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1. Introduction

It is an important and interesting topic to search
for the new integrable systems in soliton theory.[1−4]

In particular, some methods to construct the inte-
grable hierarchies with self-consistent sources have
been developed.[5] However, these methods are not de-
signed to construct the non-isospectral integrable hier-
archies with self-consistent sources. Hence, in this pa-
per we will establish a non-isospectral integrable equa-
tions with self-consistent sources by using the compat-
ibility condition of Lax pairs.

Recently, the integrable couplings have been
receiving growing attention. A few ways to es-
tablish integrable couplings are presented by using
perturbations,[6−8] enlarging spectral problems,[9,10]

semidirect sums of Lie algebras,[11,12] and creating
new Lie algebras.[13−19] Moreover, the Hamiltonian
forms of the integrable nonlinear equations can be con-
structed by the bi-trace identity,[20] which is a beauti-
ful result. Here we will give a new method to establish
the integrable coupling equations with self-consistent
sources by using the Kronecker product.

In this paper, we present a non-isospectral inte-
grable coupling of the Ablowitz–Kaup–Newell–Segur
(AKNS) hierarchy with self-consistent sources, which
is a novel result. The paper is organized as fol-
lows. In Section 2, the hierarchy of non-isospectral

AKNS equations with self-consistent sources is con-
structed. In Section 3, by reducing, we work out the
non-isospectral NLSE with self-consistent sources. In
Section 4, a non-isospectral integrable coupling of the
resulting AKNS soliton hierarchy with self-consistent
sources is derived by using the Kronecker product. Fi-
nally, some conclusions are given in Section 5.

2. Non-isospectral AKNS equa-

tion hierarchy with self-

consistent sources

In this section, we construct a non-isospectral zero
curvature equation. First, consider the following non-
isospectral linear problem:

ψnx = Unψn,

ψnt = Vnψn, (1)

where Un = e0 + u1e1 + . . . + upep, ui(x, t) = ui(i =
1, 2, . . . , p), and ψn = ψ(x, t) are field variables de-
fined on x ∈ R, and t ∈ R; ei = ei(λ) ∈ G (G de-
notes a finite-dimensional Lie algebra over C). Then,
the spectral parameter λ = λ(t, x) satisfies a non-
isospectral condition in the form of

λt = β(λ), (2)
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where β(λ) is a function to be specified. From spec-
tral problem (1), the compatibility condition of Eq.(1)
gives

∂Un

∂t
+

∂Un

∂λ

∂λ

∂t
− Vnx + [Un,Vn] = 0, (3)

which is a non-isospectral zero curvature equation.

When
∂λ

∂t
= 0, Eq.(3) gives rise to the well-known

zero curvature equation

Unt − Vnx + [Un,Vn] = 0.

Next, we consider the following AKNS matrix
spectral problem, i.e.

φx = U(u, λ)φ, and U(u, λ) =
(−λ q

r λ

)
, (4)

where λ is a spectral parameter. Because U has multi-
ple eigenvalues, the spectral problem (4) is degenerate.

To establish non-isospectral AKNS soliton hierar-
chy, we first solve the adjoint equation

Wx = [U ,W ] (5)

of spectral problem (4) through the generalized Tu
scheme.[21] Assume that a solution W is given by

W =
(

a b

c −a

)
, (6)

then we will have

[U ,W ] =
(

qc− rb −2λb− 2qa

2λc + 2ra rb− qc

)
. (7)

Now, we seek a formal solution of the type

W =
(

a b

c −a

)
=

∞∑

k=0

Wkλ−k

=
∞∑

k=0

(
ak bk

ck −ak

)
λ−k. (8)

And substitute Eq.(8) into Eqs.(5) and (7), then we
will have the following recursion relation:

a0 = −1, b0 = c0 = a1 = 0,

anx = qcn − rbn,

bn+1 = −1
2
bnx − qan,

cn+1 =
1
2
cnx − ran, (9)

and

b1 = q, c1 = r, a2 =
1
2
qr,

b2 = −1
2
qx, c2 =

1
2
rx. (10)

From Eq.(9), the following recursion relation can be
obtained for bn+1 and cn+1:

(
cn+1

bn+1

)
= Ψ

(
cn

bn

)
, n ≥ 1, (11)

where the 2× 2 matrix operator Ψ is given by

Ψ =
−1
2

(
∂ − 2r∂−1q 2r∂−1r

−2q∂−1q −∂ + 2q∂−1r

)
. (12)

As usual, for an arbitrary integer n ≥ 0, we take

V (n) = (λnW )+ =
n∑

j=0

Wjλ
(n−j), (13)

and introduce a time evolution law for the eigenfunc-
tion φ as follow:

φtn
= V (n)φ = V (n)(u, ux, . . . ;λ)φ. (14)

According to the zero curvature equation Utn−V
(n)

x +
[U ,V (n)] = 0, we can obtain a system of evolution
equations

utn
=

(
q

r

)

tn

= Kn =
(−2bn+1

2cn+1

)
. (15)

The first nonlinear system of soliton hierarchy (15)
reads

qt2 = −1
2
(qxx − 2q2r),

rt2 =
1
2
(rxx − 2qr2), (16)

which is the nonlinear AKNS equations.
Considering the following non-isospectral case,

and according to the non-isospectral zero curvature
equation

∂Un

∂t
+

∂Un

∂λ

∂λ

∂t
− Vnx + [Un,Vn] = 0,

we have
−λt − anx + qcn − rbn = 0, (17a)

qt − bnx − 2λbn − 2qan = 0, (17b)

and
rt − cnx + 2λcn + 2ran = 0. (17c)

From (17a), we have

an = ∂−1qcn − ∂−1rbn − λtx + a0, (18)

where ∂ =
∂

∂x
, ∂∂−1 = 1, and a0 is an integral con-

stant.
Substituting Eq.(18) into Eqs.(17b) and (17c), we

obtain a non-isospectral equation hierarchy
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(
q

r

)

t

= 2λ

(
bn

−cn

)
+ 2λt

(−xq

xr

)
+

(
bnx + 2q∂−1qcn − 2q∂−1rbn

cnx − 2r∂−1qcn + 2r∂−1rbn

)
+

(
2qa0

−2ra0

)
. (19)

If we assume that λt = 0, a0 = −2n−1λn, and b0 = c0 = 0, Eq.(19) becomes
(

q

r

)

t

=
(−∂ + 2q∂−1r 2q∂−1q

−2r∂−1r ∂ − 2r∂−1q

)(−bn

cn

)
− λ

(
2 0
0 2

)(−bn

cn

)
+ 2nλn

(−q

r

)
. (20)

Next, we will construct the hierarchy of non-isospectral AKNS equations with self-consistent sources. Con-
sider auxiliary linear problems

(
ψ1j

ψ2j

)

x

= U(u, λj)
(

ψ1j

ψ2j

)
, and

(
ψ1j

ψ2j

)

t

= V (u, λj)
(

ψ1j

ψ2j

)
. (21)

From Eq.(21), it is known that (up to a constant factor)

δλj

δui
=

1
2
Tr

(
Ψj

∂U(u, λj)
∂ui

)
, Ψj =

(
φ1jφ2j −φ2

1j

φ2
2j −φ1jφ2j

)
, j = 1, . . . , N,

and
N∑

j=1

δλj

δui
=

(
1 0
0 −1

)
〈ΛΦ1,Φ2〉+

1
2

(
0 1
0 0

)
〈ΛΦ2,Φ2〉 − 1

2

(
0 0
1 0

)
〈ΛΦ1,Φ1〉, i = 1, . . . , s,

where Λ = diag(λ1, . . . , λN ), Φ1 = (φ11, . . . , φ1N )T,
Φ2 = (φ21, . . . , φ2N )T, and 〈·, ·〉 is the inner product
in RN .

Based on the results in Refs.[5, 22], we have the
following equation:

δHk

δu
+

N∑

j=1

αj
δλj

δu
= 0,

where αj are constants,
δHk

δu
determine a finite-

dimensional invariant set for the flow utn = J
δHn+1

δu
,

n = 1, 2, . . .. So, the equation hierarchy of
non-isospectral AKNS equations with self-consistent
sources is presented as follows:

(
q

r

)

t

= 2λ

(
bn

−cn

)
+ 2λt

(−xq

xr

)

+
(

bnx + 2q∂−1qcn − 2q∂−1rbn

cnx − 2r∂−1qcn + 2r∂−1rbn

)

+
(

2qa0

−2ra0

)
− 1

2

( 〈Φ2,Φ2〉
−〈Φ1,Φ1〉

)
, (22)

and

φ1j,x = −λjφ1j + qφ2j , φ2j,x = rφ1j + λjφ2j ,

with

ζj = λj , Imζj = Imλj > 0, j = 1, . . . , N1,

ζ̄j = λj , Imζ̄j = Imλj < 0, j = N1 + 1, . . . , N,

and

λj 6= λm > 0, j 6= m, j, m = 1, . . . , N.

Considering the term of λn at λt = 0, a0 = −2n−1λn,
and b0 = c0 = 0, we have

(
q

r

)

t

=
(−∂ + 2q∂−1r 2q∂−1q

−2r∂−1r ∂ − 2r∂−1q

)(−bn

cn

)

+2n

(−q

r

)
− 1

2

( 〈Φ2,Φ2〉
−〈Φ1,Φ1〉

)
. (23)

When n = 2 in Eq.(23), we obtain

q,t2 = −1
2
(qxx − 2q2r)− 4q − 1

2
〈Φ2,Φ2〉,

rt2 =
1
2
(rxx − 2r2q) + 4r +

1
2
〈Φ1,Φ1〉. (24)

If λt = 2n−1λn, and a0 = 0, Eq.(21) becomes

(
q

r

)

t

=
(−∂ + 2q∂−1r 2q∂−1q

−2r∂−1r ∂ − 2r∂−1q

)(−bn

cn

)

+2n

(−qx

rx

)
− 1

2

( 〈Φ2,Φ2〉
−〈Φ1,Φ1〉

)
. (25)

For n = 2 we have

q,t2 = −1
2
(qxx − 2q2r)− 4qx− 1

2
〈Φ2,Φ2〉,

rt2 =
1
2
(rxx − 2r2q) + 4rx +

1
2
〈Φ1,Φ1〉. (26)

So we obtain the non-isospectral AKNS equations
with self-consistent sources. In the present papers,



3968 Yu Fa-Jun et al Vol. 17

they are not designed specially for constructing non-
isospectral integrable hierarchies with self-consistent
sources.

3. Non-isospectral derivative

NLSE hierarchy with self-

consistent sources

Consider a reduced AKNS matrix spectral prob-
lem for r = −q∗, given as

φx = U(u, λ)φ, and U(u, λ) =
( −λ q

−q∗ λ

)
. (27)

To derive an associated soliton hierarchy, we seek a
formal solution of the type

W =
(

a b

c d

)
=

∞∑

k=0

Wkλ−k

=
∞∑

k=0

(
ak bk

ck dk

)
λ−k. (28)

We first solve the adjoint equation

Wx = [U ,W ] (29)

of the spectral problem (27) through the generalized
Tu scheme. Then we have

[U ,W ] =
(

qcn + q∗bn −2λbn − 2qan

2λcn − 2q∗an −q∗bn − qcn

)
. (30)

Therefore, condition (30) becomes the following
recursion relation:

a0 = −2, b0 = c0 = 0, (31)

and

b1 = 2q, c1 = −2q∗, a1 = 0,

a2 = −qq∗, b2 = −qx, c2 = −q∗x. (32)

We can obtain the following recursion relation:
(

cn+1

bn+1

)
= Ψ

(
cn

bn

)
, n ≥ 1, (33)

where the 2× 2 matrix operator Ψ is given by

Ψ =
1
2

(
∂ + 2q∗∂−1q 2q∗∂−1q∗

−2q∂−1q −∂ − 2q∂−1q∗

)
. (34)

The hierarchy of the derivative nonlinear
Schrödinger equations hierarchy reads

qtn
= −2b2n+1 = −2

δH2n+1

δq
, (35)

with

H2n+1 =
2a2n+2

2n + 1
. (36)

In this soliton hierarchy (35), the first nonlinear sys-
tem reads

qt2 = −qxx − 2q2q∗, (37)

which is an NLSE equation.

According to non-isospectral zero curvature equa-
tion (3), we have

λt + anx − qcn − bnq∗ = 0, (38a)

qt − bnx − 2λbn − 2qan = 0, (38b)

and

−q∗t − cnx + 2λcn − 2q∗an = 0. (38c)

From Eq.(38a), we have

an = ∂−1qcn + ∂−1bnq∗ − λtx + a0. (39)

Substituting Eq.(39) into Eqs.(38b) and (38c) and
based on the results in Refs.[5, 22], we have an NLSE
hierarchy with self-consistent sources as follows:

qt = 2λbn + 2q∂−1qcn + 2q∂−1q∗bn − 2qλtx

+2qa0 − 2(〈Φ1,Φ1〉 − 〈Φ∗2,Φ∗2〉),

and

φ1j,x = −λjφ1j + qφ2j ,

φ2j,x = −q∗φ1j + λjφ2j , (40)

where θ = diag(λ1, . . . , λN ),

ζj = λj , Imζj = Imλj > 0, j = 1, . . . , N1,

and

ζ̄j = λj , Imζ̄j = Imλj < 0, j = N1 + 1, . . . , N.

The zero curvature representation for the NLSE
hierarchy with self-consistent source is given by
Eq.(27) with the auxiliary linear problems[5]

(
ψ1

ψ2

)

x

=
( −λ q

−q∗ λ

)(
ψ1

ψ2

)
,
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ψ1,tn
= A(2n)ψ1 + B(2n)ψ2 =

2n∑

k=0

(akλ2n−kψ1 + bkλ2n−kψ2) + ηψ1 +
N∑

j=1

1
λ− λj

φ2j(φ2jψ1 − φ1jψ2)

+
N∑

j=1

1
λ− λ∗j

φ∗2j(φ
∗
1jψ1 + φ∗2jψ2),

and

ψ2,tn = C(n)ψ1 + D(n)ψ2 =
2n∑

k=0

(ckλ2n−kψ1 − akλ2n−kψ2) + ηψ2 +
N∑

j=1

1
λ− λj

φ2j(φ2jψ1 − φ1jψ2)

−
N∑

j=1

1
λ + λ∗j

φ∗1j(φ
∗
1jψ1 + φ∗2jψ2).

If we assume that λt = 0, a0 = −(2)n−1λn, and
b0 = c0 = 0, Eq.(40) becomes

qt = ∂bn + 2q∂−1qcn + 2q∂−1q∗bn

−2nq − 2(〈Φ1,Φ1〉 − 〈Φ∗2,Φ∗2〉). (41)

When n = 2, Eq.(41) gives an NLSE equation with
self-consistent sources

qt2 = −qxx − 2q2q∗ − 4q

−2(〈Φ1,Φ1〉 − 〈Φ∗2,Φ∗2〉). (42)

If λt = (2)n−1λn, and a0 = 0, Eq.(40) becomes

qt = ∂bn + 2q∂−1qcn + 2q∂−1q∗bn

−2nqx− 2(〈Φ1,Φ1〉 − 〈Φ∗2,Φ∗2〉).

For n = 2, we have

qt2 = −qxx − 2q2q∗ − 4qx

−2(〈Φ1,Φ1〉 − 〈Φ∗2,Φ∗2〉), (43)

which is a hierarchy of non-isospectral Schrödinger
equations with self-consistent sources.

4. Integrable couplings of the

AKNS equations hierarchy

with self-consistent sources

By using the theory on continuous integrable
couplings,[13] some integrable coupling systems have
been obtained, such as AKNS hierarchy, TD hierarchy,
etc., in Refs.[14–19]. In this section, we will construct
a novel integrable coupling system of non-isospectral

AKNS equation hierarchy with self-consistent sources
by using the Kronecker product.

Consider the following non-isospectral problem:

ψx = U3ψ, and ψt = V3ψ,

then we will give a new pair, U3 and V3, to produce an
integrable coupling by using the Kronecker product.

The new Lax pair, U3 and V3, is presented as
follows:

U3 = IN ⊗U1 + TN ⊗U2,

and

V3 = IN ⊗ V1 + TN ⊗ V2, (44)

where the matrices IN and TN have the same ranks,
IN is a unit matrix, and TN is a 2-nilpotent matrix.
We can obtain

[U3,V3] = I2
N ⊗U1V1 − I2

N ⊗ V1U1

+INTN ⊗U1V2 − INTN ⊗ V1U2

+TNIN ⊗U2V1 − TNIN ⊗ V2U1

+T 2
N ⊗U2V2 − T 2

N ⊗ V2U2,

with I2
N = IN , INTN = TNIN = TN , and T 2

N = 0.
And we have

[U3,V3] = IN ⊗U1V1 − IN ⊗ V1U1 + TN ⊗U1V2

−TN ⊗ V1U2 + TN ⊗U2V1 − TN ⊗ V2U1

or

[U3,V3] = IN ⊗ [U1,V1] + TN ⊗ [U1,V2]

+TN ⊗ [U2,V1]. (45)
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Substituting

U3t = IN ⊗U1t + IN ⊗ ∂U1

∂λ

∂λ

∂t
+ TN ⊗U2t

+TN ⊗ ∂U2

∂λ

∂λ

∂t
,

V3x = IN ⊗ V1x + TN ⊗ V2x

and Eq.(45) into the zero curvature equation

U3t +
∂U3

∂λ

∂λ

∂t
− V3x + [U3,V3] = 0,

new zero curvature equations are given as

U1t +
∂U1

∂λ

∂λ

∂t
− V1x + [U1,V1] = 0,

U2t +
∂U2

∂λ

∂λ

∂t
− V2x + [U1,V2] + [U2,V1] = 0. (46)

Therefore, we obtain a new form of non-
isospectral zero curvature equations (46). The first
equation of Eq.(46) here exactly presents Eq.(3), and
the second equation of Eq.(46) provides a coupling
system for Eq.(3). In a word, the Kronecker product
provides a great choice of candidates of non-isospectral
integrable couplings for Eq.(46).

Considering

Γ = V3 + ∆̄, and ∆̄ = IN ⊗∆1 + TN ⊗∆2,

from the zero curvature equation U3t+
∂U3

∂λ

∂λ

∂t
−Γx+

[U ,Γ ] = 0, we obtain a new integrable coupling sys-
tem

U1t +
∂U1

∂λ

∂λ

∂t
− V1x + [U1,V1]

−∆1x + [U1,∆1] = 0,

U2t +
∂U2

∂λ

∂λ

∂t
− V2x + [U1,V2]

+[U2,V1]−∆2x + [U1,∆2] + [U2,∆1] = 0.(47)

To illustrate our method, we consider the follow-
ing non-isospectral problem:

U1 =


 λ q

r −λ


 , U2 =


 1 u1

u2 1


 ,

V1 =


 a b

c −a


 , V2 =


 d e

f g


 , (48)

where q and r are potentials; u1 and u2 are new de-
pendent variables and ū = (q, r, u1, u2)T; U1,V1,U2,

and V2 are matrices of 2 × 2; IN =


 1 0

0 1


; TN =


 0 1

0 0


; a =

∞∑
k=0

akλk; b =
∞∑

k=0

bkλk; c =
∞∑

k=0

ckλk;

d =
∞∑

k=0

dkλk; e =
∞∑

k=0

ekλk; f =
∞∑

k=0

fkλk; g =
∞∑

k=0

gkλk.

The corresponding enlarged stationary zero cur-
vature equation is obtained as

Vx = [U ,V ],

V2x = [U1,V2] + [U2,V1]. (49)

Obviously, we have

[U1,V2] =
(

qfn − ren 2λen + qgn − qdn

rdn − rgn − 2λfn ren − qfn

)
,

(50a)

and

[U2,V1] =
(

u1cn − u2bn −2u1an

2u2an u2bn − u1cn

)
. (50b)

Thus, from Eq.(50) we obtain

dnx = qfn − ren + u1cn − bnu2,

enx = 2en+1 + qgn − qdn − 2u1an,

fnx = rdn − rgn − 2fn+1 + 2u2an,

gnx = ren − qfn + u2bn − u1cn. (51)

Set d0 = e0 = f0 = g0 = 0, then we will see that all
sets of functions dn, en, fn, and gn are uniquely deter-
mined. In particular, the first few sets are

d1 = 0, e1 = −u1, f1 = −u2, g1 = 0,

d2 =
1
2
(qu2 + ru1), e2 = −1

2
u1x,

f2 =
1
2
u2x, g2 = −1

2
(qu2 + ru1).

According to non-isospectral zero curvature equa-
tion (47), we have

dn = −gn = ∂−1qfn − ∂−1ren

+∂−1u1cn − ∂−1bnu2 + d0, (52a)

u1t = enx − 2en+1 − qgn + qdn + 2u1an, (52b)

and

u2t = fnx − rdn + rgn + 2fn+1 − 2u2an. (52c)

Substituting Eqs.(18) and (52a) into Eqs.(52b)
and (52c) gives rise to a novel integrable coupling sys-
tem of the non-isospectral equations hierarchy
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


q

r

u1

u2




t

=

(
J1 0

0 J2

)



bn+1

cn+1

fn+1

en+1


 + 2λt




−xq

xr

−xu1

xu2


 +




2qa0

−2ra0

2u1a0 + 2qd0

−2u2a0 − 2rd0




+




−∂ + q∂−1r −2q∂−1q 0 0
2r∂−1r −∂ − 2r∂−1q 0 0

−2q∂−1u2 − 2u1∂
−1r 2q∂−1u1 + 2u1∂

−1q 2q∂−1q ∂ − 2q∂−1r

2r∂−1u2 + 2u2∂
−1r −2r∂−1u1 − 2u2∂

−1q ∂ − 2r∂−1q 2r∂−1r







bn

cn

fn

en


 , (53)

with

J1 =
(

2 0
0 −2

)
, and J2 =

(
0 −2
2 0

)
,

where J1 and J2 are Hamiltonian operators.
According to Eq.(51), we have the following re-

duced relation:



bn+1

cn+1

fn+1

en+1


 = L




bn

cn

fn

en


 ,L =

(
θ 0

L1 L2

)
, (54)

θ =
1
2

(−∂ + q∂−1r −2q∂−1q

2r∂−1r −∂ − 2r∂−1q

)
,

L1 =
(

L31 L32

L41 L42

)
, and L2 =

(
L33 L34

L43 L44

)
,

with

L31 = −r∂−1u2 − 2u2∂
−1r,

L32 = r∂−1u1 + 2u2∂
−1q,

L33 = −1
2
∂ + r∂−1q,

L34 = −r∂−1r,

L41 = −q∂−1u2 − 2u1∂
−1r,

L42 = q∂−1u1 + 2u1∂
−1q,

and

L43 = q∂−1q,

L44 =
1
2
∂ − q∂−1r.

Next, we will construct an integrable coupling of
non-isospectral AKNS equations hierarchy with self-
consistent sources. Consider auxiliary linear problems




ψ1j

ψ2j

ψ3j

ψ4j




x

= U3(u, λj)




ψ1j

ψ2j

ψ3j

ψ4j


 ,

and




ψ1j

ψ2j

ψ3j

ψ4j




t

= V3(u, λj)




ψ1j

ψ2j

ψ3j

ψ4j


 . (55)

For Eq.(55), it is known that (up to a constant factor)

δλj

δui
=

1
2
Tr

(
Ψj

∂U(u, λj)
∂ui

)
,

Ψj =




φ1jφ2j −φ2
1j φ3jφ4j −φ2

3j

φ2
2j −φ1jφ2j φ2

4j −φ3jφ4j

0 0 φ1jφ2j −φ2
1j

0 0 φ2
2j −φ1jφ2j


 ,

j = 1, . . . , N, (56)

and

N∑

j=1

δλj

δui
=




1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1


 〈ΛΦ1,Φ2〉+

1
2




0 1 0 0
0 0 0 0
0 0 0 1
0 0 0 0


 〈ΛΦ2,Φ2〉 − 1

2




0 0 0 0
1 0 0 0
0 0 0 0
0 0 1 0


 〈ΛΦ1,Φ1〉

+
1
2




0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0


 〈ΛΦ4,Φ4〉 − 1

2




0 0 0 0
0 0 1 0
0 0 0 0
0 0 0 0


 〈ΛΦ3,Φ3〉, i = 1, . . . , s, (57)

where Λ = diag(λ1, . . . , λN ), Φ1 = (φ11, . . . , φ1N )T, Φ2 = (φ21, . . . , φ2N )T, Φ3 = (φ31, . . . , φ3N )T, Φ4 =

(φ41, . . . , φ4N )T, and 〈·, ·〉 is the inner product in RN .
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Based on the results in Refs.[5, 22], we show the
following equation:

δHk

δu
+

N∑

j=1

αj
δλj

δu
= 0,

where αj are constants,
δHk

δu
determine a finite-

dimensional invariant set for the flow utn
=

J
δHn+1

δu
, n = 1, 2, . . .. So, a novel integrable coupling

system of the non-isospectral equations hierarchy with
self-consistent sources is presented as follows:




q

r

u1

u2




t

=




−∂ + q∂−1r −2q∂−1q 0 0
2r∂−1r −∂ − 2r∂−1q 0 0

−2q∂−1u2 − 2u1∂
−1r 2q∂−1u1 + 2u1∂

−1q 2q∂−1q ∂ − 2q∂−1r

2r∂−1u2 + 2u2∂
−1r −2r∂−1u1 − 2u2∂

−1q ∂ − 2r∂−1q 2r∂−1r







bn

cn

fn

en




+

(
J1 0

0 J2

)



bn+1

cn+1

fn+1

en+1


 + 2λt




−xq

xr

−xu1

xu2


 +




2qa0

−2ra0

2u1a0 + 2qd0

−2u2a0 − 2rd0


− 1

2




〈Φ2,Φ2〉
−〈Φ1,Φ1〉
〈Φ4,Φ4〉
−〈Φ3,Φ3〉


 , (58)

If λt = 2n−1λn, a0 = −2n−1λn, and d0 = 0, Eq.(58) becomes




q

r

u1

u2




t

=




−∂ + q∂−1r −2q∂−1q 0 0
2r∂−1r −∂ − 2r∂−1q 0 0

−2q∂−1u2 − 2u1∂
−1r 2q∂−1u1 + 2u1∂

−1q 2q∂−1q ∂ − 2q∂−1r

2r∂−1u2 + 2u2∂
−1r −2r∂−1u1 − 2u2∂

−1q ∂ − 2r∂−1q 2r∂−1r







bn

cn

fn

en




+2nλn




−xq

xr

−xu1

xu2


 + 2n




−q

r

−u1

u2


− 1

2




〈Φ2,Φ2〉
−〈Φ1,Φ1〉
〈Φ4,Φ4〉
−〈Φ3,Φ3〉


 . (59)

By using Eqs.(51) and (52), for n = 2 we have the first system in Eq.(59)

qt2 = −1
2
(qxx − 2q2r)− 4qx− 4q − 1

2
〈Φ2,Φ2〉,

rt2 =
1
2
(rxx − 2r2q) + 4rx + 4r +

1
2
〈Φ1,Φ1〉,

u1t2 =
1
2
u1xx + 2qru1 + q2u2 − 4u1x− 4u1 − 1

2
〈Φ4,Φ4〉,

u2t2 = −1
2
u2xx + 2qru2 + r2u1 + 4u2x + 4u2 +

1
2
〈Φ3,Φ3〉. (60)

We obtain an integrable coupling system of the non-isospectral AKNS equations hierarchy with self-
consistent sources. When u1 = u2 = 0, it is a non-isospectral AKNS equation hierarchy with self-consistent
sources. So system (58) is a novel soliton equation hierarchy.

5. Conclusions

In this paper, we derive a non-isospectral AKNS
equation hierarchy with self-consistent sources. More-
over, by means of the Kronecker product, a non-

isospectral integrable coupling of the corresponding
AKNS hierarchy with self-consistent sources is con-
structed. The method can be applied to the other
soliton hierarchies.
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