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By means of the Glauber’s coherent state method combined with multiple-scale method, this paper investigates the

localized modes in a quantum one-dimensional Klein–Gordon chain and finds that the equation of motion of annihilation

operator is reduced to the nonlinear Schrödinger equation. Interestingly, the model can support both bright and dark

small amplitude travelling and non-travelling nonlinear localized modes in different parameter spaces.
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1. Introduction

Over the past several decades, nonlinear localized
modes (also called discrete breathers) have become
a popular investigating field in one-dimensional an-
harmonic systems because some important properties
of solids are more or less determined by the nonlin-
earity and discreteness. Particularly, in the classical
one-dimensional lattice chain, the nonlinear localized
modes, which are time-periodic and localized in space,
have been intensively investigated by both analytical
and numerical methods and great progress has been
made.[1−28]

In searching for experimental means to verify non-
linear localized modes in real microscopic systems, re-
cent attention has been paid to quantum nonlinear
excitations. Generally, the quantum nonlinear exci-
tations are studied by both numerical and analytical
methods. Several important properties of the quan-
tum nonlinear excitations are exhibited,[5−14] which
improve our understanding of the nonlinear excita-
tions. For example, adopting ‘pseudofield’ opera-
tors, Konotop and Takeno[12] investigated the quan-
tum one-dimensional FPU chain and quantum enve-
lope soliton solution has been found. In addition, by
means of Glauber’s coherent method combined with
continuum approximation, Shi et al [9−11] investigated
the quantum one-dimensional monoatomic chain and

obtained the nonlinear phonon localized solutions for
the expectation value of the displacement. However,
in Refs.[9] and [10], in order to solve the equation of
motion of annihilation operator, they introduced con-
tinuum approximation. So the results are valid for
small wave vector. Actually, the one-dimensional lat-
tice chain is discrete. However, the application of the
continuum approximation would lead to the higher
symmetry of the system. Therefore, one may lose
some solutions when the system has higher symmetry.
In the contrary, the application of the multiple-scale
method, lowering the symmetry, enriches the class
of solutions because fewer restrictions are imposed.[1]

In fact, by using exact numerical diagonalization of
the Hamiltonian, the multi-phonon bound states[5]

(or biphonons bound states[6−8]) exist as eigenstates,
which are natural counterparts of nonlinear localized
modes of classical nonlinear microscopic systems. The
numerical results not only give us much interesting
information of the anharmonic lattice, but also im-
ply that breathers can exist in quantum anharmonic
lattice.

In this paper, by means of Glauber’s coherent
method combined with a simplified version of the
multiple-scale method,[15] we investigated nonlinear
localized modes in a quantum one-dimensional Klein–
Gordon chain. Fortunately, we find that the equation
of motion of annihilation operator can be solved ana-
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lytically without adopting continuum approximation.
Analytical nonlinear localized mode solutions for both
bright and dark localized modes are demonstrated.
This paper is organized as follows. In Section 2 the
Klein–Gordon chain is formulated by means of the
coherent state presentation combined with multiple-
scale method. The nonlinear Schrödinger equation is
obtained. In Section 3 we present the results and dis-
cussions. All possible nonlinear localized modes in
Klein–Gordon chain are given in different parameter
space. The paper is concluded in Section 4.

2. Method

Consider the Klein–Gordon chain with nearest
neighbours interactions, whose Hamiltonian is given
by

H =
∑

n

p2
n

2M
+

1
2
c (un − un−1)

2 +V (un) . (1)

Where V (un) = 1
2k2u

2
n + 1

4k4u
4
n is a substrate poten-

tial at the n-th particle. pn and un are momentum
and displacement of the n-th particle respectively, c is
the harmonic force constant, k2 andk4are on-site po-
tential parameters and we set k2 > 0 in this paper.
We will show later that the parameter k4 plays a cru-
cial role for the emergence of bright or dark nonlinear
localized modes. The lattice model has been used as
a prototype for analysing the effects of nonlinearity
and spatial discreteness on localization of vibrational
energy and energy transport (see Ref.[1] for a review).

If the on-site potential V (un) is chosen as a Morse po-
tential, Eq.(1) is the Peyrard–Bishop model for DNA
denaturation.[16]

Substituting V (un) =
1
2
k2u

2
n+

1
4
k4u

4
n into Eq.(1),

one get

H =
∑

n

p2
n

2M
+

1
2

(c + k2) u2
n

+
1
2
c
(
u2

n−1 − 2unun−1

)
+

1
4
k4u

4
n. (2)

In this paper we consider that anharmonic and inter-
particle effects are relatively small,[17] i.e.

c ¿ k2,
∣∣k4ū

2
∣∣ ¿ k2. (3)

Where ū is a root-mean-square value of any of the
un. The condition (3) is reasonable in some real
systems.[18]

We may quantize the Hamiltonian through the
substitutions[10,11,17]

un →
(

~
2Mω0

) 1
2 (

b+
n + bn

)
,

pn →
(
~Mω0

2

) 1
2

i
(
b+
n − bn

)
. (4)

Here ω0 =
√

(k2 + c)/M . The Bose operator b+
n and

bn obey the Bose commutation relation
[
bn, b+

n′
]

=
δnn′ . The quantized Hamiltonian of the model can be
written as follows.

H = Heff + H ′ (5)

with

Heff =
∑

n

~ω0

4
(
b+
n bn + bnb+

n

)

+
∑

n

c~
4Mω0
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)
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Here phonon conserving term Heff is the effective
Hamiltonian. It is obvious that the phonon non-
conserving term H ′ will cause complexity in this prob-
lem. However, under the condition of Eq.(3), it has
been proved that non-conserving term H ′ is unimpor-

tant and can be omitted in Ref.[18]. Therefore, only
Heff is used in this paper. As is known, the equation of
motion of annihilation operator in Heisenberg picture

may be written as i~
∂

∂t
bm = [bm,Heff ]. Subsequently,

we get

i
∂

∂t
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ω0

2
bm +

c

2Mω0
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2Mω0
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(
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)2
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(
1
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)2
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(
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2
+
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(
1

2Mω0
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)
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(

1
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)2

b+
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Although Eq.(8) is complex, it can be solved an-
alytically. Following Refs.[9], [10] and [11], we intro-
duce Glauber’s coherent states to Eq.(8)

bm |β〉 = βm |β〉 ,
|β〉 =

∏

i

|βi〉. (9)

In this representation, Eq.(8) takes the form

i
∂

∂t
βm

=

(
ω0

2
+

c

Mω0
+

k2

2Mω0
+ 3k4~

(
1

2Mω0

)2
)

βm

− c

2Mω0
(βm−1 + βm+1)

+ 3k4~
(

1
2Mω0

)2

β+
mβmβm

=Aβm −B (βm−1 + βm+1) + C |βm|2 βm, (10)

with

A =

(
ω0

2
+

c

Mω0
+

k2

2Mω0
+ 3k4~

(
1

2Mω0

)2
)

,

(11)
B =

c

2Mω0
, (12)

C = 3k4~
(

1
2Mω0

)2

. (13)

Now, we adopt a simplified version of the
multiple-scale method.[15] Since we look for small am-
plitude nonlinear localized modes, so we make trans-
formation βm → εβm, where ε is a small parameter.
Then Eq.(10) reduces to

i
∂

∂t
βm =Aβm −B (βm−1 + βm+1)

+ Cε2 |βm|2 βm. (14)

We now look for modulated solution of the form

βm = φ (t1, t2, x1) ei(kma−ωt), (15)

which consists of a slowly varying envelope modulat-
ing a carrier wave. Where t1 = εt, t2 = ε2t, x1 = εx.

The derivative operator ∂/∂t and ∂/∂x are expanded
as

∂

∂t
=

∂

∂t
+ ε

∂

∂t1
+ ε2 ∂

∂t2
,

∂

∂x
= ε

∂

∂x1
. (16)

Consequently, from Eq.(14) to Eq.(16) we get

[ω −A + 2 cos (ka) B]φm

+ ε

[
i
∂φm

∂t1
+ 2iaB sin (ka)

∂φm

∂x1

]

+ ε2

[
i
∂φm

∂t2
+ a2B cos (ka)

∂2φm

∂x2
1

+ C |φm|2 φm

]

=0. (17)
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Equate coefficient at each order of ε, we get

ω = A− 2B cos (ka) , (18)

∂φm

∂t1
= −2aB sin (ka)

∂φm

∂x1
, (19)

i
∂φm

∂t2
+ a2B cos (ka)

∂2φm

∂x2
1

+ C |φm|2 φm = 0. (20)

Equation (18) gives the dispersion relation. Therefore,
we can get the group velocity

vg =
dω

dk
= 2Ba sin (ka) . (21)

From Eq.(19), we can see that

φm = φm (t2, z) , (22)

where z = x1 − 2aB sin (ka) t1. Then Eq.(20) trans-
formed into

i
∂φm

∂t2
+ B′ ∂

2φm

∂z2
+ C |φm|2 φm = 0, (23)

where B′ = a2B cos (ka). Eq.(23) is the famous non-
linear Schrödinger equation.

3. Results and Discussions

The solutions of Eq.(23) depend on the sign of the
dispersive coefficient B′ and the nonlinear coefficient
C.[19] If B′C > 0, Eq.(23) has a bright envelope soliton
solution which has a vanishing amplitude at|z| → ∞.
If B′C < 0, Eq.(23) has a dark envelope soliton solu-
tion.

A. k ∈ [−π/2a, π/2a]
From Eq.(12), we can see that B > 0(c > 0), so,

while k ∈ [−π/2a, π/2a], B′ > 0. From Eq.(13), we
find that k4 determines the sign of the nonlinear co-
efficient C. When k4 > 0, the nonlinear coefficient
C > 0. Then the bright nonlinear localized mode of
Eq.(23) is given by

φm =

√
2B′

C
γ sech [γ (z − z0)] eiγ2B′t2 , (24)

where the soliton amplitude γ is a free parameter.
Combining Eqs.(15), (21) and (23), we can get

βm =

√
2B′

C
γ sech εγ [(m−m0) a− vgt]

× ei(kma−ωt)+iε2γ2B′t. (25)

Finally, expectation value of the displacement of lat-
tice sites is given by

um =
√

~
2mω0

(βm + β∗m)

=ε

√
~

2mω0

{
2

√
2B′

C
γ sech εγ [(m−m0) a− vgt]

× cos
(
kma− ωt + ε2γ2B′t

) }
. (26)

Equation (26) represents a bright envelope soliton

with group velocity vg =
dω

dk
= 2Ba sin (ka). At

the centre of the Brillouin zone, i.e., at k = 0, the
group velocity vg = 0, then Eq.(26) represents a non-
travelling breather.

um =ε

√
~

2Mω0

{
2

√
2B′

C
γ sech [εγ (m−m0) a]

× cos (kma + Ωt)
}

, (27)

where the oscillation frequency Ω =
(
ε2γ2Ba2 − ω

)
.

Nonlinear localized modes with similar properties are
often called intrinsic localized modes.[20−22]

When k4 < 0, the nonlinear coefficient C < 0.
Then the dark localized mode of Eq.(23) is given
by[21,23]

φm = D (z, t2) eiµ(z,t2), (28)

where

D (z, t2) =D0

[
1− ρ2 sech 2

(
ρD0

√
−C

2B′ z

)] 1
2

, (29)

µ (z, t2) =

√
−C

2B′

[√
1− ρ2D0z + tan−1

{
ρ√

1− ρ2
× tanh

(
ρD0

√
−C

2B′ z

)}]

− D0C

2
(
3− ρ2

)
t2. (30)
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Here, D0 is a free parameter and ρ (0 ≤ ρ ≤ 1) is a parameter which controls the depth of the modulation of
amplitude. Finally, we get

βm = φmei(kma−ωt)

= D (z, t2) eiµ(z,t2) × ei(kma−ωt)

= D0

[
1− ρ2 sech 2

(
ρD0ε

√
−C

2B′ (ma− vgt)

)] 1
2

× e
i
q
−C
2B′

»√
1−ρ2D0ε(ma−vgt)+tan−1


ρ√

1−ρ2
×tanh

„
ρD0ε

q
−C
2B′ (ma−vgt)

«ff–
−D0C

2 ε2(3−ρ2)t+i(kma−ωt)
. (31)

From Eq.(31), we finally obtain expectation value of the displacement of lattice sites

um =
√

~
2Mω0

(βm + β∗m)

=ε

√
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2Mω0
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2D0

[
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(
ρD0ε

√
−C
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)] 1

2
}

× cos
{√
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2B′

[√
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{
ρ√

1− ρ2
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(
ρD0ε

√
−C

2B′ (ma− vgt)
)}]

− D0C

2
ε2

(
3− ρ2

)
t + kma− ωt

}
. (32)

As we discussed above, Eq.(32) represents a dark envelope soliton with group velocity vg =
dω

dk
= 2Ba sin (ka).

At the centre of the Brillouin zone, i.e., at k = 0, the group velocity vg = 0, which represents non-travelling
breather

um = ε

√
~

2Mω0

{
2D0

[
1− ρ2 sech 2

(
ρD0ε

√
−C

2B′ma

)] 1
2
}

× cos
{√

−C
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{
ρ√
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(
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√
−C
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)}]
kma− Ωt

}
, (33)

where the oscillation frequency Ω =
[
D0C

2
ε2

(
3− ρ2

)
+ ω

]
.

B. k ∈ [−π/a,−π/2a] or k ∈ [π/2a, π/a]
While k ∈ [−π/a,−π/2a] or k ∈ [π/2a, π/a], B′ < 0. When k4 > 0, we get dark travelling localized mode

um =ε

√
~

2Mω0

{
2D0

[
1− ρ2 sech 2

(
ρD0ε

√
−C

2B′ (ma− vgt)
)] 1

2
}
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{√
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ρ√
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(
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√
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2
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(
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)
t + kma− ωt

}
, (34)

where vg =
dω

dk
= 2Ba sin (ka) is the group velocity. Different from part A, at the boundary of the Brillouin

zone, i.e., at k = π/a or k = −π/a, the group velocity vg = 0.
When k4 > 0, the bright travelling localized mode is obtained.

um = ε

√
~

2Mω0

{
2

√
2B′

C
γ sech εγ [(m−m0) a− vgt] cos

(
kma− ωt + ε2γ2B′t

)
}

. (35)

Similarly, at the boundary of the Brillouin zone, i.e., at k = π/a or k = −π/a, the group velocity vg = 0.
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4. Conclusions

In this paper, by using Glauber’s coherent state
method combined with a multiple-scale method, we
investigate analytically the quantum one-dimensional
Klein–Gordon chain. We find that the equation of
motion of annihilation operator can be reduced to the
discrete nonlinear Schrödinger equation. Bright and
dark nonlinear localized solutions for the expectation
value of the displacements are found. Several interest-
ing aspects emerged: the on-site potential parameter
k4 and wave vector k determine whether the bright lo-

calized modes or dark localized modes emerge. When
k4 > 0, the bright localized modes emerge with k ∈
[−π/2a, π/2a] and the dark localized modes emerge
with k ∈ [−π/a,−π/2a] or k ∈ [π/2a, π/a]. When
k4 < 0, the result is just opposite: the dark local-
ized modes emerge with k ∈ [−π/2a, π/2a] and the
bright localized modes emerge withk ∈ [−π/a,−π/2a]
or k ∈ [π/2a, π/a]. These phenomena, to the best
of our knowledge, have not been reported previously.
These results may improve our understanding of the
simple anharmonic lattice.
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