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A discrete total variation calculus with variable time steps is presented for mechanico-electrical systems where

there exist non-potential and dissipative forces. By using this discrete variation calculus, the symplectic-energy-first

integrators for mechanico-electrical systems are derived. To do this, the time step adaptation is employed. The discrete

variational principle and the Euler-Lagrange equation are derived for the systems. By using this discrete algorithm

it is shown that mechanico-electrical systems are not symplectic and their energies are not conserved unless they are

Lagrange mechanico-electrical systems. A practical example is presented to illustrate these results.
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1. Introduction

In the 1980’s, Lee proposed energy-preserving
discrete mechanics with variable time steps by tak-
ing discrete time as dynamical variable.l!=3] On the
other hand, a version of discrete Lagrangian mechan-
ics has been developed and variational integrators
that preserve discrete symplectic two-form have been
obtained.[*=8 Recently, Fu et al have given discrete
variation principle and first integrals of the mechanico-
electrical systems!”! and Zhang and Chen et al have
obtained many results on discrete variation principles
and first integrals of dynamical systems.[!°~13 How-
ever, variational integrators obtained in this way have
fixed time steps and consequently they are not energy
preserving in general.

It is well known that the energy-preserving dis-
crete mechanics and variational integrator are more
preferable sine solution of the Euler-Lagrange equa-
tions for a conservative continuous systems are not
only symplectic but also energy-preserving. In or-
der to attain this goal, some discrete mechanics and

symplectic variation integral need studying. Recently,

total variation, symplectic-energy—-momentum integrator, mechanico-electrical system

Kane-Marsden—Ortiz and Chen—Guo-Wu et al have
employed appropriate time steps to conserve a de-
fined discrete energy and developed that they called
symplectic-energy-momentum preserving variational
integrators in Refs.[14, 15].

The purpose of this paper is to generalize these
approaches and apply the relationships among dis-
crete full variation, Lee’s discrete mechanics method
and Kane et al's and Chen et al's integrators to
mechanico-electrical systems with non-potential and
non-dissipative forces. We will present a discrete to-
tal variation calculus with variable time steps and a
discrete mechanico-electrical system that is discretely
neither symplectic nor energy preserving. In fact, this
discrete variation calculus and discrete mechanico-
electrical system is a generalization of Lee’s discrete
mechanics in symplectic property.

The remainder of this paper is organized as fol-
lows. In Section 2, we briefly review the Lagrange—
Maxwell equations of mechanico-electrical systems. In
Section 3, we present a discrete variation principle and
discrete Euler-Lagrange equations of the systems with
Lee’s discrete algorithm. In Section 4, we obtain the
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first integral of discrete mechanico-electrical systems
with an infinitesimal transformation group. In Sec-
tion 5, we derive the discrete energy of the systems
with constant and variable time steps. In Section 6,
we study time step solvability and optimization tech-
nique. In Section 7, we prove the symplectic nature
of discrete algorithms with a discrete total variation
calculus, which leads to the fact that the discrete al-
gorithms for the systems are not symplectic in nature
unless the systems are Lagrange mechanico-electrical
systems. In Section 8, we give an example on the car-
riage of magnetic train (aerotrain). The conclusions

drawn from the present study are given in Section 9.

2. Lagrange—Maxwell equation of

mechanico-electrical systems

Now it is well known how to establish the equation
of motion of a mechanico-electrical system and so we
briefly review it here (also see, for example, Ref.[16]).

Mechanico-electrical system is the system in
which a mechanical process and an electromagnetic
process are coupled. The mechanical part, consti-
tuted by NN particles, is described by n generalized
coordinates ¢ (s = 1,2,...,n), and the electrody-
namical part, which is composed of m electric cir-
cuits, is described by the model of electrics. Consider
a mechanico-electrical system, which is composed of
m circuits consisting of linear conductors and capaci-
tors and let ix , uy , ex(éx = ix), Ry, and Cj denote
the current, the electronic potential, the charge in the
capacitor, the resistance, and the capacitance respec-
tively, then the Lagrangian of the mechanico-electrical
system will be

L=T(q,4.e ¢e)—-V(q)+Wy,(q,é)-W.(q,e), (1)

where T and V' are respectively the kinetic energy and
the potential energy, and the electric field energy and
the magnetic field energy of the mth circuit are re-
spectively determined by

1 e?
We = 77k7
2 Cy,
and 1
W = = Lgrigi, (k,r=1,...,m), (2)

2
where L. (k # r) is the mutual inductance between
the kth circuit and the rth circuit, Ly is the self-
inductance of the kth circuit, and repeated subscripts
refer to the sum in this paper.

The motion of system is governed by the
Lagrange-Maxwell equation
d oL 0L OF

Eaiék—aiek-ﬁ-aiékzuk,
and
doL oL 8F:Q,,
dt 9¢s  9qs  0gs °
(k=1,...,m;s=1,...,n), (3)

where @) is the generalized non-potential force. Equa-
tion (3) consists of n+ m 2-order ordinary differential
equations with respect to n generalized coordinates ¢,
(s =1,2,...,n) and m generalized electric quantities ey
(k =1,2,...,m). In Eq.(3), the dissipative function F'
of the system is

where the electric dissipative function is given by
1 1
F,= iRkii = §Rkéi (k=1,...,m), (5

where F,, is the dissipative function of the viscous
frictional damping force, and Q7 is the non-potential
general force.

We now take ¢s(s =1,...,n,n+1,...,n+m) to
denote the generalized coordinates, in which gs(s =
1,...,n) denote the components of space coordinates,
gs(s =n+1,...,n+ m) denote the components of
electrics, then Eq.(3) can be written as

d oL 0L OF

o4, oq T og @

(s=1,...,n,n+1,...,n+m), (6)
where Qs(s = 1,...,n) denote non-potential generic
forces, and Qs(s = n+1,...,n 4+ m) denote generic

electrokinetic potentials.
When the mechanico-electrical system satisfies

F
the condition Qs — g— =0, Eq.(6) is reduced to
qs

d oL 0L _ 0
dt 9¢,  Oqs
Equation (7) is called the Lagrange equation of

cnycn+m). (1)
mechanico-electrical system.

3. Discrete variational princi-
ple and Euler—Lagrange equa-
tions of Lagrange—Maxwell

mechanico-electrical systems

Variational schemes for the Vesdov discretization
technique are now well known and so we apply this
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method to a mechanico-electrical system here.

These schemes are known to be automatically
symplectic (often to second-order accuracy) integra-
tions that retain conserved quantities (such as linear
and angular momentum) associated with symmetries
provided that the discrete Lagrangian has these sym-
metries.

Given configuration space @, a discrete La-

grangian is a map
Lg: Q X Q — R.

The time step information will be contained in Lg,
Qs,d, and Fy, we regard Lq, Qs,q4, and Fy as a func-
tion of the nearby points (qx, qx+1)-

To illustrate the procedure, consider a mechanico-
electrical system with a position vector & and a La-
grangian L(x, &, t). Then the virtual path is expressed
as

Tn =1 — @)z, + axpir, (8)

where « is an interpolation parameter and 0 < o < 1.
With the choice of virtual path the time derivative
becomes a difference operator. Specifically, it is

(9)
where we define
th = (1 —a)t, +at, 1 =t, +ah (10)

with h € R4 being the time step. Using the given
forms of L(g, q), Qs(g,q) and F(q,q), we regard Lg,
Qs and F as a function of 2 nearly points (g, qx+1),
expressed as

La(qr, qr+1) =Ta ((1 — Q)qk + aqri1, A
- V(1 - a)gr + agrt1)

gk+1 — qQk
h

= We((1 — a)qr + agr+1), (11)

+ W, <(1 — )k + OQit1,

h

dk+1 — 4k
+aqk+1a +1h)7 (12)

Fy :Fed(qk—H_Qk> + Fmd<(1 — a)qr

qk+1 — Qk). (13)

Qsa = Qsal(l — a)gr + agr41, W

For a positive integer N 4+ M, the action sum is
the map Sy : QV*tM™ — R defined by

N+M-1

> La(gr ri1), (14)

k=0

Sy =

where g € @ and k is a non-negative integer. The ac-
tion sum is the discrete analogue of the action integral
in mechanics.

The (continuous) integral Lagrange-d’Alembert
principle is

P / L(q(t),q(t))dt + / [Qs(q(t),q(t))
OF

- 2 a0 a0 san =0
(s=1,...,n,n+1,....,n+m). (15)

We define the discrete Lagrange—d’Alembert principle
as

8> Lagr, qer1) + Q5 4(ak: gra1)

OF |~
%, (ak: ars1)]0gk + D {de(qk,qkﬂ)
oF |*
- 3 (Qkan-H)] Sqry1 =0, (16)
ds |y
OF |~
where Ly is the discrete Lagrangian, @, — % and
sld
. oF|" . .
sd — a4 are the left and the right discrete no-

potential an(é dissipative forces.

The discrete variational principle states that the
evolution equations extremize the action sum given
fixed end points qo, gni+a. Extremizing Sy over
q1,---,qn+m leads to the discrete Euler-Lagrange

(DEL) equations:

D1La(qr+1,qr+2) + DaLa(qr, qrs1)

_ oF |
+|:Qsd(qk+17qk+2) ey (Qk+1,Qk+2)}
s |q
oF |
+{Qz_d(Qk7Qk+l) ~ 9 (Qkan+1)] =0 (17)
qs |4

forall k =1,...,N + M — 1, where DL and D>L
denote the derivative of L with respect to its first and
second slots.

We can write the equation in terms of a discrete

algorithm
P:QxQ—QxQ, (18)
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defined implicitly by

Pl

DlLdO@+D2Ld+|:QS_dO¢—8_ O¢:|

s |,
or |t
+ =0 19
+en-5 -0 (19)
i.e.

P(qr, r+1) = (qrs1, Ghr2)- (20)

If, for each fixed ¢ € Q, the map D1L4(q,q) :
T,Q — T;Q is invertible, then D1Lg: Q x Q@ — T7Q
is locally invertible in the neighbourhood of the diag-
onal and so the algorithm @ is well defined for small
time steps.

0Ly 0L4
0L4(qn =——4 —0
a(qr, qes1) Dar qr + dens Qr4+1

4. First

Lagrange—Maxwell mechanico-

integral of discrete

electrical systems

For discrete Lagrange-Maxwell mechanico-
electrical systems, a motion for constructing constants
of motion is given as follows.

Consider an infinitesimal transformation
qs = qs + 0qs = qs + U, (21)

where ¢ is the infinitesimal parameter and u is a func-

tion of g and gx41, then we will have

oL , oL ,
— d(Qk Qk+1)uk +e d(Qk Qk+1)uk+1
Iqx, Iqr+1
OLa(qk, q OLa(qk11,9 -
— d(aqu k+1)Uk _ Ewuk'i'l — € Qsd(qk+1’qk+2)
_OF|” Fl*

94 |,

0
(qr+1, Qk+2)] Ugt1 — € {de(%, Qh+1) — e

(g Qk+1)} Up+1 (22)

S

d

on the true trajectories. Now suppose there exist a sequence v (g, qx+1), and use transformation (21) then 6Ly

will be able to be written as

0Lg =€Vgt1 — €V — { [Q;d(qk+17Qk+2) -

+ [de(qk,%ﬂ) %

Then we can immediately deduce the quantity from
Eq.(22) as

_ OLa(qr, gr+1)

I
Oqx

g + V(s Q1) (24)

which is conserved over the classical trajectories. Such
a constant of motion is referred to as a first integrator
of Lagrange—-Maxwell mechanico-electrical systems.

5. The

gorithm of the mechanical-

variational energy al-

electrical systems

We consider a discrete mechanico-electrical sys-
tem that is (possibly) time dependent and has an as-

F+

d

OF
9qs

(Qk+1 , Qk+2)} Uk41
d

(ar, Qk+1)} Uk } (23)

sociated time step h; that may be coupled to the cur-
rent choice of points (g1, g2). We denote the discrete
Lagrangian as Ly, (q1,92) := La(q1, g2, h1), the dissi-
pative function as F,, (¢1,q2) := Fy(q1, g2, h1), and the
non-potential generic force as Qs p, := Qsa(q1, g2, h1).

This setup differs from the usual discrete La-
grangian procedures including the time step informa-
tion hj that is coupled to the current configuration
data (qk, qr+1)-

We can find ¢, h; together, by solving an equa-
tion similar to the discrete Euler—Lagrange equation
for g2, while we seek for h; using the connection be-
tween the E4(qo,q1,ho) and Eq(q1,qe, h1), where Ey
is the discrete energy function and determined below.

We first present the discrete action, the dissipa-
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tive and non-potential forces of a mechanico-electrical
system. One choice of discrete action is obtained by
just applying the following approximation to the ac-
tion integral for the first two sets of points, i.e. (qo,

q1, hO) and ((h» q2, h’l):
hoL4(qo,q1, ho) + h1La(qi1, g2, h1), (25)

and the dissipative and non-potential forces

+
ho {Q:d(%#h, ho) — D (QOthhO)}
Qs |4
_ OF |~
+hy [Qsd(q17q27h1) ~ 9. (Q1,927h1)} (26)
ds |4

We further give the discrete algorithm of the
mechanico-electrical system according to the same
but the
parametrization is based on the time step information

discrete variation principle as before,

as expressed below:

hoD2La(qo, g1, ho) + hiD1Lq(q1, 92, h1)

+h1 Qs_d(q17 q2, hl) -

OF
aiq.s J (Q17 q2, hl):| = 07 (27)

with time steps hg and h; fixed. We will later de-
rive the symplectic relation by considering variations
of solutions, just as done in the continuous case.

5.1. The discrete energy of mechanico-
electrical systems

We define the discrete energy for the point
(q0,q1, ho) as

Eq(q0,q1, o)
= — hoD3L4(qo, q1, ho) — La(qo, q1, ho)

0
=— %[hOLd(QO, a1, ho). (28)

The virtual work done by a non-potential and dissipa-

+ tive force along the path from (qo, ¢1, ko) to (q1, g2, h1)
+ho {Q:d(%,lh, ho) — 9. ] (90, q1, ho)} is expressed as
|
= Qe+1 — 4 oF Qe+1 — Gk \\ Qk+1 — ¢
Z (ks Gty ) = = (s Gty o)) T (tg1 — 1)
hy, q hy, I
Q1 —q, OF|" @ —q\| (@1 —q)
=h
0 |:Q qu q1, ) 8(] p 490,491, hO >:| hO
g2 —q, OF @—q\|(e—a)
. 29
|:Qd (q17 q2, hl ) aq (qla q2, hl ):| hl ( )

The relation between the energy E4(qo, g1, ho) and the energy E4(q1, g2, h1) of mechanico-electrical system

is

N-1
dk+1 — 4k
Ea(q0,q1,ho) — Z( <Qk7%+17+hk)

OF Qr1 — Gk \ \ Tht1 — Tk
(Qm Qk+15 + (thg1 —tr)

= g B hy;
=Fq(q1,q2, h1) (30)
or, expressed with the algorithmic notation as follows:
: Gri1 —aqr,  OF|T Q1 — Gk \ | Gry1 — Qi
Ey :=Ea(qr, qk+1,he) — hi | Q1 (ahy G, ———) — o= | | @ Ght1 :
hk Bq d hk hk
_ k+2 — k
=Err1(qht1, Qrr2, b)) + b [Qd (Qk+17 Q+25 %(JH)
+1

oF |~ Qry2 — Qk+1)] Q12 — Qht1
a9, k s 4k 9 = Ek . 31
a4 . (q +15 qk+2 hern Bt +1 (31)

6. Time step solvability and optimization method

An alternative strategy to deal with how to take the time steps near turning points, which is adapted in

this paper, is to adopt the following optimization technique. Given hg, qg, and g1 we need to find h; and ¢
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such that ¢, is determined by the generalized DEL equations

9(qo, q1, 92, ho, h1) :==hoD2Lq(qo, q1, ho) + h1D1Lq(q1, g2, h1)

+ ho [de(%, q1,ho) —

+ h'l |:Q5_d(q1a q2, hl) -

and the energy condition

oF | T

945
oF
9qs

(90, q15 ho)]
d

(ql,qQ,m)} o, (32)
d

f(q0,91, 92, ho, h1) :==Eq(q1, g2, h1) — Ea(qo, q1, ho)

+ hl [Qd(QL(]% qzh_ @
1

- hO [Q;(Q(h q1, qlh_oqo

The basic equations to be solved are thus

f(q0,q1,92,ho, h1) =0, (34)
and
g(quqthahOahl) =0 (35)

for variables ¢2 and h; as a function of qg, q1, hg.- The

technique we use is to minimize the quantity

B :[f(q07qlaq2ah0ahl)]2
+ [9(q0: q1, 2, ho, h1)]? (36)

over variables hy and ¢, with the other variables
given, and subject to the constraint hy > 0. As in-
dicated above, this constraint means, in practice, that
the computed kinetic energy is positive. Of course,
this manipulation is then iterated, and our algorithm
is defined as a map

(Gk—1, Gk, Pe—1) — (qk, Gy, h1)- (37)

7. Symplectic nature of the algo-
rithm of mechanico-electrical

systems

We now show the sense in which the algorithm
above is non-symplectic. To determine the symplectic

)_@ +<q1 @ Q2—Q1>}(CI2—CI1)

9|, " hy

oF | @1 —q\|(¢1 —qo) _
R e | e BT

nature of the mapping @, we consider the action sum

S = hoLq(qo,q1,ho) + hiLa(q1,q2, h1)

and take its full differential as a function of all the vari-
ables, keeping in mind that h; and ¢o are functions of
(g0 , q1, ho). Using the definition of the discrete en-
ergy, we have

dS =hoD1La(q0,q1,ho)dqo
+ hoD2La(qo, g1, ho)dg1
+ h1D1La(q1, g2, h1)dg
+ h1D2La(q1, g2, h1)dge
+ La(qo, q1, ho)dho
+ hoD3La(qo0, g1, ho)dho
+ La(q1,q2, h1)dhy
+ h1D3La(q1,q2, h1)dhy

=hoD1La(q0,q1,ho)dqo

+ hoD2La(q0, g1, ho)dq:
+ h1D1La(q1, g2, h1)dg:
+h1DaLa(q1,q2, h1)dge
— Ea(qo, q1, ho)dho
— Ea(q1,q2, h1)dhy. (38)

According to the DEL equations, the above equation
can be simplified into
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dS =hoD1La(q0, g1, ho)dgo + h1D2La(q1, g2, h1)dge
N oF |*
— E4(qo, q1, ho)dho — Ea(q1,q2, h1)dhy — < ho |Qy 4(q0, g1, ho) — 94 (90,41, ho)
sld
_ OF |~
+h1|Q (g1, g2, h1) — 9 (q1,42,h1)| pdar. (39)
ds | g
In view of the equations defining the algorithm, we can write this as
- . oF | "
dS =6, + 970 — < ho|Q7 ,(q0,q1,ho) — 24 (90,91, ho)
sld
_ oF |~
+h1| Q5 4(q1,92,h1) — 94 (q1,92,h1) | pda, (40)
sld
where the one-form ©; and @Z‘ are defined by
07 (90, q1, ho) = hoD1La(qo, g1, h1)dgo — Ea(qo, q1, h1)dho (41)
and
0/ (90,91, ho) = hoD2La(qo, q1, ho)dar — Ea(qo, q1, ho)dhe. (42)
Now notice that according to the definition of E4, we have
01 (90,1, ho) + 67 (g0, q1, ho) = d[hoLqg) — Eqdhy. (43)
Substituting Eq.(43) into Eq.(40) gives
+ . o+ + oF "
dS =d[hoLa] — 07 + 2* O] — { ho |Q7 4(q0,q1, o) — 94 (90,91, ho)
sld
_ OF |~
+h1| Qg (a1, 62, h1) — 94 (q1,92,h1)| pdai, (44)
sld
where 92‘ is the discrete analogue of the canonical one form, p;dg’, namely
07 = 0F + Eqdho = hoD2La(q0,q1, ho)dq:. (45)

Taking the differential of Eq.(44), using d?=0 and according to the fact that pull-back commutes with the

differential we can obtain our identity, namely

. OF
O* Qg =wg — d{ho {Q:d(%ﬂh, ho) — 5+

oF
+ ho {Q:d@m q1,ho) —

where

24 = —dOj, (47)

and
wq = —d@jl_ . (48)

Note that, for nonzero forcing, the discrete @ does
not preserve the symplectic two-form. This can be

+

s (90, q1, ho)} dq
+

d

9. |, (90, q15 ho)} dQO},

seen by calculating dS in this section, and realizing
that it contains a term with an integral of the non-
potential generic and dissipative force which does not
vanish except when Qs — 9F/9¢;=0. Now the calcu-
lation similar to that given above shows that the dis-
crete symplectic form will be preserved for a Lagrange
mechanico-electrical system in which Q¢ — 9F/9¢s=0.
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8. Example

In this section, an example is studied for a
mechanico-electrical system. We will perform the con-
stant time step and adaptive time step algorithms,
which will show the orbit in space and variation in
energy as a function of time.

We discuss the plumb motion of the carriage of

magnetic aerotrain. In the Fig.1, an electrical magnet
is installed under the carriage of magnetic aerotrain,
and so there appears an attraction force between elec-
trical magnet and rail. It is balanceable between the
suspension force and weight of carriage, when both
the electric current of the electrical magnet loop and
the spacing between the electrical magnet and the rail
are set to be normative values.

Fig.1. A sketch of plumb motion of the carriage of magnetism aerotrain.

We consider the beeline motion of the carriage
along plumb y-axis, and take point o as the coordi-
nate origin on which the centre of mass is superposed.
Let y denote the displacement of carriage, e the elec-
tric quantity in the loop, U the voltage across the two
end of the loop, then the kinetic energy of carriage
will be expressed as

T = %mgf,
and the potential energy as

V =mgy.

Assume that the spacing between the electric
magnet and rail is [ —y, then the magnetic field energy
in the spacing will be given as

W,, = poSN? é27
Al —y)
where S denotes the section area of magnet, ug rep-
resents the magnet electric coefficient of spacing, N
refers to the number of wire turns.
The continuous Lagrangian of the mechanico-

electrical system is written as

1 . 1#051\]2,
L=2= 2 - 2
me mgy—i—4 (l_y)e

(49)

and dissipative function is expressed as
1 1
F="2p -2 - -2
500 + 2Re , (50)

where b is viscosity resistance coefficient of motion, R
is ohm resistance in this electric circuit.

Use this notation

g = (yo,€0), and ¢ = (y1,e1),

then the corresponding discrete Lagrangian (with v =

1
5) will be given as

Lq(yo, €0, y1, €1, ho)
_1 (y1 — yo)? <yo+y1)
=M Mg\ T

h? 2
1 SN? —e0)?
+ = Mo (61 260) ; (51)
4 (l Yot y1> h
2

where yo, Y1, €9, €1, and h are positive real numbers,
and corresponding discrete dissipation forces will be

expressed as
oF

(1 — vo)
) el IV
dy

d a h ’
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and As h # 0, Eqgs.(54) and (55) lead to
OF| _ pla—co) (52)
g, ho (y2 —2y1 +y1)
mT + mg
The corresponding energy, according to formula
o 1 fioSN? (e1 —eg)?
(28) is given as _Z . :
8 - +n h
En(yo,y1, €0, €1, h) 2
_L (1 —y0)? L1 foSN?  (e1 —eo)? 1 peSN? ez —e1)?
2 h2 4 l—y0+y1 h2 8 l_y2+y1 2 h2
2 2
+ —
+ mg<y0 : yl)- (53) e - v _y, (56)
8.1. Constant time step algorithm 1 poSN? e—er 1 pSN? e — e
Given h, yo, y1, €g, and e;, we need to find ¥ 2Nty h2 2, Yoty A2
and es such that y, and ey are determined from the 2 s — € E
discrete Lagrange Maxwell equations —2U+R =0, (57)

hD3L4(yo, €0, y1, €1, ho) + hD1La(y1,e1,y2, €2, h)
OF yo —1n OF ,y1 — o
# |- G - ST o

(54)
and

hD4Ld(yO7 €0,Y1,€1, hO) + hDQLd(yhelayQ; €2, h)

OF (ey — e OF (e1—eo\|
*h{U‘aé( P )*U‘aé< R )]‘
(55)

l

h

which are to be solved for yo and es. Keeping h fixed,
this is the variational integrator that we use for the
constant time step algorithm.

8.2. Adaptive time step algorithm

Given hg, yo, €0, Y1, €1, we need to find hy, ys,
and eo such that y», and ey are determined by the
discrete Lagrange-Maxwell equations

hoD3La(yo, €0, Y1, €1, ho) +hi1D1Lq(y1, e1,y2, €2, h1)

OF
— ho—
By

* Y1 — Yo
—h
d< ho )

hoD4Lq(yo, €0, Y1, €1, ho) + hiDaLa(yi, €1, y2, €2, h1)

OF
+ho|:U—ay_

and the energy condition

or

9y

_oF
9y

E(yo,e0,y1,€1,ho) + ho { -

=E(y1,e1,y2,e2,h1) — by {

We write the energy condition as follows. Define

B €1 — € OF
+h |:U—.
d( ho >} ' 9y

i
I

OF | (y2—y1\ _
1ayd( - )-o, (58)
_62—61
=0, 59
() (59
Y1 — Yo OF | [e1 —eo
ho ) hO{U d¢é d]( ho >
Y2 — Y1 OF | | (ea—er
nl)-mlr -, (4R2) @
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f(y07 €0,Y1,€1,Y2, €2, h07 hl)
:E(ylv €1,Y2,€2, hl) - E(y(]7 €0, Y1, €1, hO)
or\- —y1> [ OF Kez_el>
—h —h|U— —
(=5l J o) =l J (5
orF |t e1 — eg
—holU = =—
o[- (22) - ) ()
1 - 1 SN2 —€1)? + 1 —0)?
1 (12 21/1) L (e2 261) n mg<y2 yl) _ 7m(y1 2yo)
hl 4 - Y1 + Yo hl 2 2 hO
2
1 poSN*  (e1 —eo)? <y0+y1) (y2 —y1)* [ (e2 —e1)?
- - —-m + hy bi hi|U—-R
i, _wtw h2 I\ ho h? 5
2
.2
o bw h {U ~ R(el;fo)], (61)
h3 hg
then the discrete Lagrange-Maxwell equations (58) and (59) will be written as
91(Yo, €0, Y1, €1, Y2, ho, h1)
y2—y1 1 1 fioSN? (€3 —e1)? (Y2 —y1)
ZhoBo — h1 |:— m — =<=mg + - — h1b77 (62)
h% 2 8 l B Yo + Y1 2 h% hl
2
e (1~ ) SN (er—eo) (i —w)
Y1 —%) 1 1 o e1 — €g Y1 — Yo
By = hom~—~—5"—+ — = - — hob——= 63
0 om h(Q) 2mg + ] l Yo + 11 2 h(% 0 hO ) ( )
2
and SN ( N
1 1o €y — € — €1
,€0,Y1,€1,Y2, ho, h1) = hoCo + hy | — = +U+R 64
92(Y0, €0, Y1, €1, Y2, ho, h1) 0Lo 1{ B l_(y2+y1) Iy } ( h ) (64)
2
with oN?2 ( »
1 Lo el — e ( eo>
Co=+- +U—-R , 65
TR mrw)) e o (65)
2
which is again a quantity that has been computed at the previous step.
\
8.3. Numerical technique +191 (0, €0, Y1, €1, Y2, €2, ho, h1)]?
2
The basic equations we are to solve are the fol- +l92(yo, €0, y1, €1, Y2, €2, ho, h1)] (69)
lowing:

over the variables hi, y2, and e, with the other vari-

F(o, €0, Y1, €1, Yo, €2, ho, hy) =0 (66) ables given, and subject to the constraint hy > 0. As

mentioned in the general theory, this technique is im-

gl(yoaeovyh617y2a627h07h1) =0
17 18
92(?/0760791,6171/2762,h0,h1) =0 (68) et (ll[ ] and Zhu et al[ ]

To solve the variables ys, ea, and h; as a function
of 1o, €o, Y1, €1, and hg, the technique we use is to 9. Conclusions
minimize the quantity

(67)  plemented by using descent methods, following Byrd

The main contribution of this paper is extending

B = [f(y0, €0, Y1, €1, Y2, €2, ho, h1)]? the study of symplectic-energy-first integrators to the
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discrete mechanico-electrical coupling systems.

The

results obtained here present a significant approach

to seeking for the structural features of mechanico-

electrical coupling systems. Therefore, the further in-

vestigation should be carried out to discrete nonholo-

nomic mechanico-electrical coupling systems.
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