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A second-order dynamic phase transition in a non-equilibrium Eggers urn model for the separation of sand is

studied. The order parameter, the susceptibility and the stationary probability distribution have been calculated. By

applying the Lee–Yang zeros method of equilibrium phase transitions, we study the distributions of the effective partition

function zeros and obtain the same result for the model. Thus, the Lee–Yang theory can be applied to a more general

non-equilibrium system.
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1. Introduction

Recently, there has been a great deal of interest in
studying physical properties of granular systems.[1−3]

The main motivation of this research is to obtain a ba-
sic understanding of these technologically important
materials whose behaviour, indeed, very often appears
elusive and mysterious. One of the most interesting
phenomena is the spatial separation of shaken sand.[4]

Theoretical arguments to understand how the sym-
metry breaking arises in this non-equilibrium system
were given by Eggers.[5] Later, the non-equilibrium
Eggers urn model was simplified by Lipowski and
Droz.[6] Although the Lipowski–Droz urn model can
explain the essence of the phenomena and show a
spontaneous symmetry breaking in contrast to other
generalizations of the Ehrenfest model,[7] it is too sim-
ple in terms of the practical experiment and physical
questions. The Eggers urn model is obviously more
suitable. However, as far as we know, a detailed study
of the non-equilibrium Eggers urn model is still lack-
ing.

In 1952, Lee and Yang[8,9] proposed the well-
known method to analyse the equilibrium phase
transition by studying the partition function zeros
(PFZs) in a complex fugacity plane in the thermo-
dynamical limit. Afterwards, the method of PFZs

has been extensively applied to different kinds of
systems.[10−14] In particular, there have been re-
cent investigations in the applicability of the Lee–
Yang theory to nonequilibrium systems.[15−18] In non-
equilibrium systems,[19−22] one does not have a par-
tition function, instead a steady-state normalization
factor is regarded as an effective partition function
(EPF) in a complex plane of the transition rates.

In this work, we focus on a second-order dynami-
cal phase transition in the non-equilibrium Eggers urn
model and how the phase transition may be placed in
the context of the Lee–Yang equilibrium theory. In-
dicators of the dynamic transition such as the order
parameter and susceptibility are exhibited. The sta-
tionary probability distribution in each phase has also
been calculated. By applying the Lee–Yang theory we
can predict the same result for the model. Thus, it is
the further evidence for the application of the Lee–
Yang ideas of equilibrium phase transitions to a more
general non-equilibrium system.

The paper is organized as follows. In next section
we briefly review the model and its master equation.
In Section 3 we analyse some of indicators of the dy-
namic transition. In Section 4 the EPF is introduced
as a polynomial of an effective size-dependent fugacity
and its zeros are numerically studied in complex fugac-
ity z and control parameter A planes. The analytical
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result for the distributions of zeros close to the critical
point is given. Section 5 is devoted to discussion and
conclusions.

2. The model and its master

equation

In the Eggers urn model, N particles are dis-
tributed between two urns L and R, specifically, the
first urn contains M particles and the second one
N −M . The dynamics is defined as follows. At each
time step, one particle is chosen to be random in one
of the urns. Then, with a probability that depends
on the number of particles present in the chosen urn,
i.e. with a state-dependent transition rate, this parti-
cle moves to the other urn. Correspondingly, the flux
F (n) of particles leaving a given urn at a certain time
depends on the fraction n of the total number of par-
ticles in the given urn at that moment. In this model
the flux F (n) is defined in the following way:

F (n) = Bn2exp(−An2), (1)

where the constant B may be eliminated by an appro-
priate redefinition of the time scale, so in the Eggers
urn model A is the single control parameter.

The master equation for the probability distribu-
tion p(M, t), where there are M particles in a given
urn at time t, is

p(N, t + 1) =F

(
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)
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where M = 1, 2, . . . , N − 1. Its stationary solution is

found to be
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and the normalized factor is
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This model describes the transition from a symmetric
distribution of the particles, associated with a single
peak of the probability distribution at M = N/2 (for
N even), to a symmetry breaking state described by
a bimodal distribution with peaks at M = N(1/2± ε)
in the two urns. The order parameter ε = (NL −
NR)/(2N) measures the difference in occupancy be-
tween the two urns.

For the Eggers urn model, one can find a simple,
but exact equation that determines the time average
ε in a steady state. Indeed, in the steady state the
flux of particles changing their positions from L to R

equals the flux from R to L. The detailed balance
condition is given as

F (1/2 + ε) = F (1/2− ε). (5)

Of course, Eq.(5) admits symmetric solution ε = 0 for
an arbitrary A. The function f(ε) = F (1/2 + ε) −
F (1/2− ε) expresses the difference flux from one urn
to another. By analysing zero points of f(ε) in Fig.1,
we can see that for A < Ac = 4 the equation has only
one solution ε = 0; while for A > Ac = 4 the equation
has three solutions ε = 0 and ε = ±ε0, but the solu-
tion ε = 0 is unstable. Namely, in the thermodynamic
limit for A < Ac = 4 the stationary state is the sym-
metric one, while for A > Ac = 4 the equipartition of
particles is broken, i.e. a second-order nonequilibrium
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phase transition takes place at A = Ac = 4.

Fig.1. The curves of the function f(ε) − ε with different

A.

3. Indicators of the dynamics

transition

The transition is best characterized by the asym-
metry order parameter ε. Figure 2 shows the ab-
solute value of ε as a function of A, which exhibits
a behaviour typical of a second order phase transi-
tion. This is not surprising in that the present non-
equilibrium transition is associated with a sponta-
neous breaking of the bilateral symmetry. We can
easily check that in the vicinity of the critical point
|ε| ∼ (A − Ac)β , β = 0.475. The second-order dy-
namic phase transition takes place at A = Ac = 4.

Fig.2. Absolute value of the order parameter ε as a func-

tion of A.

Further, we study the fluctuations of the order
parameter. Using the variance of the order parameter
we define the susceptibility κ as[6]

κ = N〈(ε− 〈ε〉)2〉

=
1
N





N∑

i=0

i2p(i,∞)−
[

N∑

i=0

ip(i,∞)

]2


 , (6)

where p(. . . ,∞) denotes the steady-state probabilities
obtained from Eq.(2). Susceptibility is known to be
divergent at the continuous phase transition. Our cal-
culations confirm such a behaviour (Fig.3). For A < 4
the inverse susceptibility κ−1 − (Ac −A)γ decays lin-
early, which implies γ = 0.958.

Fig.3. Inverse of the susceptibility κ−1 as a function of

A for N = 600.

Finally, we calculate the stationary probability

distribution in each phase. With M/N =
1
2

+ ε, and

(i/N) =
1
2

+ x, and by scaling the probability distri-
bution by N , the stationary probability distribution
for large N now becomes[23]

ps(ε) ≈ eNG(ε)

∫ 1/2

−1/2
dxeNG(x)

, (7)

where
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−1/2

dx

[
lnF
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)
− lnF

(
1
2

+ x

)]
.

(8)
From Eqs.(7), for a given N the denominator is a con-
stant and the stationary probability distribution ps(ε)
can be determined by G(ε). Therefore, G(ε) can be
regarded as the stationary probability distribution in
the limit N →∞. Note that in Fig.4, for A < 4 only
the symmetric solution is stable, while for A > 4 the
two asymmetric solutions with positive and negative
particle excesses are stable and have the same maxi-
mum. Therefore the stationary probability distribu-
tion has only the central peak for A < 4 and double
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peaks for A > 4. This implies that the transition oc-
curs at Ac = 4.

Fig.4. Curves of G(ε) as a function with the values of A

being 2, 3, 4, 5, and 6 (from the top).

4. Application of the Lee–Yang

theory

Now we examine the Lee–Yang theory. From
Eq.(3) we define the partition function of the system
ZN as the normalization factor given by[18]

ZN = 1 +
N∑

M=1

M∏

i=1

F

(
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)

F

(
i

N

) . (9)

We substitute F (n) in Eq.(9) and rewrite the EPF as

ZN =
N∑

M=0

(
N !

M !(N −M)!

)2

zM(N−M). (10)

Here z = exp(−A(N + 1)/N2) is the effective fugac-
ity. So EPF is expressed as a polynomial of z, which
is related to the control parameter A of the model.
Indeed, in this model the EPF cannot be expressed as
a polynomial of a size-independent control parameter
like the former models.[15−17] It is noticeable that z is
a size-dependent quantity.

4.1.The zeros of EPF in a complex z

plane

In the following, we analyse the zeros of the EPF
numerically. First, we consider the zeros of ZN given
by Eq.(10) in a complex z plane. We obtain numerical
estimates of the zeros of ZN with the values of finite

system size N being 11, 21 and 31. The results are
shown in Fig.5.

Fig.5. Zeros of the EPF(10) in a complex z plane for three

values of N . The solid line represents the unit circle.

Note that the order and the coefficient of the poly-
nomial of Eq.(10) increase rapidly, and the therefore
we cannot perform too accurate calculations of the
roots beyond N = 31. But we can predict that these
roots approach a unit circle with N increasing. To in-
vestigate it further, we associate with EPF(10) the
non-equilibrium complex free energy density fN =
(1/N) ln(ZN ). For large values of N and |z| > 1,
the EPF is dominated by the central term, hence,
fN (|z| > 1) ≈ ln 4 + (N/4) ln z. Thus, we define
f (1) = (N/4) ln z as a free energy in the |z| > 1
region for large values of N . On the other hand,
for |z| < 1 the dominant contributions are coming
only from the M = 0 and M = N terms, and thus
fN (|z| < 1) ≈ (ln 2)/N which in the thermodynamic
limit defines f (2) = 0 for |z| < 1. The above analysis
indicates that the model for which Eq.(10) is the EPF
with z as a control parameter undergoes an abrupt
transition at |z| = 1. In the thermodynamic limit N ,
fN exhibits an infinite jump at the transition. In order
to obtain the location of the zeros of in this limit, we
should equate real parts of the non-equilibrium com-
plex free energies on both sides of the transition as
follows below:

Ref (1)(z) = f (2)(z). (11)

By calculating, only |z|=1 satisfies the above
equation. Hence, we can conclude that the zeros
should be located on the unit circle in the thermo-
dynamic limit.
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4.2.The zeros of EPF in a complex A

plane

In order to infer some information about the
phase transition in the Eggers urn model, it is use-
ful to change a variable from a z plane to an A =
−N2/(N + 1) ln z plane. From the above results we
have known that the model with z as a parameter
has a transition with a jump of the effective free en-
ergy density, but it is quite different from the original
urn model with A as a control parameter (which has
a continuous phase transition). We plot the numer-
ically obtained zeros in a complex A plane in Fig.6.
With N increasing, the zeros approach the critical
point Ac = 4 with a slope that is close to π/4, and
with a vanishing density of zeros. These seem to con-
firm the second-order nature of the phase transition.

Fig.6. Zeros of Eq.(10) in a complex A plane, nearby the

critical value Ac = 4, for three values of N . The solid line

represents the analytical perturbative solution (17) of the

line of zeros in the thermodynamic limit.

4.3.Analytical results

In the following, we show how to obtain these re-
sults analytically, and the final results are presented
as a solid line in Fig.6. These not only confirm our nu-
merical results but also give us some insight into the
nature of the continuous transition in the model. As
mentioned already, the macroscopic stationarity con-
dition is rewritten as:

(
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2
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(
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(
1
2

+ ε
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(

1
2
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Below the critical point (A < Ac = 4) the leading
term of ZN for N → ∞ is given by the central peak

M = N/2, i.e.

ZN ≈

 N

1
2
N




2

exp(−A(N + 1)/4). (13)

On the other hand, for A > Ac = 4 there are two
leading contributions to ZN coming, respectively, from
M = N(1/2− ε) and M = N(1/2 + ε). Therefore,

ZN ≈ 2


 N

N(1/2− ε)




2

exp(−A(N + 1)(1/4− ε2)).

(14)
Correspondingly, the expressions of effective free en-
ergy density f = limN→∞(1/N) ln(ZN ) are give as

f (1) = −A/4 + ln 4,

and

f (2) =−A(1/4− ε2)− 2(1/2− ε) ln(1/2− ε)

− 2(1/2 + ε) ln(1/2 + ε). (15)

We substitute the above expressions into Eqs.(11) and
(12) and consider the behaviour of the effective free en-
ergy density as a function of the complex parameters
A and ε. However, Eq.(11) is now too complicated
to allow for a complete analysis of the zeros line in
the whole A plane. We follow the I.Bena’s perturba-
tive way and are mainly interested in the behaviour
of this line in the vicinity of the critical point Ac=4.
Therefore, A and ε are expanded around a small real
parameter α = ReA− 4 as follows:

A = 4 + α + iα(a0 + αa1 + α2a2 + . . .),

ε =α1/2(c0 + αc1 + α2c2 + . . .)

+ iα1/2(d0 + αd1 + α2d2 + . . .). (16)

After a long calculation, we obtain

A = (4 + α) + iα[1 + 0.3α + ϑ(α2)]. (17)

Here i is the imaginary unit. The result is represented
by a solid line in Fig.6. Note that, indeed, the slope
of this curve at the critical point is π/4, the sign of
a second-order phase transition. Until now, we have
shown that the zeros of the EPF indeed provide the
information about the location and the type of the
phase transition.
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5. Discussion and conclusions

We consider the Eggers urn model in detail. By
combining the knowledge of the continuous transition,
certain features have enabled us to locate the second-
order dynamic phase transition. The order parame-
ter and its fluctuations are discussed firstly. Addi-
tional evidence of such a transition in our model comes
from the analysis of the stationary probability distri-
bution. Furthermore, we exhibit the non-equilibrium

phase transition numerically and analytically by us-
ing the Lee–Yang equilibrium theory. Although it is
not a straightforward task to apply the concepts of
the theory, it is a nontrivial fact that it still works
when the microscopic transition rates of the model
are state dependent. Indeed, we have made certain
of the type and the location of transition qualitatively
and quantitatively. Thus, the Lee–Yang theory can be
confidently applied to a more general non-equilibrium
system.
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