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The magnon energy band in a four-layer ferromagnetic superlattice is studied by using the linear spin-wave ap-

proach and Green’s function technique. It is found that three modulated energy gaps exist in the magnon energy band

along K direction perpendicular to the superlattice plane. The spin quantum numbers and the interlayer exchange

couplings all affect the three energy gaps. The magnon energy gaps of the four-layer ferromagnetic superlattice are

different from those of the three-layer one. For the four-layer ferromagnetic superlattice, the disappearance of the

magnon energy gaps Awi2, Awss and Awss all correlates with the symmetry of this system. The zero energy gap Awas

correlates with the symmetry of interlayer exchange couplings, while the vanishing of the magnon energy gaps Awi2

and Aws4 corresponds to a translational symmetry of z-direction in the lattice. When the parameters of the system

deviate from these symmetries, the three energy gaps will increase.
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1. Introduction

The interesting phenomena and practical bene-
fits discovered in the fields of photonics!!! and semi-

2l have led to a renewed at-

conductor superlattices
tention to other materials with a spatial periodicity.
Investigations of layered magnetic systems have been
a subject of growing interests,®~5 because artificial
multilayer/superlattice materials are realizable in lab-
oratories, whose characteristics may be much different
from those of its component materials.®~8! For mul-
tilayered magnetic materials, either the addition of a
single layer to a film or the variety of structural and/or
magnetic parameters (for instance, anisotropy, spin
quantum numbers, interlayer and intralayer exchange
couplings) of a material would lead to new features
in the band spectrum and magnetic properties of the

material.

The band spectrum, which is the signature of the
periodicity, has been intensively studied in plasmonic
crystals,®) phononic crystals,'%) periodic ferroelectric

media.['"] The materials with periodic magnetic struc-
ture can be refereed to as magnonic crystals. In mag-
netic superlattice systems, the magnon as a kind of
spin excitations is an interesting subject.2=27:30] The
spin-wave spectra were investigated of a superlattice
composed of two alternating ferromagnetic films with
antiferromagnetic coupling at the interfaces.[*6] A the-
ory was presented for bulk and surface spin waves in
a triangular antiferromagnet with ferromagnetic in-
terlayer coupling, and developed for spin-wave dis-
persion relations of a semi-infinite frustrated system
as well as for thin films.'”) Interface spin waves in
a bilayer of a two-sublattice Heisenberg ferrimagnet
with the nearest-neighbour exchange interaction were
studied.'8] The spin-wave spectrum and the ferromag-
netic resonance spectra of a magnetic thin film were
studied by van Stapele et al,'” Barnas®?! analysed
the spin-wave spectra of infinite, semi-infinite, and
finite ferromagnetic superlattices with arbitrary ele-
mentary units by the method of the transfer-matrix
formalism. It was found that the magnon energy gap
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strongly affects the physical properties of layered mag-
netic systems.[?!] However, little attention has been
paid on the systemic theoretical study of magnon en-
ergy gap of a superlattice. The temperature depen-
dence of magnetization and optical magnon gap in
bilayer antiferromagnetic YBayCusOg was obtained
by employing the Green’s function technique and the
Callen decoupling approximation.?? Deng et all??!
studied the magnon energy gap of a two - layer mag-
netic superlattice with a periodic anisotropy, by us-
ing local coordinates and a spin-Bose transformation
quantum approach. The magnon dispersion relation
with two ferromagnetic layers in the pure exchange
limit, the pure dipolar limit, as well as both exchange
and dipolar interactions, was calculated, and it was
concluded that the magnon energy gap can be derived

n.12425] In our pre-

mainly from the exchange interactio
vious work, 2627 the magnon energy band was stud-
ied for a ferrimagnetic26! and ferromagnetic?” super-
lattices with three layers in a unit cell. The results
showed that there are two modulated energy gaps, and
the absence of the energy gap at a certain condition
means that the system has a high magnetically struc-
tural symmetry.26-27]

In order to understand further the magnon gaps
of multi-layer superlattices, in this paper, we study
the magnon energy gaps in a superlattice system con-
structed by four kinds of ferromagnetic materials that
are coupled ferromagnetically. It has been observed
that there are four energy spectra branches along K,
direction in the four-layer ferromagnetic superlattice,
one is an acoustic branch and other three are optic.
The magnon energy gaps Awis, Awsg and Awsy exist
in the magnon energy band of the system, and the zero
energy gap Awsg correlates with the symmetry of in-
terlayer exchange couplings, and the disappearance of
the magnon energy gaps Awio and Awsy corresponds
to a translational symmetry of z-direction in a lattice.
When the parameters of the system deviate from these
symmetries, the three energy gaps will increase.

Spin waves in the layered magnetic systems have
been investigated by use of various classical and quan-
tum theories. The classical approaches ignore quan-
tum fluctuations that might significantly affect the
magnon excitation. Therefore, we shall use the quan-
tum linear spin - wave method. However, the linear
spin-wave approach is appropriate only to the region
of zero temperature or low temperatures.(?8) At high
temperatures, this approach is insufficient and some

kinds of self-consistent treatment[29:30l

or spin Green’s
function method!?231:32] are necessary. In this paper,
we employ the linear spin-wave approach and Green’s
function technique only for zero temperature, which
is good enough for the problem we are dealing with.
This paper is organized as follows: In Section 2,
we describe the model, the Hamiltonian of the system
and calculation procedure. Section 3 gives the effect of
spin quantum numbers and interlayer exchange cou-
plings on the energy gaps of the system. Section 4

presents a conclusion.

2. Model and calculation proce-

dure

We consider a Heisenberg model for a four-layer
ferromagnetic superlattice with a simple cubic lattice.
A schematic diagram of the four-layer ferromagnetic
superlattice model is illustrated in Fig.1. A unit cell
of the superlattice consists of four layers, 1, 2, 3 and
4, where spins are denoted by S; (I=1, 2, 3, 4) for each
layer. The nearest neighbouring spins within each sub-
layer are coupled ferromagnetically by the intralayer
exchange couplings J; (I=1, 2, 3, 4), respectively. The
ferromagnetic interlayer exchange couplings J; ;41 ex-
ist between the spins in the nearest neighbouring lay-
ers. The superlattice structure is stacked periodically
along z-direction that is normal to layers (yz-planes).
The Hamiltonian is:

4
1
H=- 9 Z Z J151,051,p+5
=1 p,é//

4
- ZZJl,l+ISl,pSl+1,p7 (1)
=1 p

where [ is the number of sublayers, J,, represents that
only the exchanges between the nearest neighbours
The direction

of spins of the initial state in the four sublayers is

in yz-planes are taken into account.

along the positive z-direction. Therefore, all the in-
terlayer exchange couplings Ji2, Jos, J34 and Jy; and
the intralayer exchange coupling Jy, Jo, J3 and Jy
are positive. There are N sites on each layer-lattice,
and total 4N sites in the system. By use of the
HolsteinPrimakoff transform!®3 and the linear spin-
wave approximation,®¥ when introducing the spin-
wave operators by (b)) (I=1, 2, 3, 4), we can rewrite
Eq.(1) as follows:
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Here if I=1, | — 1=4; if [=4, | + 1=1. And Z,.=4
represents the number of nearest neighbours in the
yz-planes that are the same. Note that

1 .

_ 1k-§//
Ty = E:e ’
Yz 5

//

§ : +ik-0y
Ytk, = e™! .
b

(3a)

(3b)

Here Yo # Y—ka; Yke and y_g, are complex because
o, has only one value, but 7y, is real because §,, can
take four different values within the layer.

We first define the four-order matrix retarded

Green functions as

G(k,w) =[G jlaxa, (4)

where G, ; = ((bix; b;'k>>w (i=1-4; j=1-4).
By using the equation of the Green functions, we
obtain the solution of the Green function as follows:

1
G(k = —[M; ; , 5
( 7w> det(D(w))[ ;J}4><4 ( )
S1
X
Sa
Ss3
:Z Sy
/,/
e 51
e
Y So

=1 k

where

D(w) = [Wi»j]4><4 + [Hivj]4><4 : (6)

Here in the four-order matrix W, only the diagonal
matrix elements W;; (i=1-4) are non-zero and equal
to w, which represents the energy spectrum of the sys-
tem. The matrix elements H;; (i,7=1, 2, 3, 4) in the
four-order matrix H are given in Appendix. The ma-
trix elements M;; (i=1-4) in Eq.(5) are same as those
Appendix B in Ref.[35].

the
det(D(w))=0, we obtain four positive numerical solu-

Setting determinant to zero, i.e.,
tions for the spin wave spectra of the ferromagnetic
four-layer superlattice.

In the following, we shall discuss whether the en-
ergy gaps exist in the energy band structure along
the K, direction (perpendicular to the superlattice
plane) of the present system, and how the spin quan-
tum number, the interlayer exchange couplings affect
the energy gap along the K, direction. In this pa-
per, we set the intralayer exchange couplings a unit

(J1=Jy = Js = Jy = 1.0).

Fig.1. A schematic diagram for the four-layer ferromagnetic superlattice. The interlayer ex-

change couplings and spin quantum numbers are illustrated.
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3. Results and discussion

Figure 2 shows the K, dependence of the energy
spectra of the four-layer ferromagnetic superlattice.
From Fig.2, four energy spectra branches wi, wo, w3
and w4 exist in the energy band, w; is an acoustic
branch and ws, w3 and w, are optic branches. Fur-
thermore, there are three magnon energy gaps Awio,
Awsz and Awsy in the energy band. The magnon
energy gap Awio is defined as the gap between the
top of the branch w; and the bottom of the branch
wg, which is different from the optical magnon gap
at K,=0. The magnon energy gap Awss lies between
the bottom of the branch w3 and the top of the branch
wo, while the magnon energy gap Awsy is between the
bottom of the branch w4 and the top of the branch ws.
As in the cases of photon, electron and phonon, the
magnon energy gap should strongly affect the physi-
cal properties of the magnetic system. We then focus
our attention on the effects of the spin quantum num-
bers and interlayer exchange couplings on the magnon
energy gaps of the system.

L w4
24+
-_ Awsg
1.6 w3
3
| Awsz
0.8F
- e
wi i —
0 I T L L
0 1.0 2.0 3.0
Kz

Fig.2. K, dependence of the energy spectra w of the four-
layer ferromagnetic superlattice with S1=0.5, S2=1.0,
S3=0.5, S4=1.5, J12=1.0, J23=0.5, J34=0.5, J41=0.8,
J1 = J2 = J3 = J4=1.0 and K, = K,=0. Here, Aw;;
is the energy gap between the energy spectra w; and w;.

Figure 3(a) shows the dependence of the magnon
energy gap Awia(Awsy) on the first- and the second-
layer spin quantum numbers S; and S5 of the four-
layer ferromagnetic superlattice, for S3=1.0, Sy= 1.5,
Jig = Jog = J3g = Jy1=1.0, and J; = Jy = J3 =
J4=1.0. From Fig.3(a), the energy gaps Awis and
Awsy are the same. The energy gap Awia(= Awsy)

approaches to zero only when the parameters of the
system are close to a point with S;=1.0 and Sy=1.5,
at that point the parameters of the system are S; =
S3=1.0, Sy = Sy= 1.5, Ji2 = Jag = J34 = Ju1=1.0,
and J; = Jo = J3 = J4=1.0.
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Fig.3. (a) The dependence of the magnon energy gaps
Awiz and Awsy on S; and Sz; (b) and (c) the de-
pendence of the magnon energy gaps Awiz and Awsg
on S and S3 of the four-layer ferromagnetic superlat-
tice. The parameters are Jio = Jogz = J34 = J41=1.0
and J1 = Jo = J3 = J4=1.0, (a) S3=1.0, Ss=1.5 (b)
S2 = S4=0.5 and (c) S2=0.5, S4=1.0.
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Figure 3(b) illustrates the dependence of the
magnon energy gap Awiz(Awsg) on the first- and
the third-layer spin quantum numbers S; and S3 of
the four-layer ferromagnetic superlattice, with Sy =
5420.57 J12 = J23 = J34 = J41=1.0, and J1 = J2 =
Js = J4=1.0. In Fig.3(b), also the energy gaps Awis
and Awsy are the same. When the first-layer spin
quantum number S is close to the third-layer spin
quantum number Ss, the energy gap Awis (= Awsy)

approaches to zero.

If Sy # S, the dependence of the magnon en-
ergy gap Awi2(Awsy) on the first- and the third-layer
spin quantum numbers S; and S3 of the four-layer
ferromagnetic superlattice is shown in Fig.3(c). It is
clear that, the energy gap Awqs is equal to the energy
gap Awsy, and when S; = S3, the energy gap Awis
(= Awsy) becomes minimum with the change of the
spin quantum number S;.

By numerical calculation, it is found that when
J12 = Joz = J34 = Jy1, the energy gap Awqs is always
equal to the energy gap Awsy; otherwise, the two en-
ergy gaps are unequal. This is because the energy gaps
Awio and Awsy all derive from the point K, = m, and
therefore, they have some similar properties.

Next, we will study the effects of the interlayer
exchange couplings on the magnon energy gap Awis.
The effects of the interlayer exchange couplings Jia,
Jos and Js4 on the energy gap Awis are shown in
Figs.4(a) and 4(b).
Awio approaches to zero only at a Jio close to 0.5
and Jog close to 1.0, with J34=0.5 and J4;=1.0. From
Fig.4(b), when Ji5 is close to Js4, the energy gap Awia

From Fig.4(a), the energy gap

approaches to zero, with Jy3 = J41=1.0. Namely, the
interlayer exchange couplings also affect the energy
gap Awia. When Ji5 is close to J3g and Jog is close
to Jy1, the energy gap Awpo approaches to zero.

By numerical calculation, we find that when the
parameters of the system are close to the condition of
S1 =83, So = 8y, Jio = J34 and Jo3 = Jy1, both the
energy gaps Awis and Awsg approach to zero; as the
parameters of the system deviates from the condition,
the energy gaps Awis and Awszy will increase. It is
known that, at the point where S; = S3, So = Sy,
Jio = J3q and Jog = Jy1, J1 = Jo = J3 = Jy, there is
a translational symmetry in a period of z-direction of
the four-layer ferromagnetic superlattice, and the sys-

tem is not a four-layer superlattice, but a two-layer
one, and then there will be not three magnon energy
gaps. However, when the parameters of the system are
close (not yet equal) to this point, the system is still
a four-layer superlattice. Therefore, the above results
have physical signification.

Awi2

Fig.4. (a) The dependence of the magnon energy gap
Awi2 on Ji2 and Ja23; and (b) the dependence of the
magnon energy gaps Awiz on Ji2 and J34 of the four-
layer ferromagnetic superlattice. The parameters are S1 =
Sy = S3 = §4=0.5, J41=1.0 and J; = Jo = J3 = J4=1.0,
(a) J34=0.5 and (b) J23=1.0.

Figures 5(a) and 5(b) show the spin quantum
It is
clear that there is a line with zero energy gaps. From

number dependence of the energy gap Awos.

Fig.5(a), when the spin quantum numbers satisfy the
condition of S; — S3=0.5 (=S5 — S3), the energy
From Fig.5(b), the vanishing of
the magnon energy gap corresponds to S; + S3=2.0

gap Awss is zero.

(=S2 + S4). This means that, the disappearance of
the energy gap Awss corresponds to the condition of
S1+ S3 =855 + Sy with Jio = Jog = J34 = J41=1.0.
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Fig.5. The dependence of the magnon energy gap Awsz on (a) S1 and Sz (b) S1 and S3 of

the four-layer ferromagnetic superlattice, with (a) S3=1.0 and (b) S2=0.5, other parameters are
S4=1.5, Ji2 = Jag = J34 = J41=1.0 and J; = Jo = J3 = J4=1.0.

Figure 6 shows the dependence of the energy gap
Auwss on interlayer exchange couplings Ji5 and Jog for
S1=1.5, S5=0.5, S5=1.0, 54=2.0 and J34 = J41=0.5.
When interlayer exchange couplings Ji2 = Jog =
J34 = J41=0.5, the energy gap Awsgz is zero. If in-
terlayer exchange couplings satisfy the condition of
J34 # Jy1 with the same spin quantum numbers in
Fig.6, there is no zero magnon energy gap. It is noted
that the spin quantum numbers satisfy the condition
of S + 53 = S5 + 54 in Fig.6. By numerical calcu-
lation we find that, when the parameters of the sys-
tem satisfy the condition of S; + S35 = S3 + 54 and
J12 = Jag = J34 = Jy1, the magnon energy gap Awas

is zero.

Fig.6. The dependence of the magnon energy gap Awas
on Ji2 and Jasz of the four-layer ferromagnetic superlat-
tice. The parameters for calculation are S1=1.5, S2=0.5,
S3=1.0, S4=2.0, J34 = Jyu= 0.5 and J3 = Jo = J3 =
J4=1.0.

Next, we compare our results with the previous
results for a three-layer ferromagnetic superlattice in

Ref.[27]. The zero energy gap Awsz of the three-

layer ferromagnetic superlattice corresponds only to
the case of Jio = Jog = Ji3. Namely, the disap-
pearance of the energy gap Awss means the highest
symmetry among the three interlayer couplings Jis,
Jog and Jy3 of the three-layer ferromagnetic superlat-
tice. The zero energy gap Awsg of the four-layer fer-
romagnetic superlattice corresponds not only to the
case of Jyo = Joz3 = J34 = Jy1, but also the case of
S1 4+ S3 = S5 4+ 54. This is due to the complex lattice
structure of the four-layer ferromagnetic superlattice.
For the three-layer ferromagnetic superlattice, the pa-
rameters of the system for the zero energy gap Awis
have a C5 symmetry operation around the z-axis and
a 0Cy symmetry operation around the y-axis, where
0 is time-reversal operator. For the four-layer ferro-
magnetic superlattice, when the parameters of the sys-
tem are close to the condition of S; = S3, Sy = Sy,
Jio = J34 and Joz = Jy1, the energy gaps Awio and
Awsy approach to zero. Under this condition, in a
period of z-direction of the four-layer ferromagnetic
superlattice, there is a translational symmetry. When
the parameters of the system deviate from the con-
dition, the energy gaps Awio and Awsy will increase.
Namely, for the four-layer ferromagnetic superlattice,
the vanishing of the magnon energy gaps Awis, Awas
and Awsy all correlate with the symmetry of this sys-
tem. The zero energy gap Awss correlates with the
symmetry of interlayer exchange couplings, and the
disappearance of the magnon energy gaps Awio and
Awsy corresponds to a translational symmetry in z-
direction. The viewpoint that the vanishing of the
magnon energy gap of a magnetic superlattice cor-
responds to a symmetry, agrees with the results in
Refs.[23-27].
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4. Conclusion

In conclusion, we have studied systematically the
magnon energy band gaps in the four-layer ferromag-
netic superlattice, by using the linear-spin wave ap-
proach and Green’s function technique. We have dis-
cussed the effects of the spin quantum number and the
interlayer exchange couplings on the magnon energy
band gaps of the system.

There are four energy spectra branches along K,
direction in the four-layer ferromagnetic superlattice.
The three energy gaps Awio, Awss and Awsy exist in
the magnon energy band of the system. When the
parameters of the system are close to the condition of
S1 =953, 52 = Sy, Ji2 = J34 and Joz = Jy1, the energy
gaps Awis and Awsy approach to zero; when they de-
viate from this condition, the energy gaps Awis and
Awsy will increase. When Jio = Jog = J3q = Jy1,
the energy gap Awpo is always equal to the energy
gap Awsyg; otherwise, the two energy gaps are un-
equal. This may be because both the energy gaps
Awqs and Awsy are derived from the point K, = 7 in
the Brillouin zone. When the parameters of the sys-
tem satisfy the condition of S; + S35 = Sy + S4 and
J1g = Jog = J34 = Jy1, the magnon energy gap Awsg
is zero. Of course, there are other parameters that
also correspond to the disappearance of the magnon
energy gaps Awis, Awas or Awsy (because their vari-
ation rule is complex, we have not discussed in this
paper). For the four-layer ferromagnetic superlattice,
the vanishing of the magnon energy gaps Awis, Awss
and Awsy all correlate with the symmetry of this sys-

tem. The zero energy gap Awss correlates with the
symmetry of interlayer exchange couplings, and the
disappearance of the magnon energy gaps Awio and
Aws4 corresponds to a translational symmetry in z-
direction in a lattice. The results about the magnon
energy gap of the four-layer ferromagnetic superlattice
may be applicable for absorbing electromagnetic wave
in the magnetic thin films.

Appendix
The parameters H;; are described as follows:

Hyy = 1812y.(1 = yx,)) + SaJ12 + SaJus,

Hiz = \/5182J12Vka
Hy3 = Hsy = H31 = Hy = 0,
Hig = /51849147~ ka,
Ha1 = \/51S2J127—ka,
Hay = 83J22,.(1 = i,,) + S1J12 + S3.Jas,
Has = /8253023 Vka
Hsz = \/S2S3J237—ka
Hzy = S3J3Zy:(1 — vi,,) + S2J23 + SaJ34,
Hsy = /S381J34Vka
Hy1 = /S151J41 ko
Hyz = \/S354J347 ks

Hyy = S4J4Zy-(1 = yi),) + S3Jza + S1Ju.
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