
Vol 17 No 11, November 2008 c© 2008 Chin. Phys. Soc.

1674-1056/2008/17(11)/3942-11 Chinese Physics B and IOP Publishing Ltd

Symplectic-energy-first integrators of discrete
mechanico-electrical dynamical systems∗

Fu Jing-Li(傅景礼)a)†, Chen Ben-Yong(陈本永)b),
Tang Yi-Fa(唐贻发)c), and Fu Hao(付 昊)d)

a)Institute of Mathematical Physics, Zhejiang Sci-Tech University, Hangzhou 310018, China
b)Faculty of Mechanical-Engineering & Automation, Zhejiang Sci-Tech University, Hangzhou 310018, China

c)State Key Laboratory of Scientific and Engineering Computing, Chinese Academy of Sciences，Beijing 100080, China

d)China Jingye Engineering Corporation Limited, Shenzhen Brach, Shenzhen 518054, China

(Received 6 February 2008; revised manuscript received 8 April 2008)

A discrete total variation calculus with variable time steps is presented for mechanico-electrical systems where

there exist non-potential and dissipative forces. By using this discrete variation calculus, the symplectic-energy-first

integrators for mechanico-electrical systems are derived. To do this, the time step adaptation is employed. The discrete

variational principle and the Euler–Lagrange equation are derived for the systems. By using this discrete algorithm

it is shown that mechanico-electrical systems are not symplectic and their energies are not conserved unless they are

Lagrange mechanico-electrical systems. A practical example is presented to illustrate these results.
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1. Introduction

In the 1980’s, Lee proposed energy-preserving
discrete mechanics with variable time steps by tak-
ing discrete time as dynamical variable.[1−3] On the
other hand, a version of discrete Lagrangian mechan-
ics has been developed and variational integrators
that preserve discrete symplectic two-form have been
obtained.[4−8] Recently, Fu et al have given discrete
variation principle and first integrals of the mechanico-
electrical systems[9] and Zhang and Chen et al have
obtained many results on discrete variation principles
and first integrals of dynamical systems.[10−13] How-
ever, variational integrators obtained in this way have
fixed time steps and consequently they are not energy
preserving in general.

It is well known that the energy-preserving dis-
crete mechanics and variational integrator are more
preferable sine solution of the Euler–Lagrange equa-
tions for a conservative continuous systems are not
only symplectic but also energy-preserving. In or-
der to attain this goal, some discrete mechanics and
symplectic variation integral need studying. Recently,

Kane–Marsden–Ortiz and Chen–Guo–Wu et al have
employed appropriate time steps to conserve a de-
fined discrete energy and developed that they called
symplectic-energy-momentum preserving variational
integrators in Refs.[14, 15].

The purpose of this paper is to generalize these
approaches and apply the relationships among dis-
crete full variation, Lee’s discrete mechanics method
and Kane et al’s and Chen et al’s integrators to
mechanico-electrical systems with non-potential and
non-dissipative forces. We will present a discrete to-
tal variation calculus with variable time steps and a
discrete mechanico-electrical system that is discretely
neither symplectic nor energy preserving. In fact, this
discrete variation calculus and discrete mechanico-
electrical system is a generalization of Lee’s discrete
mechanics in symplectic property.

The remainder of this paper is organized as fol-
lows. In Section 2, we briefly review the Lagrange–
Maxwell equations of mechanico-electrical systems. In
Section 3, we present a discrete variation principle and
discrete Euler–Lagrange equations of the systems with
Lee’s discrete algorithm. In Section 4, we obtain the
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first integral of discrete mechanico-electrical systems
with an infinitesimal transformation group. In Sec-
tion 5, we derive the discrete energy of the systems
with constant and variable time steps. In Section 6,
we study time step solvability and optimization tech-
nique. In Section 7, we prove the symplectic nature
of discrete algorithms with a discrete total variation
calculus, which leads to the fact that the discrete al-
gorithms for the systems are not symplectic in nature
unless the systems are Lagrange mechanico-electrical
systems. In Section 8, we give an example on the car-
riage of magnetic train (aerotrain). The conclusions
drawn from the present study are given in Section 9.

2. Lagrange–Maxwell equation of

mechanico-electrical systems

Now it is well known how to establish the equation
of motion of a mechanico-electrical system and so we
briefly review it here (also see, for example, Ref.[16]).

Mechanico-electrical system is the system in
which a mechanical process and an electromagnetic
process are coupled. The mechanical part, consti-
tuted by N particles, is described by n generalized
coordinates qs (s = 1, 2, . . . , n), and the electrody-
namical part, which is composed of m electric cir-
cuits, is described by the model of electrics. Consider
a mechanico-electrical system, which is composed of
m circuits consisting of linear conductors and capaci-
tors and let ik , uk , ek(ėk = ik), Rk, and Ck denote
the current, the electronic potential, the charge in the
capacitor, the resistance, and the capacitance respec-
tively, then the Lagrangian of the mechanico-electrical
system will be

L = T (q, q̇, e, ė)−V (q)+Wm (q, ė)−We (q, e) , (1)

where T and V are respectively the kinetic energy and
the potential energy, and the electric field energy and
the magnetic field energy of the mth circuit are re-
spectively determined by

We =
1
2

e2
k

Ck
,

and
Wm =

1
2
Lkrikir (k, r = 1, . . . , m), (2)

where Lkr(k 6= r) is the mutual inductance between
the kth circuit and the rth circuit, Lkk is the self-
inductance of the kth circuit, and repeated subscripts
refer to the sum in this paper.

The motion of system is governed by the
Lagrange–Maxwell equation

d
dt

∂L

∂ėk
− ∂L

∂ek
+

∂F

∂ėk
= uk,

and
d
dt

∂L

∂q̇s
− ∂L

∂qs
+

∂F

∂q̇s
= Q′′s

(k = 1, . . . , m; s = 1, . . . , n), (3)

where Qs is the generalized non-potential force. Equa-
tion (3) consists of n+m 2-order ordinary differential
equations with respect to n generalized coordinates qs

(s =1,2,. . . ,n) and m generalized electric quantities ek

(k =1,2,. . . ,m). In Eq.(3), the dissipative function F

of the system is

F = Fe (ė) + Fm (q, q̇) , (4)

where the electric dissipative function is given by

Fe =
1
2
Rki2k =

1
2
Rkė2

k (k = 1, . . . , m), (5)

where Fm is the dissipative function of the viscous
frictional damping force, and Q′′s is the non-potential
general force.

We now take qs(s = 1, . . . , n, n + 1, . . . , n + m) to
denote the generalized coordinates, in which qs(s =
1, . . . , n) denote the components of space coordinates,
qs(s = n + 1, . . . , n + m) denote the components of
electrics, then Eq.(3) can be written as

d
dt

∂L

∂q̇s
− ∂L

∂qs
+

∂F

∂q̇s
= Qs

(s = 1, . . . , n, n + 1, . . . , n + m), (6)

where Qs(s = 1, . . . , n) denote non-potential generic
forces, and Qs(s = n + 1, . . . , n + m) denote generic
electrokinetic potentials.

When the mechanico-electrical system satisfies

the condition Qs − ∂F

∂q̇s
= 0, Eq.(6) is reduced to

d
dt

∂L

∂q̇s
− ∂L

∂qs
= 0 (s = 1, . . . , n, . . . , n + m). (7)

Equation (7) is called the Lagrange equation of
mechanico-electrical system.

3. Discrete variational princi-

ple and Euler–Lagrange equa-

tions of Lagrange–Maxwell

mechanico-electrical systems

Variational schemes for the Vesdov discretization
technique are now well known and so we apply this
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method to a mechanico-electrical system here.
These schemes are known to be automatically

symplectic (often to second-order accuracy) integra-
tions that retain conserved quantities (such as linear
and angular momentum) associated with symmetries
provided that the discrete Lagrangian has these sym-
metries.

Given configuration space Q, a discrete La-
grangian is a map

Ld : Q×Q → R.

The time step information will be contained in Ld,
Qs,d, and Fd, we regard Ld, Qs,d, and Fd as a func-
tion of the nearby points (qk, qk+1).

To illustrate the procedure, consider a mechanico-
electrical system with a position vector x and a La-
grangian L(x, ẋ, t). Then the virtual path is expressed
as

x̃n = (1− α)xn + αxn+1, (8)

where α is an interpolation parameter and 0 ≤ α ≤ 1.
With the choice of virtual path the time derivative
becomes a difference operator. Specifically, it is

ṽn =
d
dt̃

x̃n =
xn+1 − xn

h
, (9)

where we define

t̃n = (1− α)tn + αtn+1 = tn + αh (10)

with h ∈ R+ being the time step. Using the given
forms of L(q, q̇), Qs(q, q̇) and F (q, q̇), we regard Ld,
Qs and F as a function of 2 nearly points (qk, qk+1),
expressed as

Ld(qk, qk+1) =Td

(
(1− α)qk + αqk+1,

qk+1 − qk

h

)

− V ((1− α)qk + αqk+1)

+ Wn

(
(1− α)qk + αqk+1,

qk+1 − qk

h

)

−We((1− α)qk + αqk+1), (11)

Fd =Fe d

(
qk+1 − qk

h

)
+ Fm d

(
(1− α)qk

+ αqk+1,
qk+1 − qk

h

)
, (12)

Qs d = Qs d((1− α)qk + αqk+1,
qk+1 − qk

h
). (13)

For a positive integer N + M , the action sum is
the map Sd : QN+M → R defined by

Sd =
N+M−1∑

k=0

Ld(qk, qk+1), (14)

where qk ∈ Q and k is a non-negative integer. The ac-
tion sum is the discrete analogue of the action integral
in mechanics.

The (continuous) integral Lagrange–d’Alembert
principle is

δ

∫
L(q(t), q̇(t))dt +

∫ [
Qs(q(t), q̇(t))

− ∂F

∂q̇s
(q(t), q̇(t))

]
δqsdt = 0

(s = 1, . . . , n, n + 1, . . . , n + m). (15)

We define the discrete Lagrange–d’Alembert principle
as

δ
∑

Ld(qk, qk+1) +
∑

[Q−s d(qk, qk+1)

− ∂F

∂q̇s

∣∣∣∣
−

d

(qk, qk+1)]δqk +
∑ [

Q+
s d(qk, qk+1)

− ∂F

∂q̇s

∣∣∣∣
+

d

(qk, qk+1)
]
δqk+1 = 0, (16)

where Ld is the discrete Lagrangian, Q−s d−
∂F

∂q̇s

∣∣∣∣
−

d

and

Q+
s d −

∂F

∂q̇s

∣∣∣∣
+

d

are the left and the right discrete no-

potential and dissipative forces.
The discrete variational principle states that the

evolution equations extremize the action sum given
fixed end points q0, qN+M . Extremizing Sd over
q1, . . . , qN+M leads to the discrete Euler–Lagrange
(DEL) equations:

D1Ld(qk+1, qk+2) + D2Ld(qk, qk+1)

+
[
Q−s d(qk+1, qk+2)− ∂F

∂q̇s

∣∣∣∣
−

d

(qk+1, qk+2)
]

+
[
Q+

s d(qk, qk+1)− ∂F

∂q̇s

∣∣∣∣
+

d

(qk, qk+1)
]

= 0 (17)

for all k = 1, . . . , N + M − 1, where D1L and D2L

denote the derivative of L with respect to its first and
second slots.

We can write the equation in terms of a discrete
algorithm

Φ : Q×Q → Q×Q, (18)
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defined implicitly by

D1Ld ◦ Φ + D2Ld +
[
Q−s d ◦ Φ − ∂F

∂q̇s

∣∣∣∣
−

d

◦ Φ
]

+
[
Q+

s d −
∂F

∂qs

∣∣∣∣
+

d

]
= 0, (19)

i.e.
Φ(qk, qk+1) = (qk+1, qk+2). (20)

If, for each fixed q ∈ Q, the map D1Ld(q, q̇) :
TqQ → T ∗d Q is invertible, then D1Ld : Q×Q → T ∗Q
is locally invertible in the neighbourhood of the diag-
onal and so the algorithm Φ is well defined for small
time steps.

4. First integral of discrete

Lagrange–Maxwell mechanico-

electrical systems

For discrete Lagrange–Maxwell mechanico-
electrical systems, a motion for constructing constants
of motion is given as follows.

Consider an infinitesimal transformation

q′s = qs + δqs = qs + εus, (21)

where ε is the infinitesimal parameter and us is a func-
tion of qk and qk+1, then we will have

δLd(qk, qk+1) =
∂Ld

∂qk
δqk +

∂Ld

∂qk+1
δqk+1

=ε
∂Ld(qk, qk+1)

∂qk
uk + ε

∂Ld(qk, qk+1)
∂qk+1

uk+1

=ε
∂Ld(qk, qk+1)

∂qk
uk − ε

∂Ld(qk+1, qk+2)
∂qk+1

uk+1 − ε

[
Q−s d(qk+1, qk+2)

− ∂F

∂q̇s

∣∣∣∣
−

d

(qk+1, qk+2)
]
uk+1 − ε

[
Q+

s d(qk, qk+1)− ∂F

∂q̇s

∣∣∣∣
+

d

(qk, qk+1)
]
uk+1 (22)

on the true trajectories. Now suppose there exist a sequence v (qk, qk+1), and use transformation (21) then δLd

will be able to be written as

δLd =εvk+1 − εvk −
{[

Q−s d(qk+1, qk+2)− ∂F

∂q̇s

∣∣∣∣
−

d

(qk+1, qk+2)
]
uk+1

+
[
Q+

s d(qk, qk+1)− ∂F

∂q̇s

∣∣∣∣
+

d

(qk, qk+1)
]
uk

}
. (23)

Then we can immediately deduce the quantity from
Eq.(22) as

I =
∂Ld(qk, qk+1)

∂qk
uk + vk(qk, qk+1), (24)

which is conserved over the classical trajectories. Such
a constant of motion is referred to as a first integrator
of Lagrange–Maxwell mechanico-electrical systems.

5. The variational energy al-

gorithm of the mechanical-

electrical systems

We consider a discrete mechanico-electrical sys-
tem that is (possibly) time dependent and has an as-

sociated time step h1 that may be coupled to the cur-
rent choice of points (q1, q2). We denote the discrete
Lagrangian as Lh1(q1, q2) := Ld(q1, q2, h1), the dissi-
pative function as Fh1(q1, q2) := Fd(q1, q2, h1), and the
non-potential generic force as Qs h1 := Qs d(q1, q2, h1).

This setup differs from the usual discrete La-
grangian procedures including the time step informa-
tion hk that is coupled to the current configuration
data (qk, qk+1).

We can find q2, h1 together, by solving an equa-
tion similar to the discrete Euler–Lagrange equation
for q2, while we seek for h1 using the connection be-
tween the Ed(q0, q1, h0) and Ed(q1, q2, h1), where Ed

is the discrete energy function and determined below.

We first present the discrete action, the dissipa-



3946 Fu Jing-Li et al Vol. 17

tive and non-potential forces of a mechanico-electrical
system. One choice of discrete action is obtained by
just applying the following approximation to the ac-
tion integral for the first two sets of points, i.e. (q0,
q1, h0) and (q1, q2, h1):

h0Ld(q0, q1, h0) + h1Ld(q1, q2, h1), (25)

and the dissipative and non-potential forces

h0

[
Q+

s d(q0, q1, h0)− ∂F

∂q̇s

∣∣∣∣
+

d

(q0, q1, h0)
]

+h1

[
Q−s d(q1, q2, h1)− ∂F

∂q̇s

∣∣∣∣
−

d

(q1, q2, h1)
]
. (26)

We further give the discrete algorithm of the
mechanico-electrical system according to the same
discrete variation principle as before, but the
parametrization is based on the time step information
as expressed below:

h0D2Ld(q0, q1, h0) + h1D1Ld(q1, q2, h1)

+h0

[
Q+

s d(q0, q1, h0)− ∂F

∂q̇s

∣∣∣∣
+

d

(q0, q1, h0)
]

+h1

[
Q−s d(q1, q2, h1)− ∂F

∂q̇s

∣∣∣∣
−

d

(q1, q2, h1)
]

= 0, (27)

with time steps h0 and h1 fixed. We will later de-
rive the symplectic relation by considering variations
of solutions, just as done in the continuous case.

5.1.The discrete energy of mechanico-

electrical systems

We define the discrete energy for the point
(q0, q1, h0) as

Ed(q0, q1, h0)

=− h0D3Ld(q0, q1, h0)− Ld(q0, q1, h0)

=− ∂

∂h0
[h0Ld(q0, q1, h0)]. (28)

The virtual work done by a non-potential and dissipa-
tive force along the path from (q0, q1, h0) to (q1, q2, h1)
is expressed as

N−1∑

k=0

(Q(qk, qk+1,
qk+1 − qk

hk
)− ∂F

∂q̇
(qk, qk+1,

qk+1 − qk

hk
))

qk+1 − qk

hk
(tk+1 − tk)

=h0

[
Q+

d (q0, q1,
q1 − q0

h0
)− ∂F

∂q̇

∣∣∣∣
+

d

(
q0, q1,

q1 − q0

h0

)]
(q1 − q0)

h0

+ h1

[
Q−d (q1, q2,

q2 − q1

h1
)− ∂F

∂q̇

∣∣∣∣
+

d

(
q1, q2,

q2 − q1

h1

)]
(q2 − q1)

h1
. (29)

The relation between the energy Ed(q0, q1, h0) and the energy Ed(q1, q2, h1) of mechanico-electrical system
is

Ed(q0, q1, h0)−
N−1∑

k=0

(
Q

(
qk, qk+1,

qk+1 − qk

hk

)
− ∂F

∂q̇

(
qk, qk+1,

qk+1 − qk

hk

))
qk+1 − qk

hk
(tk+1 − tk)

=Ed(q1, q2, h1) (30)

or, expressed with the algorithmic notation as follows:

Ek :=Ed(qk, qk+1, hk)− hk

[
Q+

d (qk, qk+1,
qk+1 − qk

hk
)− ∂F

∂q̇

∣∣∣∣
+

d

(
qk, qk+1,

qk+1 − qk

hk

)]
qk+1 − qk

hk
:

=Ek+1(qk+1, qk+2, hk+1) + hk+1

[
Q−d

(
qk+1, qk+2,

qk+2 − qk+1

hk+1

)

− ∂F

∂q̇

∣∣∣∣
−

d

(
qk+1, qk+2,

qk+2 − qk+1

hk+1

)]
qk+2 − qk+1

hk+1
:= Ek+1. (31)

6. Time step solvability and optimization method

An alternative strategy to deal with how to take the time steps near turning points, which is adapted in
this paper, is to adopt the following optimization technique. Given h0, q0, and q1 we need to find h1 and q2



No. 11 Symplectic-energy-first integrators of discrete mechanico-electrical dynamical systems 3947

such that q2 is determined by the generalized DEL equations

g(q0, q1, q2, h0, h1) :=h0D2Ld(q0, q1, h0) + h1D1Ld(q1, q2, h1)

+ h0

[
Q+

s d(q0, q1, h0)− ∂F

∂q̇s

∣∣∣∣
+

d

(q0, q1, h0)
]

+ h1

[
Q−s d(q1, q2, h1)− ∂F

∂q̇s

∣∣∣∣
−

d

(q1, q2, h1)
]

= 0, (32)

and the energy condition

f(q0, q1, q2, h0, h1) :=Ed(q1, q2, h1)− Ed(q0, q1, h0)

+ h1

[
Q−d (q1, q2,

q2 − q1

h1
)− ∂F

∂q̇

∣∣∣∣
+

d

(
q1, q2,

q2 − q1

h1

)]
(q2 − q1)

h1

− h0

[
Q+

d (q0, q1,
q1 − q0

h0
)− ∂F

∂q̇

∣∣∣∣
+

d

(
q0, q1,

q1 − q0

h0

)]
(q1 − q0)

h0
= 0. (33)

The basic equations to be solved are thus

f(q0, q1, q2, h0, h1) = 0, (34)

and
g(q0, q1, q2, h0, h1) = 0 (35)

for variables q2 and h1 as a function of q0, q1, h0. The
technique we use is to minimize the quantity

B =[f(q0, q1, q2, h0, h1)]2

+ [g(q0, q1, q2, h0, h1)]2 (36)

over variables h1 and q2, with the other variables
given, and subject to the constraint h1 > 0. As in-
dicated above, this constraint means, in practice, that
the computed kinetic energy is positive. Of course,
this manipulation is then iterated, and our algorithm
is defined as a map

(qk−1, qk, hk−1) 7→ (qk, qk+1, h1). (37)

7. Symplectic nature of the algo-

rithm of mechanico-electrical

systems

We now show the sense in which the algorithm
above is non-symplectic. To determine the symplectic

nature of the mapping Φ̄, we consider the action sum

S = h0Ld(q0, q1, h0) + h1Ld(q1, q2, h1)

and take its full differential as a function of all the vari-
ables, keeping in mind that h1 and q2 are functions of
(q0 , q1, h0). Using the definition of the discrete en-
ergy, we have

dS =h0D1Ld(q0, q1, h0)dq0

+ h0D2Ld(q0, q1, h0)dq1

+ h1D1Ld(q1, q2, h1)dq1

+ h1D2Ld(q1, q2, h1)dq2

+ Ld(q0, q1, h0)dh0

+ h0D3Ld(q0, q1, h0)dh0

+ Ld(q1, q2, h1)dh1

+ h1D3Ld(q1, q2, h1)dh1

=h0D1Ld(q0, q1, h0)dq0

+ h0D2Ld(q0, q1, h0)dq1

+ h1D1Ld(q1, q2, h1)dq1

+ h1D2Ld(q1, q2, h1)dq2

− Ed(q0, q1, h0)dh0

− Ed(q1, q2, h1)dh1. (38)

According to the DEL equations, the above equation
can be simplified into
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dS =h0D1Ld(q0, q1, h0)dq0 + h1D2Ld(q1, q2, h1)dq2

− Ed(q0, q1, h0)dh0 − Ed(q1, q2, h1)dh1 −
{

h0

[
Q+

s d(q0, q1, h0)− ∂F

∂q̇s

∣∣∣∣
+

d

(q0, q1, h0)
]

+ h1

[
Q−s d(q1, q2, h1)− ∂F

∂q̇s

∣∣∣∣
−

d

(q1, q2, h1)
]}

dq1. (39)

In view of the equations defining the algorithm, we can write this as

dS =Θ−
L + Φ̄∗Θ+

L −
{

h0

[
Q+

s d(q0, q1, h0)− ∂F

∂q̇s

∣∣∣∣
+

d

(q0, q1, h0)
]

+ h1

[
Q−s d(q1, q2, h1)− ∂F

∂q̇s

∣∣∣∣
−

d

(q1, q2, h1)
]}

dq1, (40)

where the one-form Θ−
L and Θ+

L are defined by

Θ−
L (q0, q1, h0) = h0D1Ld(q0, q1, h1)dq0 − Ed(q0, q1, h1)dh0 (41)

and
Θ+

L (q0, q1, h0) = h0D2Ld(q0, q1, h0)dq1 − Ed(q0, q1, h0)dh0. (42)

Now notice that according to the definition of Ed, we have

Θ−
L (q0, q1, h0) + Θ+

L (q0, q1, h0) = d[h0Ld]− Eddh0. (43)

Substituting Eq.(43) into Eq.(40) gives

dS =d[h0Ld]− θ+
d + Φ̄∗Θ+

L −
{

h0

[
Q+

s d(q0, q1, h0)− ∂F

∂q̇s

∣∣∣∣
+

d

(q0, q1, h0)
]

+ h1

[
Q−s d(q1, q2, h1)− ∂F

∂q̇s

∣∣∣∣
−

d

(q1, q2, h1)
]}

dq1, (44)

where θ+
d is the discrete analogue of the canonical one form, pidqi, namely

θ+
d = Θ+

d + Eddh0 = h0D2Ld(q0, q1, h0)dq1. (45)

Taking the differential of Eq.(44), using d2=0 and according to the fact that pull-back commutes with the
differential we can obtain our identity, namely

Φ̄∗Ωd =ωd − d

{
h0

[
Q+

s d(q0, q1, h0)− ∂F

∂q̇s

∣∣∣∣
+

d

(q0, q1, h0)
]
dq1

+ h0

[
Q+

s d(q0, q1, h0)− ∂F

∂q̇s

∣∣∣∣
+

d

(q0, q1, h0)
]
dq0

}
, (46)

where

Ωd = −dΘ+
d , (47)

and

ωd = −dθ+
d . (48)

Note that, for nonzero forcing, the discrete Φ does
not preserve the symplectic two-form. This can be

seen by calculating dS in this section, and realizing
that it contains a term with an integral of the non-
potential generic and dissipative force which does not
vanish except when Qs − ∂F/∂q̇s=0. Now the calcu-
lation similar to that given above shows that the dis-
crete symplectic form will be preserved for a Lagrange
mechanico-electrical system in which Qs−∂F/∂q̇s=0.
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8. Example

In this section, an example is studied for a
mechanico-electrical system. We will perform the con-
stant time step and adaptive time step algorithms,
which will show the orbit in space and variation in
energy as a function of time.

We discuss the plumb motion of the carriage of

magnetic aerotrain. In the Fig.1, an electrical magnet
is installed under the carriage of magnetic aerotrain,
and so there appears an attraction force between elec-
trical magnet and rail. It is balanceable between the
suspension force and weight of carriage, when both
the electric current of the electrical magnet loop and
the spacing between the electrical magnet and the rail
are set to be normative values.

Fig.1. A sketch of plumb motion of the carriage of magnetism aerotrain.

We consider the beeline motion of the carriage
along plumb y-axis, and take point o as the coordi-
nate origin on which the centre of mass is superposed.
Let y denote the displacement of carriage, e the elec-
tric quantity in the loop, U the voltage across the two
end of the loop, then the kinetic energy of carriage
will be expressed as

T =
1
2
mẏ2,

and the potential energy as

V = mgy.

Assume that the spacing between the electric
magnet and rail is l−y, then the magnetic field energy
in the spacing will be given as

Wm =
µ0SN2

4(l − y)
ė2,

where S denotes the section area of magnet, µ0 rep-
resents the magnet electric coefficient of spacing, N

refers to the number of wire turns.
The continuous Lagrangian of the mechanico-

electrical system is written as

L =
1
2
mẏ2 −mgy +

1
4

µ0SN2

(l − y)
ė2 (49)

and dissipative function is expressed as

F =
1
2
bẏ2 +

1
2
R ė2, (50)

where b is viscosity resistance coefficient of motion, R

is ohm resistance in this electric circuit.
Use this notation

q0 = (y0, e0), and q1 = (y1, e1),

then the corresponding discrete Lagrangian (with γ =
1
2
) will be given as

Ld(y0, e0, y1, e1, h0)

=
1
2
m

(y1 − y0)2

h2
−mg

(
y0 + y1

2

)

+
1
4

µ0SN2

(
l − y0 + y1

2

) (e1 − e0)2

h2
, (51)

where y0, y1, e0, e1, and h are positive real numbers,
and corresponding discrete dissipation forces will be
expressed as

∂F

∂ẏ

∣∣∣∣
d

= b
(y1 − y0)

h
,
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and
∂F

∂ė

∣∣∣∣
d

= R
(e1 − e0)

h
. (52)

The corresponding energy, according to formula
(28) is given as

Eh(y0, y1, e0, e1, h)

=
1
2
m

(y1 − y0)2

h2
+

1
4

µ0SN2

(
l − y0 + y1

2

) (e1 − e0)2

h2

+ mg

(
y0 + y1

2

)
. (53)

8.1.Constant time step algorithm

Given h, y0, y1, e0, and e1, we need to find y2

and e2 such that y2 and e2 are determined from the
discrete Lagrange–Maxwell equations

hD3Ld(y0, e0, y1, e1, h0) + hD1Ld(y1, e1, y2, e2, h)

+
[
− ∂F

∂ẏ
(
y2 − y1

h
)− ∂F

∂ẏ
(
y1 − y0

h
)
]

= 0, (54)

and

hD4Ld(y0, e0, y1, e1, h0) + hD2Ld(y1, e1, y2, e2, h)

+ h

[
U − ∂F

∂ė

(
e2 − e1

h

)
+ U − ∂F

∂ė

(
e1 − e0

h

)]
= 0.

(55)

As h 6= 0, Eqs.(54) and (55) lead to

m
(y2 − 2y1 + y1)

h2
+ mg

− 1
8

µ0SN2

(
l − y0 + y1

2

)2

(e1 − e0)2

h2

− 1
8

µ0SN2

(
l − y2 + y1

2

)2

(e2 − e1)2

h2

+ b
(y2 − y0)

h
= 0, (56)

1
2

µ0SN2

l − y1 + y2

2

e2 − e1

h2
− 1

2
µ0SN2

l − y0 + y1

2

e1 − e0

h2

− 2U + R
e2 − e0

h
= 0, (57)

which are to be solved for y2 and e2. Keeping h fixed,
this is the variational integrator that we use for the
constant time step algorithm.

8.2.Adaptive time step algorithm

Given h0, y0, e0, y1, e1, we need to find h1, y2,
and e2 such that y2, and e2 are determined by the
discrete Lagrange–Maxwell equations

h0D3Ld(y0, e0, y1, e1, h0) + h1D1Ld(y1, e1, y2, e2, h1)

− h0
∂F

∂ẏ

∣∣∣∣
+

d

(
y1 − y0

h0

)
− h1

∂F

∂ẏ

∣∣∣∣
−

d

(
y2 − y1

h1

)
= 0, (58)

h0D4Ld(y0, e0, y1, e1, h0) + h1D2Ld(y1, e1, y2, e2, h1)

+ h0

[
U − ∂F

∂ẏ

∣∣∣∣
−

d

(
e1 − e0

h0

)]
+ h1

[
U − ∂F

∂ẏ

∣∣∣∣
−

d

(
e2 − e1

h1
)
]

= 0, (59)

and the energy condition

E(y0, e0, y1, e1, h0) + h0

[
− ∂F

∂ẏ

∣∣∣∣
+

d

](
y1 − y0

h0

)
− h0

[
U − ∂F

∂ė

∣∣∣∣
+

d

](
e1 − e0

h0

)

=E(y1, e1, y2, e2, h1)− h1

[
− ∂F

∂ẏ

∣∣∣∣
−

d

](
y2 − y1

h1

)
− h1

[
U − ∂F

∂ė

∣∣∣∣
−

d

](
e2 − e1

h1

)
. (60)

We write the energy condition as follows. Define
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f(y0, e0, y1, e1, y2, e2, h0, h1)

=E(y1, e1, y2, e2, h1)− E(y0, e0, y1, e1, h0)

− h1

[
− ∂F

∂ẏ

∣∣∣∣
−

d

](
y2 − y1

h1

)
− h1

[
U − ∂F

∂ė

∣∣∣∣
−

d

](
e2 − e1

h1

)

− h0

[
− ∂F

∂ẏ

∣∣∣∣
+

d

](
y1 − y0

h0

)
− h0

[
U − ∂F

∂ė

∣∣∣∣
+

d

](
e1 − e0

h0

)

=
1
2
m

(y2 − y1)2

h2
1

+
1
4

µ0SN2

(
l − y1 + y2

2

) (e2 − e1)2

h2
1

+ mg

(
y2 + y1

2

)
− 1

2
m

(y1 − y0)2

h2
0

− 1
4

µ0SN2

(
l − y0 + y1

2

) (e1 − e0)2

h2
0

−mg

(
y0 + y1

h0

)
+ h1b

(y2 − y1)2

h2
1

− h1

[
U −R

(e2 − e1)2

h2
1

]

+ h0b
(y1 − y0)2

h2
0

− h0

[
U −R

(e1 − e0)2

h2
0

]
, (61)

then the discrete Lagrange–Maxwell equations (58) and (59) will be written as

g1(y0, e0, y1, e1, y2, h0, h1)

=h0B0 − h1

[
−m

y2 − y1

h2
1

− 1
2
mg +

1
8

µ0SN2

(
l − y2 + y1

2

)2

(e2 − e1)2

h2
1

]
− h1b

(y2 − y1)
h1

, (62)

where

B0 = h0m
(y1 − y0)

h2
0

− 1
2
mg +

1
8

µ0SN2

(
l − y0 + y1

2

)2

(e1 − e0)2

h2
0

− h0b
(y1 − y0)

h0
, (63)

and

g2(y0, e0, y1, e1, y2, h0, h1) = h0C0 + h1

[
− 1

2
µ0SN2

(
l − (y2 + y1)

2

) (e2 − e1)
h1

]
+ U + R

(
e2 − e1

h1

)
(64)

with

C0 = +
1
2

µ0SN2

(
l − (y2 + y1)

2

) (e1 − e0)
h0

] + U −R

(
e1 − e0

h0

)
, (65)

which is again a quantity that has been computed at the previous step.

8.3.Numerical technique

The basic equations we are to solve are the fol-
lowing:

f(y0, e0, y1, e1, y2, e2, h0, h1) = 0, (66)

g1(y0, e0, y1, e1, y2, e2, h0, h1) = 0, (67)

g2(y0, e0, y1, e1, y2, e2, h0, h1) = 0. (68)

To solve the variables y2, e2, and h1 as a function
of y0, e0, y1, e1, and h0, the technique we use is to
minimize the quantity

B = [f(y0, e0, y1, e1, y2, e2, h0, h1)]2

+[g1(y0, e0, y1, e1, y2, e2, h0, h1)]2

+[g2(y0, e0, y1, e1, y2, e2, h0, h1)]2 (69)

over the variables h1, y2, and e2, with the other vari-
ables given, and subject to the constraint h1 > 0. As
mentioned in the general theory, this technique is im-
plemented by using descent methods, following Byrd
et al [17] and Zhu et al.[18]

9. Conclusions

The main contribution of this paper is extending
the study of symplectic-energy-first integrators to the
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discrete mechanico-electrical coupling systems. The
results obtained here present a significant approach
to seeking for the structural features of mechanico-

electrical coupling systems. Therefore, the further in-
vestigation should be carried out to discrete nonholo-
nomic mechanico-electrical coupling systems.
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