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A hierarchy of non-isospectral Ablowitz—Kaup—Newell-Segur (AKNS) equations with self-consistent sources is

derived. As a general reduction case, a hierarchy of non-isospectral nonlinear Schrédinger equations (NLSE) with self-

consistent sources is obtained. Moreover, a new non-isospectral integrable coupling of the AKNS soliton hierarchy with

self-consistent sources is constructed by using the Kronecker product.
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1. Introduction

It is an important and interesting topic to search
for the new integrable systems in soliton theory.[!=4
In particular, some methods to construct the inte-
grable hierarchies with self-consistent sources have

[5] However, these methods are not de-

been developed.
signed to construct the non-isospectral integrable hier-
archies with self-consistent sources. Hence, in this pa-
per we will establish a non-isospectral integrable equa-
tions with self-consistent sources by using the compat-
ibility condition of Lax pairs.

Recently, the integrable couplings have been
receiving growing attention. A few ways to es-
tablish integrable couplings are presented by using
perturbations,6~8! enlarging spectral problems, 19!
semidirect sums of Lie algebras,'%!2 and creating
new Lie algebras.'3=19 Moreover, the Hamiltonian
forms of the integrable nonlinear equations can be con-
structed by the bi-trace identity,2?) which is a beauti-
ful result. Here we will give a new method to establish
the integrable coupling equations with self-consistent
sources by using the Kronecker product.

In this paper, we present a non-isospectral inte-
grable coupling of the Ablowitz—Kaup—Newell-Segur
(AKNS) hierarchy with self-consistent sources, which
is a novel result. The paper is organized as fol-

lows. In Section 2, the hierarchy of non-isospectral

AKNS equations with self-consistent sources is con-
structed. In Section 3, by reducing, we work out the
non-isospectral NLSE with self-consistent sources. In
Section 4, a non-isospectral integrable coupling of the
resulting AKNS soliton hierarchy with self-consistent
sources is derived by using the Kronecker product. Fi-

nally, some conclusions are given in Section 5.

2. Non-isospectral AKNS equa-

tion hierarchy with self-

consistent sources

In this section, we construct a non-isospectral zero
curvature equation. First, consider the following non-
isospectral linear problem:

¢n:p = n"/’n»
'd’nt = Vnwna (1)

where U,, = eg+uie; +... +upep, u;(z,t) =u;(i =
1,2,...,p), and ¥, = ¥(z,t) are field variables de-
fined on x € R, and ¢t € R; e; = e;(\) € G (G de-
notes a finite-dimensional Lie algebra over C'). Then,
the spectral parameter A = A(¢,z) satisfies a non-
isospectral condition in the form of
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where 3()\) is a function to be specified. From spec-
tral problem (1), the compatibility condition of Eq.(1)
gives
ou,  oU, X
ot ON Ot

which is a non-isospectral zero curvature equation.

Viz + [Uru Vn] = 07 (3)

oA
When T 0, Eq.(3) gives rise to the well-known
zero curvature equation

Next, we consider the following AKNS matrix
spectral problem, i.e.

bs = Uu, \) o, mdme<: Q,M)

where A is a spectral parameter. Because U has multi-
ple eigenvalues, the spectral problem (4) is degenerate.

To establish non-isospectral AKNS soliton hierar-
chy, we first solve the adjoint equation

of spectral problem (4) through the generalized Tu
scheme.l?" Assume that a solution W is given by

A N

then we will have

qc—rb

7
2X¢ + 2ra (™)

UW] = ( —2Ab—2qa>.

rb — qc

Now, we seek a formal solution of the type
a b > —k
(¢ 5)-pm
k=0
= b
S0 ) (5)
Cp —ag

k=0

w

And substitute Eq.(8) into Egs.(5) and (7), then we
will have the following recursion relation:

a():—l, b():c():a1:O7

Une = qCp — Tby,

1

anrl - _ibnx — qGnp,
1
Cn+1 = icna: — Tanp, (9)
and
1
bi=¢q, ca=r, a = 21

1
by = —=q;, c2 = 57";5- (10)

From Eq.(9), the following recursion relation can be
obtained for b,41 and ¢, 41:

Cn+1 Cn,
—w >, 11
< bn+1 > < bn, > ( )

where the 2 x 2 matrix operator ¥ is given by

o — -1 0 —2r01q
2 —2q0~1q

2ro~1r (12)
—0+2¢071r )"

As usual, for an arbitrary integer n > 0, we take

vV = ("W). = Z WA, (13)
=0

and introduce a time evolution law for the eigenfunc-
tion ¢ as follow:

b1, = Vo=V (uuy,...;\)o. (14)

According to the zero curvature equation Uy, — AR
[U, V(] = 0, we can obtain a system of evolution
equations

w, = (1) =k.= (). )
s ), 2¢n+1

n

The first nonlinear system of soliton hierarchy (15)

reads
1
qt, = _§(QII - 2(]270)7
1
T, = i(rm — 2qr2), (16)

which is the nonlinear AKNS equations.
Considering the following non-isospectral case,

and according to the non-isospectral zero curvature

equation
ou, oU,, oA
QA A, _Vnz Un7Vn 207
ot "o o + [Un, Vil
we have
=Xt — Qpy +qcp — by, =0, (17a)
qs — bpz — 2Mb, — 2qa,, = 0, (17Db)
and
T¢ — Cnz + 2Xey, + 2ra, = 0. (17¢)
From (17a), we have
an = 0 tqen — 07 by, — Mz + ag, (18)
0 4 . .
where 0 = —, 007" = 1, and qq is an integral con-

or

stant.
Substituting Eq.(18) into Eqs.(17b) and (17c¢), we
obtain a non-isospectral equation hierarchy



No. 11

Non-isospectral integrable couplings of Ablowitz—Kaup-Newell-Segur (AKNS) hierarchy with ...

3967

q by, —xq bna + 2601 qcn, — 20~ 1 rby, 2qag
=2A 2\ . 19
(’I“)t (—cn) ek ( xr ) + (cm —2r0~qc, +2r0~1rb, + —2rag (19)

If we assume that \; = 0, ag = —2""'\", and by = cg = 0, Eq.(19) becomes

q\ _(-0+ 2q0 1 2¢0 ¢
), N —2r0~ I 0—2r0 ¢

—b,

(D)) e

Next, we will construct the hierarchy of non-isospectral AKNS equations with self-consistent sources. Con-

sider auxiliary linear problems

1/J1j) _ ‘ (wlg‘) N (1/)13‘) _ ‘ ("/Hj)
<1/J2j ) U(u,\j) oy ) and g ), V(u,Aj) Vo ) (21)

From Eq.(21), it is known that (up to a constant factor)

du; Ou;

and
N

§\i (1 0 1/0 1
Zm(o 1><A¢1’@2>+2<0 0)

j=1

where A = diag(Aq,..
Py = (P21, - -
in RV,

Based on the results in Refs.[5,22], we have the
following equation:

-;)\N)v 451 = (¢117"'7¢1N)T5
,¢an) T, and (-,-) is the inner product

0H
27k determine a finite-

ou
0H
dimensional invariant set for the flow u;, = J 5"“ ;
u

n = 1,2,... So, the equation hierarchy of
non-isospectral AKNS equations with self-consistent

where «; are constants,

sources is presented as follows:

by, —
(q> —2>\( >+2/\t( xq)
r), —cp xr
n bpe + 2¢0 1qc, — 2¢O~ 11b,
Cnz — 2r0 Lqc, + 2ro~1rb,

2 1 [ (B, &
+ qap \ 1 (D2, D2) . (22)
—27"@0 2 —<¢1,§pl>
and
Dljz = —AjP1j + qP2j, D2jc = TP1j + NP2y,
with

G =\,

Iij:ImAj>0, j=1,..., Ny,

ImC_j:Im)\j<0, j:Nl-I-l,...,N,

6)\]‘ _ %Tr <q,lJ 8U(u,)\J)) 7 !I/j _ (

bripa;  —9i;

) j = 17"'7N7
b5, ¢1j¢2j>

2\1 0

<A¢2,@2>1<0 0) <A¢17¢1>7Z:1,,S,

and
AN FE A >0, j#m, jm=1,...,N.

Considering the term of A" at A\, = 0, ag = —2" "1\,

and by = ¢g = 0, we have
q\  [(—0+ 2¢O~ 20~ 1q —b,
r), N —2r9~ Ly 0—2ro~1q Cn

—q L[ (D2, P2)
2m - = . 23
- ( r ) 2 (_<5p15¢1> ( )
When n = 2 in Eq.(23), we obtain

1 1
Gty = —=(quz — 2¢°7) — 4q — = (D2, Ps),
2 2

1 1
Tty = §(Txx —2r%q) + 4r + §<4517451>- (24)

If Ay =277 1\" and ag = 0, Eq.(21) becomes
q\ _ [(—0+2¢07'r  2¢07'q —b,
r/, o —2r0~1r 0—2ro~Yq Cn
—qz 1 [ (P, P2)
2n - = ) 25
- ( T ) 2 (—(451,450 (25)
For n = 2 we have
1 ) 1
qt, = _5((19“ —2q 7“) —4qr — 5@52,@2),
1 1
Ty = = (Tee — 2r%q) + 47z + 5(4151,451). (26)

2

So we obtain the non-isospectral AKNS equations

with self-consistent sources. In the present papers,
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they are not designed specially for constructing non-  with

isospectral integrable hierarchies with self-consistent

sources Hopy1 = 22n+2 (36)
: T o1

derivative
self-

3. Non-isospectral
NLSE hierarchy with

consistent sources

Consider a reduced AKNS matrix spectral prob-
lem for r = —¢*, given as

bo =U(u, N, and Ulu,\) = (: i) .(27)

To derive an associated soliton hierarchy, we seek a
formal solution of the type

W = (Z Z) :kijowmk
i (a’“ 2’;) AE, (28)

C
k=0 Nk

We first solve the adjoint equation
W, =[U,W] (29)
of the spectral problem (27) through the generalized

—2Xb, — 2
) n qan) ' (30)
—q*b, — qcy

Tu scheme. Then we have

qcn + q*by

[U, W] - <2>\Cn - 2(1*%,

Therefore, condition (30) becomes the following

recursion relation:
ag = —2,bg = ¢cg =0, (31)
and
bi =2¢,c1 = —2¢",a1 =0,
as = —qq*, by = gz, 2 = —q;. (32)
We can obtain the following recursion relation:
)=o)z @

where the 2 x 2 matrix operator ¥ is given by

1 /0+2¢07 1! 2¢*071q*
W o ST d ) (34
2 —2q0~'q —0—2q0"'q
The hierarchy of the derivative nonlinear
Schrédinger equations hierarchy reads
0Hop,
i, = —2bgyy1 = —2——2nt (35)

g

In this soliton hierarchy (35), the first nonlinear sys-
tem reads

qty = —Qzx — 2(]2(]*, (37)

which is an NLSE equation.
According to non-isospectral zero curvature equa-
tion (3), we have

At + ape — g — bpg™ =0, (38a)
gt — bpz — 2X\b, — 2ga, =0, (38b)
and
—q; — Cpa + 2X¢, — 2¢%a, = 0. (38c¢)
From Eq.(38a), we have
an = 0 tqen + 07 g — Nz + ao. (39)

Substituting Eq.(39) into Egs.(38b) and (38c) and
based on the results in Refs.[5,22], we have an NLSE
hierarchy with self-consistent sources as follows:

g = 2Xby 4+ 2¢0 " L qen + 2q07 1" b, — 20
+2qap — 2((P1, P1) — (3. P3)),

and

D15,z = —Ajd15 + qd2j,
G250 = —q P15 + Ajd2y, (40)

where 0 = diag(A1,..., An),

Cj:)\j, Iij:Im)\j>0,j:1,...,N1,
and
Ej:Aj, Imfj:Im)\j<0,j:N1+1,...,N.

The zero curvature representation for the NLSE
hierarchy with self-consistent source is given by
Eq.(27) with the auxiliary linear problems(®!

().~ (G D)
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2n

N
1
Py, = ACYyp 4 By, — Z(ak)\%*kwl + b AP ) ey + Z ﬁ¢2j(¢2j¢1 — $1j12)
j=1 J

k=0

N
1
D o 98 (9150 + 8550),
Jj=1 J

N
1
Por, = CPpy + DMpy = (e X" Fahy — ap N> Faa) + iy + ; A_i)\j@j(%j% — ¢15¢2)

and
2n
k=0
N
1 * * *
B Z m¢1j(¢ljwl + ¢3,2).
j=1 J
If we assume that \; = 0, ag = —(2)""'\", and

by = co = 0, Eq.(40) becomes

@ = Ob, + 290 *qc, +2q0 g% by
—2"q —2((®1, P1) — (D5, P5)).  (41)

When n = 2, Eq.(41) gives an NLSE equation with
self-consistent sources

Gty = —Qoa — 2¢°¢" — 4q
—2((®1, B1) — (D5, B3)). (42)

If Ay = (2)"1\", and ag = 0, Eq.(40) becomes

g = Ob, + 290 'qc, + 2907 q*by,
—2"qz — 2((P1, P1) — (D3, D3)).

For n = 2, we have

Gty = oz — 2¢°¢" — 4qz
_2(<¢1a¢1> - <¢;7¢§>)5 (43)

which is a hierarchy of non-isospectral Schrodinger
equations with self-consistent sources.

of the
hierarchy

4. Integrable couplings
AKNS

with self-consistent sources

equations

By using the theory on continuous integrable
couplings,!'®! some integrable coupling systems have
been obtained, such as AKNS hierarchy, TD hierarchy,
etc., in Refs.[14-19]. In this section, we will construct
a novel integrable coupling system of non-isospectral

AKNS equation hierarchy with self-consistent sources
by using the Kronecker product.

Consider the following non-isospectral problem:

w;r = U3’¢'> and 1/)25 = ‘/31/"7

then we will give a new pair, U3 and V3, to produce an
integrable coupling by using the Kronecker product.

The new Lax pair, Us and V3, is presented as
follows:

Us = Iy @U; + Ty ®Us,
and
Va=Iy®Vi+Ty® Vs, (44)

where the matrices I'y and Ty have the same ranks,
Iy is a unit matrix, and T is a 2-nilpotent matrix.
We can obtain

[Us, Vs] = I} @ U\ Vi — I © ViU,
+INTN @ Ui Vo — INTN @ V1U,
+TnIny @ Ua Vi — TnIn @ VoU,
+TR ® UV, — T ® VaUs,

with IJZV = Iy, INTy = TnyIny = Ty, and TJ%/ = 0.
And we have

Us, V3] = In@ U, V) — Iy @ VIU + Ty @ UV,
—TITn @ViUs + Ty @ Us Vi — Ty @ VoU,

or

Us, V3] = Iy ® Uy, Vi| + Ty ® [Ui, Vo]
+Tn ® [Uz, V1. (45)
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Substituting
oU; OA
—1 Iye L2
Us; NOU;+Iy® B\ 3t+ N ® Us;
oU, OX
Tv & 222
NS S o

and Eq.(45) into the zero curvature equation

777‘/3I+[U37‘/3} :07

new zero curvature equations are given as

oU, O\
O\ Ot
U,y O
O\ Ot
Therefore,

Uy + —Vip + U, V1] =0,

U, + — Vo, + [Uy, Vo] + [Ua, V1] = 0. (46)

we obtain a new form of non-
isospectral zero curvature equations (46). The first
equation of Eq.(46) here exactly presents Eq.(3), and
the second equation of Eq.(46) provides a coupling
system for Eq.(3). In a word, the Kronecker product
provides a great choice of candidates of non-isospectral
integrable couplings for Eq.(46).

Considering
I'=V;+ A, and A=Iy® A +TyR Ay,
A
from the zero curvature equation Us; + % % —I,.+

[U,I'] = 0, we obtain a new integrable coupling sys-

tem
oU; O\
Ui+ N ot Vie + U1, Vi]
A1, +[Ur, A1] =0,
U, O\
Ua: + NG Voo +[U1, V2]

+[Usz, V1] — Aoy + [Ui, Ag] + [Us, Aq] = 0.(47)

To illustrate our method, we consider the follow-
ing non-isospectral problem:

A 1
UIZ 1 ) U2: “ )
r —A us 1
a b de
Vi = , Vo= ; (48)
c —a fyg

where ¢ and r are potentials; u; and us are new de-
pendent variables and @ = (q,7,uy,u2)"; Uy, Vi, Us,

10

and V5, are matrices of 2 x 2; Iy = ;T =

01 oo & =
sa =Y A b= Y b e = Y e
00 k=0 k=0 k=0

d = Y dX\s e = Yl f= 3 fidhy g =
k=0 k=0 k=0

gk)\k.
k=0

The corresponding enlarged stationary zero cur-
vature equation is obtained as

Ve = [U7 V],

Obviously, we have

—re, 2Xe, + —qd
[Ul,Vz]—< qfn —re en + qgn Qn>’
rd, — Tgn — 2>\fn rén — an
(50a)
and
ULCy, — Uby, —2uiay,
Uy, Vi] = . (50b
U2, Vi] ( U0, Ugby, — ulcn> (50b)
Thus, from Eq.(50) we obtain
dpz = an —ren +uic, — byus,
Enx = 2en+1 + q9n — qdy, — 2uian,
fnz - rdn —Trgn — 2fn+1 + 2u2an7
Gnx = T€n — Q.fn + uaby, — usCy. (51)

Set dy = eg = fo = go = 0, then we will see that all
sets of functions d,, e,, fn, and g, are uniquely deter-
mined. In particular, the first few sets are

di =0, e1 =—uy, fi=—us, g1=0,
1 1

dy = 5((]”2 +ruy), ey = —§U1x7
1 1

fo= 5”217 g2 = —§(QU2 —H"ul).

According to non-isospectral zero curvature equa-
tion (47), we have

dp = —gn = 371an - ailren

+0 M ure, — 0 b us + do, (52a)

Uit = €ng — 26n+1 —qgn + qdn + 2u1an; (52b)
and

Uzt = fna — Tdp +7gn + 2fn+1 — 2Uoay,. (52C)

Substituting Eqgs.(18) and (52a) into Egs.(52b)
and (52c) gives rise to a novel integrable coupling sys-
tem of the non-isospectral equations hierarchy
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bn+1 —xq 2qao
J 0 " -2
_ 1 Crnt1 Lo xr N rag
Uy 0 Jo fn+1 —xu 2uiap + 2qdo
uz/ €nt1 LU —2ugag — 2rdy
—0+q0 —2¢0 ¢ 0 0 bn,
n 2r0 1r -0 —2r0"1q 0 0 Cn (53)
—2¢0" ug — 210" 20" 'uy 4+ 20107 g 207 'q 0 —2¢0"'r i
20 Yug + 2ua0lr —2r0 tuy — 2upd~ ¢ 0 —2r0 g 2ro~1r en
\
: 1
with Ly = 53 —qd7 .
2 0 0 -2
J = , and Js = , . . .
0 -2 2 0 Next, we will construct an integrable coupling of
where J; and J are Hamiltonian operators. non-isospectral AKNS equations hierarchy with self-
According to Eq.(51), we have the following re- consistent sources. Consider auxiliary linear problems
duced zelamon: b P WP
nt1 n P P2
= UB(U7 A ) s
Cn+1 - L Cn ,L _ (9 0 ) , (54) 1/’3]' J ng
frt1 fn Ly | Ls Y/, Paj
Cn+1 €n
4 4 and
1 —0+q0™'r —2q0~q
2 201 -0 — 27’871(] ’ ’Q/JU 1/)1j
L3 Lso L3z L3y Paj ha;j
L= . and Lo = , = Va(u, A : 55
' (L41 L42) e e <L43 L44> Y3 (t:%9) b3 (%)
with e/ L2y
Lsi = =10 tug — 2us0~ M, For Eq.(55), it is known that (up to a constant factor)
— 91 -1
L3y = 7”81 u1 + 2u0™ " q, & B lTr J,_(?U(u, ;)
L33 = —58—1— ro"1q, du; 2 T O, ’
Lay = —r0~ 'y brjp2;  —bY;  bsida;  —03
) 2 g 2 eidas
Ly = —q0 tug — 20,07 1, v = 9% 91502 ¢4J ¢3J2¢4j )
. . 0 0 b1jd2;  —oi;
Lo =q0 "u1 +2u10™ g, 0 0 ¢§j —b1jPa;
and j=1,...,N, (56)
Lyz = q0'q, and
|
1 0 0 O 01 00 00 0 0
N
O 0 -1 0 0 110 0 0 O 111 0 0 0
= AD, P = APy, Do) — = AD, P
;(m 0 0 1 o |ABPIEG g g o 1 |AP2PI 5] o o o |APHPY)
0o 0 0 -1 0 00O 00 10
0 0 01 00 0 0
0 00O 110 0 1 0
— APy, Dy — — A3, D =1,... 57
+ 00 0 0 < 4, 4> ) 00 0 0 < 3 3>a ? ) y Sy ( )
0 00O 00 0 O

where A = diag(A1,...,AN), 1 = (P11, 01n)T, Po = (o1, P2n)T, Ps = (¢31,...,03n)T, Py =

(¢a1,-..,04n)T, and (-,-) is the inner product in R™.
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Based on the results in Refs.[5,22], we show the

0H,
where «a; are constants, “F Jetermine a finite-
following equation: ou

dimensional invariant set for the flow w;, =

0H,
J(sinﬂ7 n=1,2,.... So, a novel integrable coupling
u
5H Ofk Z system of the non-isospectral equations hierarchy with
< A 5u 0,

self-consistent sources is presented as follows:

q —0+q0~tr —2¢0 ¢ 0 0 by
T B 2ro~1r -0 —2r0" ¢ 0 0 Cn
u | | =20 Tug — 20,0 2¢O uy + 2u 07 g 2¢0~'q 0 —2q0'r fn
uz/ 20 Yug + 2ua0 ' —2r0 tuy — 2ued g 0 —2rd7 g 2r0~r en
brt1 —xq 2qag (D2, P2)

J 0 Cn xr —2ra 1| —(P1,P

+ = 42y, + 0 L el IET

0 J2 fn+1 —TUuy 2u1a0 + 2qd() 2 <@4, @4)

En+1 TU2 —2U2(L0 — 27"d0 —<@3, @3>

If Ay = 2"71\" g = —2""1\", and dy = 0, Eq.(58) becomes

q —0+q0r —2¢0~ ¢ 0 0 by,
r B 2r0~r -0 —2r0 ¢ 0 0 Cn
U1 | =20 Yuy — 20007 2¢O Mg + 20107 g 20~ 1q 0 —2q0"r fn
us/ 210" Yug + 2u00~r —2r0 7wy — 2ue0lq 0 —2r0" g 2ro~1r en
—xq —q (P2, Do)
xr T 1| —(P1,P1)
on \n on _ - 59
+ —TUy * —uq 2 (Py, Py) (59)
TU2 U2 _<4537 453>
By using Eqgs.(51) and (52), for n = 2 we have the first system in Eq.(59)
1 ) 1
Gty = —5(dox = 2¢°1) — gz — 4q — (P2, P2),
1
=g —(ree — 272 q) +4re+4r + = <¢1, b)),
1
Uity = 5Ulze + 2qruy + q*us — dugz — duy — *<454,454>7
1
Uty = 5 U2es + 2qrus + r2ur + dusx 4 dus + = <€153, P3). (60)

We obtain an integrable coupling system of the non-isospectral AKNS equations hierarchy with self-
consistent sources. When u; = us = 0, it is a non-isospectral AKNS equation hierarchy with self-consistent
sources. So system (58) is a novel soliton equation hierarchy.

5. Conclusions isospectral integrable coupling of the corresponding
AKNS hierarchy with self-consistent sources is con-
In this paper, we derive a non-isospectral AKNS  structed. The method can be applied to the other
equation hierarchy with self-consistent sources. More- soliton hierarchies.
over, by means of the Kronecker product, a non-
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