to the triangular functions. For detailed information
about Jacobi elliptic functions see Refs.[19, 20].

3. The non-travelling wave so-
lutions of (241)-dimensional
asymmetric Nizhnik—Novikov—

Vesselov equation

Now we consider the asymmetric Nizhnik—
Novikov—Vesselov (ANNV) equation,

Hy — Hypy —3(HG), =

The ANNV equation is also named the (2+1)-
dimensional Korteweg-de-Vries (KdV) equation or
Boiti-Leon—-Manna—Pempinelli equation obtained by
Boiti et al based on the idea of the weak Lax pair.[2!
Lou and Hul?? point out that Eq.(58) is an asym-
metric part of the Nizhnik-Novikov—Vesselov (NNV)
equation. Vekslerchik23 derived the Bécklund trans-
formation of Eq.(58). Interested readers are advised to
see related achievements?' =24 for more details about
this system.

Now we apply the above method to Eq.(58). By
balancing the highest nonlinear terms and the highest
order partial derivative terms in Eq.(58), we suppose
that Eq.(58) has the following formal non-travelling

wave solution:
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H () =ao + a1 f(£) + a2g(§) + as f(£)?
+asf(§)g(§),

and

G() =bo + b f() + bag(&) + b3 f(£)*
+ b4 £(§)g(§), (59)

where £ = p(x) + m(y,t), p(x) is the function of z,
a;, by (i =0,1,2,3,4) and m(y,t) are the functions
of (y,t) and the new variables f(§) and g(&) satisfy
Eq.(3).

With the aid of Maple, substituting Eq.(59) along
with Eq.(3) into Eq.(58) and equating the coefficients
of these terms f(£)ig(€)7(i = 0,1,...,5 = 0,1,...)
to zero yield a set of over-determined partial differ-
ential equations with respect to a;(y,t),b;(y,t) (i =
0,1,2,3,4), p(xz) and m(y,t).
soft package ‘PDEtools’; solving the over-determined

By use of the Maple

partial differential equations, we obtain the following
results:
Case 3.1

GOZO, a1:07 G/QZO,

d
az = 201 (dyFQ(y)), g = 0,
bo = Fl(t), b1 = 0, b2 = 07
by =2cC}, by =0, p(x)=Ciz+ Cy,

and
m(y,t) = / 3CLFy (1)t — AC3qt + Fa(y);  (60)
Case 3.2

d
ap =0, a1 =0, ax =0, as=cC; (dyFZ(y)>’

as = (—0)501<§yF2(l/))7
bo = Fi(t), by =0, by =0, b3=cC3,
by = (—)2CY,
p(z) = Crz + Cy,

and
mi.t) = [3CR(O - Clat + By (61
Case 3.3

d
ao=0, a1 =0, a; =0, az=cC; ((inz(y)),

0= —<—c>%cl(ci/Fz<y>),

bp = Fi(t), by =0, ba =0,

bs = cC?, by=—(—c)iC%,
p(z) = Crx + Co,

and

m(y,t) = / 3CLFy(1)dt — Ot + Fly);  (62)

Case 3.4
(C5 +4C3q) ((fyFs(y))
ag = 502 , ap =0, ay=0,
d

az = 2cCy (dg/F?’(y))’ as =0,

bp = Fi(t), by =0, by =0,
by = 2cC?, by =0,
p(x) = Crz + Co,

and

miy, ) = / SCLER (Dt + Cot + Fy(y);  (63)
Case 3.5

(Ca+cta) (370

3C2 !

ag = a; =Y,

d
az = CCl (dyF?)(y))’

1 d
ag = —(—C)”Cl(chs(y)),
bOZFl(t), ble, bQZO, ngCCf,

by = —(—c)%C’f, p(x) = Cra + Cy,

and
my, ) = / SCLEL (1)t + Cst + Fy(y);  (64)

Case 3.6

(€a+cta) (.70

307 ’

az = cCy ((iJF:s(y))?
L (d
o= ot )
bo=Fi(t), b1 =0, by =0, b3 =cC?
by = (_C)%C%a p(r) = Crz + Cy,

ag = ap =0, azx=0,
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m(y,t) = /301F1 (t)dt + Cst + F3(y), (65)

where Cy # 0, ¢, r, ¢, Co and C5 are arbitrary con-

stants; F(t) is an arbitrary function of ¢; Fy(y) and

F5(y) are arbitrary functions of y respectively.
Substituting Cases 3.1-3.6 into Eqs.(59), we have

six kinds of formal solutions of Eq.(58) respectively:
Family 1

Hi(€) = 20, (i/m))f(@?,
and
Gu(€) = Fy(1) + 2:C21(€)", (66)

where & = Ciz + Fa(y) + [ 3C1 Fi(t)dt — 4C3qt + Cs,
with Cy and Cs are arbitrary nonzero constants; Fy (t)
and F5(y) being arbitrary functions of ¢ and y respec-
tively.

Family 2

1:6) = ( 3 Fa) ) 16
+=tan ) 1006,

and

=Fi(t) + cCF f(£)*
+(—c)2C2F(€)g(6), (67)

Where§ C1$+FQ -|—f 3ClF1 )dt—Cf’qt—i—CQ, with
C and Cy are arbitrary nonzero constants; F(t) and

G2(§)

F5(y) are arbitrary functions of ¢ and y respectively.
Family 3

H:l§) =01 (-F2(0)) 1167
- ot Rm) ) fOde.

and

=Fi(t) + cCT f(&)?
— (—e)2CEf()g(8), (68)

wheref Cll‘—FFQ —|—f 301F1 )dt C qt+C5, with
C; and C are arbitrary nonzero constants; F(t) and

G3(¢)

F5(y) are arbitrary functions of ¢ and y respectively.
Family 4

(Ca+ o) 170
302
+2e (3R ) 16

Hy(§) =

and

Ga(€) = F1(t) +2cCE f(€)%, (69)

Where§ Cl$+F3 +f 301F1 )dt+03t+02, with
Cy # 0; Cy and C5 being arbitrary constants; F(t)
and F3(y) are arbitrary functions of ¢ and y respec-

tively.
Family 5
(C5 + C3q) (ij;;(y))
Hs(g) = 3012
+c01( 4 pyy ))f(£)2
(-t cl( 4 py ))f(é“)g(f),
and

=F(t) + cCP (€)*
— (—0)2CEf(£)g(9), (70)
where 5 Cl.’E-l-Fg f?)ClFl )dt+03t+02, with

C1 # 0, Cy and Cj are arbitrary constants; Fj(t) and
F5(y) are arbitrary functions of ¢ and y respectively.

Gs(¢)

Family 6
(Ca+cto)( .10 )
30
+en (5 ) 162

Hg (&) =

=t W) 106,
and

=F|(t) + cC{ f(£)?
+(—)2CEf(€)g(9), (71)

where £ = Chz+Ca+ [ 3C1 Fy(t)dt+Cst+ F3(y), with
Cy # 0, Cy and Cj are arbitrary constants; F;(t) and
F5(y) are arbitrary functions of ¢ and y respectively.
Families 1-6 are different from Case 1 in Ref.[25],
and they can not be obtained by using the method in
Refs.[25, 26].
1-24, we can derive many new explicit non-travelling

Ge(§)

From expressions (66)—(71) and Types

wave solutions of the ANNV equations. Since the so-
lutions of ANNV equation we have obtained here are
so many, it is very tedious to write all the possible
solutions of ANNV equation. For simplicity, we only
enumerate some of them as example to illustrate the
effectiveness of our method.
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If we select ¢ = 1 4+ m?, r = =2, and ¢ = —m?, A particular case is to take F3(y) = sin(y), and
according to Eq.(71) and Type 4, we obtain double  Fj(t) = e, the “+” in each sign “+”, see Fig.1. Jacobi
periodic non-travelling solution of Eq.(58) as elliptic wave H moves continuously to the left ;which

d is reflected in Fig.2.
o+t m?) (£
H,y (§ ) = 2 Y

-y LR ) (s,

+ cn(f, m)dn(§7 m))’
and

G1(&) =Fy(t) + mC?(msn(¢, m)?

+ cn(€, m)dn(E, m)). 72
(€ m)dn(, m)) (72) -
For a better understanding, we plot Hj, which . ) o ) )
. . L . Fig.1. The dynamics of Jacobi elliptic wave solutions given
shows the dynamics of Jacobi elliptic wave solutions. by Hy for Cy =1, C2 =0, C3 = —1, m = 7/10 and y = 1.
t=0
\ 0.7
0.
0.3
0.1 .
-8 —4 0 4 8
T
t=0.5 t=1

~ 0.1

Fig.2. Shape and motion of Jacobi elliptic wave solutions given by H; for C1 = 1, Co = 0,
C3=—-1,m=7/10 and y = 1.

2

241 1 —m? -
m = mn mn , according to Eq.(71) and Type 14, we obtain

If we select ¢ = — 5 =

,and ¢ =

double periodic non-travelling solution of Eq.(58) as

d
-+ ) (L FW) :
Hy(§) = 6C2 +— Cr <—F3(Z/)> (+1 + msn(&,m))?
vV -1+ m2 ( d Cl’l(é, m)
F—m

50 £ mentey
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and which is reflected in Fig.4.
1-m? _, dn(¢,m)?
G2(§) = Fi(t) + n & (£1 + msn(€, m))?

vV=14+m? o cn(,m)
F mCy .
2 +1 + msn(§,m)

(73)

For a better understanding, we plot Hy, which
shows the dynamics of Jacobi elliptic wave solutions.

As a particular case we take F3(y) = tanh(y), and

Fi(t) = ¢!, the ‘+ in each sign “+”, see Fig.3. The . . o . .
. . . Fig.3. The dynamics of Jacobi elliptic wave solutions given
Jacobi elliptic wave H moves continuously to the left, by |Ha| for C1 =1, C2 =0, C3 = —1, m = 7/10 and y = 1.

t=0

t=0.5
0.4

0.3

0.2
-8 —4

Fig.4. Shape and motion of Jacobi elliptic wave solutions given by |Hz| for C1 = 1, Co = 0,
C3=—-1,m=7/10 and y = 1.

0 4 8

If we select ¢ = m? —6m + 1, r = —2, and ¢ = 4m — 8m? + 4m3, according to Eq.(71) and Type 18, we
obtain double periodic non-travelling solution of Eq.(58) as

d
(C3+CH(m?* —6m + 1)) —F3
H;s(§) = (dy

(y) sn(&, m)?
) + (dm — 8m? + 4m®)C, (din?’(y)) (—1+ n(fe,;l(ﬁ) m)?)?
Cn(f,m)dn(f’m)

msn(§,m)2+1"7

302

—V/—4m + 8m?2 — 4m3C,y <%F3(y))
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and

G3(&) =F1(t) + (4m — 8m? + 4m?)
sn(&,m)?

(=1 4+ msn(&,m)?)?

— V/—4m + 8m? — 4m?

en(§, m)dn(§, m)
x msn(&,m)2+1 7

x OF

(74)

For a better understanding, we plot Hjz, which
shows the dynamics of Jacobi elliptic wave solutions.
As a particular case we take F3(y) = tanh(y), and
Fi(t) = €, the ‘+’ in each sign ‘+’, see Fig.5. The
Jacobi elliptic wave H moves continuously to the left,

t=0

which is reflected in Fig.6.

10 20

Fig.5. The dynamics of Jacobi elliptic wave solutions given
by |H3| for C1 =1,C2=0,C3=—-1,m=7/10 and y = 1.

Fig.6. Shape and motion of Jacobi elliptic wave solutions given by |Hs3| for C1 = 1, C2 = 0,

C3=—-1,m=7/10and y = 1.

Similarly, we can illustrate the characteristics of
other Jacobi elliptic wave solutions.

4. Conclusion

We have proposed a new variable coefficient alge-
braic method and derived many families of exact non-
travelling wave solutions of nonlinear partial differen-
tial equations in a unified way. The (2+41)-dimensional
asymmetric Nizhnik—Novikov—Vesselov equation is
chosen to illustrate the method so that many fam-

ilies of new formal Jacobi elliptic function solutions
are obtained. When k£ — 1, some of these obtained
solutions degenerate into solitary wave solutions, and
when k£ — 0, some of these obtained solutions degen-
erate into triangular periodic solutions. In this paper,
we have successfully recovered some previously known
solutions in Refs.[25-59]. More importantly, for some
equations we found more general forms of new solu-
tions with no extra effort. We believe that our method
can also be used to find new solutions for other non-
linear differential equations in mathematical physics.



3984 Lu Bin et al Vol. 17

References [16] Li D S and Zhang H Q 2004 Chin. Phys. 13 1377
[17] Wang Z, Li D S, Lu H F and Zhang H Q 2005 Chin. Phys.
[1] Malfliet W 1992 Am. J. Phys. 60 650 14 2158
(2] Malfliet W and Hereman W 1996 Phys. Scripta 54 563 [18] Conte R and Musette M 1992 J. Phys. A: Math. Gen. 25
[3] Wazwaz A M 2004 Appl. Math. Comput. 154 713 5609
(4] Elwakil S A, El-Labany S K, Zahran M A and Sabry R [19] Chandrasekharan K 1978 Elliptic Function (Berlin:

2002 Phys. Lett. A 299 179
Li Z S and Zhang H Q 2003 Phys. Lett. A 307 269

! Springer)
[6] Fan E G 2000 Phys. Lett. A 277 212
]
]

[20] Patrick D V 1973 Elliptic Function and Elliptic Curves
(Cambridge: Cambridge University Press)

[21] Boiti M, Leon J J P, Manna M and Pempinelli F 1986
Inverse Problems 2 271

[22] Lou SY and Hu X B 1997 J. Math. Phys. A 38 6401

[23] Vekslerchik V E 2004 J. Phys. A: Math. Gen. 37 5667

Yan Z Y 2001 Phys. Lett. A 292 100
Fu Z T, Liu S K, Liu S D and Zhao Q 2003 Commun.
Nonlinear. Sci. Numer. Simulat. 8 67
[9] Liu S K,Fu Z T, Liu S D and Zhao Q 2001 Phys. Lett. A

289 69
[10] FuZ T, Liu S K, Liu S D and Zhao Q 2001 Phys. Lett. A [24] Dorfman I'Y and Athorne C 1993 Phys. Lett. A 182 369

290 72 [25] Zhang S and Xia T C 2007 J. Phys. A: Math. Theor. 40
[11] Cheng Y and Wang Q 2005 Appl. Math. Comput. 168 227

1189 [26] Wang D S and Li H B 2007 Appl. Math. Comput. 188 762
[12] Fan E G 2003 Chaos, Solitons and Fractals 15 559 [27] Jiao X Y, Wang J H and Zhang H Q 2005 Commun.
[13] Fan E G 2003 Chaos, Solitons and Fractals 15 567 Theor. Phys. 44 407
[14] Yan Z Y 2003 Chaos, Solitons and Fractals 16 759 [28] Chen Y and Wang Q 2004 Int. J. Mod. Phys. C 15 595
[15] Bountis T C, Papageorgiou V and Winternitz P 1986 J. [29] Chen Y, Wang Q and Li B 2004 Commun. Theor. Phys.

Math. Phys. 27 1215 42 655



