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Finite-amplitude vibration of a bubble in water”
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The numerical results obtained by Rayleigh—Plesset (R-P) equation failed to agree with the experimental Mie
scattering data of a bubble in water without inappropriately increasing the shear viscosity and decreasing the surface
tension coefficient. In this paper, a new equation proposed by the present authors (Qian and Xiao) is solved. Numerical
solutions obtained by using the symbolic computation program from both the R-P equation and the Qian-Xiao (Q-X)
equation clearly demonstrate that Q-X equation yields best results matching the experimental data (in expansion phase).
The numerical solutions of R-P equation also demonstrate the oscillation of a bubble in water depends strongly upon the
surface tension and the shear viscosity coefficients as well as the amplitude of driving pressure, so that the uniqueness
of the numerical solutions may be suspected if they are varied arbitrarily in order to fit the experimental data. If the
bubble’s vibration accompanies an energy loss such as the light radiation during the contract phase, the mechanism of
the energy loss has to be taken into account. We suggest that by use of the bubble’s vibration to investigate the state
equations of aqueous solutions seem to be possible. We also believe that if one uses this equation instead of R-P equation
to deal with the relevant problems such as the ‘phase diagrams for sonoluminescing bubbles’, etc., some different results

© 2008 Chin. Phys. Soc.
and IOP Publishing Ltd

may be expected.
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1. Introduction

When a bubble is trapped in liquid by a strong
sound field it undergoes finite-amplitude oscillations.
During the collapse when its volume approaches to
the minimum, the energy density of the gas inside
the bubble becomes extremely high so that light emis-
sion is produced, which was first observed by Gaitan
et al.l In order to investigate the mechanism of the
sonoluminescence a variety of physical processes were
suggested,2=7 all of which have something in common
that they have to resort to a equation to describe the
vibration of the bubble.
cal cases the bubble’s vibration has been involved, for

Moreover, in many practi-

example, in the uses of high intensity focused ultra-
sound (HIFU) many phenomena relevant to bubbles
were observed, which would have tremendous influ-
ence upon the HIFU operation, and thus upon the
physical and medical therapy.[®% Recently, the au-
thors of Ref.[10] asserted that they observed the cavi-
tation fusion, which up to now has been debated about
hotly. In order to examine theoretically whether this
phenomenon is true, an equation to exactly describe
bubble’s vibration becomes absolutely necessary.

During the rarefaction half-cycle the radius of the

bubble will increase from its ambient value to the
maximum R,,., then decreases to its minimum value
Rpin during the compression half-cycle, which spans
almost two degrees of magnitude so that its instan-
taneous radius obeys a nonlinear equation. Rayleigh,
the pioneer to explore the subject of the nonlinear vi-
bration of a bubble, investigated the vibration of a
void in an incompressible liquid.[*!] Plesset, 2] Nolt-
ing and Neppiras,'® and Poritsky'¥ studied a simi-
lar case, where the void was filled with gas or vapour,
with the effects of the shear viscosity and the sur-
face tension being taken into account. In order to
investigate the vibration of a bubble in the compress-
ible liquid, Trilling,!*® Herring'®! and Flynn'") made
an assumption that the vibrating bubble emits acous-
tic radiation, in which r¢ propagates toward the lig-
uid with the sound speed of infinitesimal-amplitude
wave cg, where r is the distance from the bubble’s
centre to a point in liquid, and ¢ is the velocity poten-
tial. Based on the Kirkwood-Bethe (KB) assumption
that the kinetic enthalpy h + u?/2 multiplied by the
distance r is a Riemann—Earnshaw simple wave, for
an isentropic process Gilmore!'®! obtained the KBCG
equation, where h and u are the enthalpy and the
particle velocity in the liquid, respectively. Moreover,
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it is noteworthy that in these previous theories the
viscosity occurring in the kinetic equation was ne-
glected, the influences of which were taken into ac-
count in the boundary conditions.'¥ By taking the
shear viscosity into account, an equation was given by
Keller and Miksis (KM),!*”] where the shear viscos-
ity is included in the inertial term. If the viscosity is
neglected, one can obtain the Lastman and Wentzell
(LW) equation.[?’l Recently, by a suggestion of one-
parameter family of equations in the compressible lig-
uids Prosperettil?!! attempted to combine the various
theoretical equations into a comprehensively unitary
expression, which seems to be difficult. For conve-
nience of formulating the problem, in this paper we
suggest an equation by a “dull” way, which can be
described as follows:

47] . 3 n3 9
m— 4 (1 ngM)] RE+ (1 —M) R
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R . 4n -
=1 Mh + = (M — nyM? M»h— —_LR
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~ 2 L f(R, Bst), (1)
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where p is the density, c¢ is the sound speed, 1 is the
shear viscosity coeflicient, o is the surface tension co-
efficient of the liquid surrounding the bubble, R is the
R/c.
The function f indicates some additional terms, and

P(R)
e[ @)

P(oc0) P

instantaneous radius of the bubble, and M =

where the pressure of the liquid on the surface of the
bubble can be denoted by

P(R) = (P +20/R)[(R§ — a)/(R§ — )] — 20/R

and P(c0)
radius of the bubble, a is the van der Waals hard-core

= Py — pysinwt, where Ry is the ambient

radius, Py is the static pressure, and p, is the ampli-
tude of driving pressure. Thus, one has following re-
sults: ny =0, no =2, ng =4, ng =1, nsg =1, ng =
0, n7 = 0 from equation by Trilling; n; = 0,ne =
2,n3 =0, ng =0, ns =0, ng =0, ny =0 from the
equation by Flynn; ny =1, no =1, ng =1, ngy =

0, ns =0, ng = 1, ny = 1 from the equation by

l
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Keller-Miksis; n =0, no =1, ng =1, ng =0, n5 =
0, ng = 1,n7 = 1 from the equation by Lastman—
Wentzell; nq
0, ng = 0, ny; = 0, from the Rayleigh—Plesset equa-

:07712:0,713:0,714:0, ns =

tion. In the above-mentioned theories the approxima-
tion

h~ [P(R) — P(c0)]/po0

is taken; and one has n; =0, no =1, ng =1, ny =
1, n5 =0, ng =1, ny = 0 from equation by KBCG,
where h can be obtained by substituting Tait’s state
equation into Eq.(2). It is worth noticing that when
M > 1, some theoretical equations present the prob-
lem that the effective mass becomes negative (negative

inertia).[??]

2. Q (Qian)-X (Xiao) equation

Obviously, there are several defects in the R-P
equation. (1) It can only be used in the situation
where M < 1. However, the numerical computation
shows that when the radius of the bubble approaches
to its minimum value, we have M > 1 even M > 1.
(2) The volume viscosity ¢ is neglected, which can-
not be valid in liquids such as water. As pointed
out by Leonard Hall the structure relaxation exists
in water,[23] which causes a non-zero volume viscos-
ity £&. The sound absorption experiment carried out
by Liebermann showed that only if the volume viscos-
ity (¢ ~ 8n/3[24=26]) is taken into account, can the
theoretical result agree with the measurements. (3)
It is assumed that the bubble emits an infinitesimal-
amplitude radiation, which disagrees with the exper-
imental results obtained in Ref.[27], where the shock
waves in water near the bubble’s surface were ob-
served. (4) In the process of mathematical derivation
of R-P equation and the numerical computation, all of
them did not consider the change of the sound speed
as well as the density etc. with the time t.

Based on the generalized hydrodynamic equation
including the volume viscosity and the assumption
that r¢ is a Riemann-Earnshaw radiation, we have
obtained an equation (Q-X)[8! as follows:

R Oc
2¢2 Ot

1 0h(0
c 315
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where M = R/c, X = 0X/ot, X = 9°X/0t2,
b = ¢+ 4n/3, £ and n are the volume and shear
viscosities, respectively, (b = 4n)1?526 for water. In
the numerical computation, the Tait equation [P(R)+
B]/[P(c0)+ B] = [p(R)/p(c0)]™ will be used to calcu-
late p, ¢ etc., where B = 3074 atm. (1atm ~ 10° Pa),
n = 7.14 for water.

3. Numerical computation

Long time ago, the R-P equation was always
used to explain sonoluminescence phenomena, during
which, for a given ambient size of the bubble, the ra-
tio Ry /Ro is best match with the experimental data
by varying pa.l? Substituting the values of Ry and pa
into R-P equation, one obtains its numerical solution.
However, the theoretical results given by this proce-
dure usually do not agree with the Mie scattering data
without enlarging the shear viscosity and reducing the
surface tension coefficient.[2:3:22:29:30] In this paper,
Eq.(3) and the R-P equation are solved numerically,
using the symbolic computation program with Runge-
Kutta method. Figure 1 shows the results for the fre-
quency f = 26.5kHz, p, = 1.325atm., Ry = 4.5 um,
co = 1481 m/s, where the solid line indicates the Q-X
result with b = 0.004Pa-s, 0 = 0.072N/s; the dashed
line indicates R-P result with n = 0.007Pa-s (en-
larged 7 times),? ¢ = ON/s; and the dotted line is
the R-P result with n = 0.001Pa-s, 0 = 0.072N/s
(both of them are the normal values); the symbols (cir-
cles) represent the Mie scattering experimental data
(taken from Ref.[2]), which shows that during the pe-
riod from the expansion of the bubble to its mini-
mum size, only the theoretical result by Q-X equa-
tion (where the normal values of the viscosity and
surface tension coefficient are used) shows a good fit
to the experimental data. Figure 2 shows the results
for f = 26.5kHz, p, = 1.075atm., Ry = 10.5 um,
co = 1481 m/s, where the solid line indicates the Q-X
result with b = 0.004Pa-s, 0 = 0.072N/s; the dashed
line indicates the R-P result with nn = 0.007 Pa-s (en-
larged 7 times),?) ¢ = 0N/s; and the dotted line is the
R-P result with n = 0.001Pa-s, 0 = 0.072N/s (both
of them are the normal values), the symbols (circles)
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Fig.1. The history of an air bubble vibration in water,
for frequency 26.5kHz, sound pressure p, = 1.325atm.,
Ro = 4.5um, ¢ = 1481m/s, v = 1.4; symbols (cir-
Mie scattering data (taken from the Fig.3(a) in
Ref.[2]); solid line: from Q-X equation, for total viscosity
b = 0.004 Pa - s, surface tension coefficient o = 0.072 N /m;
dashed line: from R-P equation, for shear viscosity n =
0.007Pa-s, 0 = ON/m; dotted line: from R-P equation,
for n = 0.001Pa-s, o = 0.072N/m.
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Fig.2. The history of an air bubble vibration in water,
for frequency 26.5kHz, sound pressure p, = 1.075atm.,
Ro = 10.5pum, ¢o = 1481 m/s, v = 1.4; symbols (circles):
Mie scattering data (taken from Fig.3(b) in Ref.[2]); solid
line: from Q-X equation, for total viscosity b = 0.004 Pa - s,
surface tension coefficient ¢ = 0.072N/m; dashed line:
from R-P equation, for shear viscosity n = 0.007Pa s, o0 =
0N/m; dotted line: from R-P equation, for n = 0.01 Pa-s,
o =0.072N/m.

are the Mie scattering experimental data (taken from
Ref.[2]). The Q-X results are in excellent agreement
with the Mie scattering data except those in the con-
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tract phase of the bubble (see Section 4). Figure 3(a)
shows the results f = 26.5kHz, p, = 1.35atm., Ry =
4.5 um, c¢p = 1481 m/s, where the solid line indicates
the Q-X result with b = 0.004Pa-s, 0 = 0.072N/s;
the dashed line indicates the R-P result with n =
0.003Pa-s (enlarged 3 times),’! o = 0.03N/s; and
the dotted line is the R-P result with n = 0.001 Pa s,
o = 0.072N/s (both of them are the normal values),
the symbols (dots) represent the Mie scattering data
(taken from Ref.[3]).
theoretical result by Q-X equation is closest to the

It is worthy to notice that the

experimental data and the result (dashed line with
n = 0.003Pa-s and o = 0.03N/s) is different from

that (Fig.1 in Ref.[3]) given in Ref.[3]. It is worth
50
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noticing that the numerical results obtained by Q-X
equation are still lower than the Mie scattering data,
where the values p, and Ry in Ref.[3] have been con-
tinued to be used. However, they are the fitting pa-
rameters, by which an optimal fitness between the so-
lution of R-P equation and the data could be achieved
only by varying the surface tension and viscosity ab-
normally. On the other hand, if the Q-X numerical
solutions with the normal values of the surface ten-
sion and viscosity are used to fit the data, the fitness
should be appropriate. Figure 3(b) shows the results
for a given size of bubble Ry = 4.5 um, p, should be
1.4 atm. in order to fit the numerical solution of Eq.(3)
with the data. Figure 4(a) shows the vibration of a
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Fig.3. (a) The history of an air bubble vibration in water, for frequency 26.5kHz, sound pressure p, = 1.35atm.,
Ro = 4.5 pum, ¢ = 1481 m/s, v = 1.4; symbols (circles): Mie scattering data (taken from Fig.1 in Ref.[3]); solid line:
from Q-X equation, for total viscosity b = 0.004 Pa - s, surface tension coefficient o = 0.072; dashed line: from R-P
equation, for shear viscosity n = 0.003Pa-s, o = 0.03N/m; dotted line: from R-P equation, for n = 0.001 Pa-s,

o = 0.072N/m.

(b) The history of an air bubble vibration in water, for frequency 26.5kHz, sound pressure

pa = l.4atm., Ry = 4.5 um, co = 1481 m/s, v = 1.4; symbols (circles): Mie scattering data (taken from the Fig.1 in
Ref.[3]); solid line: from Q-X equation, for total viscosity b = 0.004 Pa - s, surface tension coefficient ¢ = 0.072 N/m;
dashed line: from R-P equation, for shear viscosity n = 0.003 Pa-s, o = 0.03 N/m; dotted line: from R-P equation,

for n =0.001Pa-s, 0 = 0.072N/m.

deuterium bubble, with a frequency of 32.5 kHz, sound
pressure p, = l.4atm., Ry = 3um, ¢g = 1481 m/s,
and 7 = 1.4. In this figure symbols (circle) denote
Mie scattering data (taken from Fig.3(a) in Ref.[29]);
solid line denotes the result obtained from Q-X equa-
tion with the total viscosity b = 0.004 Pa-s, surface
tension coefficient o = 0.072 N/s; dashed line (R-P ab-
norm) the result obtained from R-P equation with the
shear viscosity n = 0.003 Pa-s, 0 = 0.03N/s; and dot-
ted line the result obtained from R-P equation with
n = 0.001Pa-s and o = 0.072N/s. In order to fit
the data normally with the Q-X numerical solutions,
Fig.4(b) shows similar results to those in Fig.4(a) only

with p, = 1.45 atm. instead of p, = 1.4atm. Figure 5
shows the similar results for ethane bubble in water.

In order to inspect the dependence of the vibra-
tion of the bubble upon the shear viscosity and surface
tension, R-P equation was solved numerically for var-
ious shear viscosities and surface tensions. Figure 6
demonstrates the relationship between the vibration
of a deuterium bubble and the coefficients of surface
tension (o = 0.0, 0.01, 0.03, 0.05, 0.072N/m), where
the coefficient of shear viscosity n = 0.001 Pa-s, am-
bient radius Ry = 3.0 um, frequency f = 32.5kHz,
pa = l.4atm. and v = 1.4. Figure 7 shows the rela-
tionship between the vibration of a deuterium bubble
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Fig.4. (a) The history of a deuterium bubble vibration in water, for frequency 32.5 kHz, sound pressure p, = 1.4 atm.,
Ry = 3pm, co = 1481 m/s, v = 1.4; symbols (circles): Mie scattering data (taken from Fig.3(a) in Ref.[29]); solid
line: from Q-X equation, for total viscosity b = 0.004 Pa-s, surface tension coefficient ¢ = 0.072N/m; dashed
line: from R-P equation, for shear viscosity n = 0.003Pa-s, o = 0.03N/m; dotted line: from R-P equation,
for n = 0.01g/(cm s), o = 0.072N/m. (b) The history of a deuterium bubble vibration in water, for frequency
32.5kHz, sound pressure p, = 1.45atm., Rg = 3 um, cp = 1481 m/s, v = 1.4; symbols (circles): Mie scattering data
(taken from Fig.3(a) in Ref.[29]); solid line: from Q-X equation, for total viscosity b = 0.004 Pa-s, surface tension
coefficient o = 0.072 N /m; dashed line: from R-P equation, for n = 0.001 Pa-s, o = 0.072N/m.
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Fig.5. The history of an ethane bubble vibration in wa-
ter, for frequency 23 kHz, sound pressure p, = l.5atm.,
Ro = 4pm, ¢o = 1481m/s, v = 1.2; symbols (circles):
Mie scattering data (taken from Fig.6(a) in Ref.[30]); solid
line: from Q-X equation, for total viscosity b = 0.004 Pa - s,
surface tension coefficient o = 0.072N/m; dashed line:
from R-P equation, for shear viscosity n = 0.003Pa-s,
o = 30dyne/cm; dotted line: from R-P equation, for
n=0.001Pa-s, o = 0.072N/m.

and the shear viscosity coefficients (n = 0.001, 0.003,
0.004, 0.005, 0.007 Pa-s), where the coefficient of sur-
face tension ¢ = 0.05N/m, ambient radius Ry =
3.0 um, frequency f = 32.5kHz, p, = 1.4atm. and
~v = 1.4. The results from Figs.6 and 7 show that both
the surface tension and shear viscosity have great in-
fluence upon the bubble’s vibration; for example, the
amplitude of the bubble’s vibration will increase more
than twice if the surface tension is neglected.
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Fig.6. Vibration of a deuterium bubble for various co-
efficients of surface tension: o = 0.0, 0.01, 0.03, 0.05,
0.072N/m. Coefficient of shear viscosity n = 0.001 Pa-s;
ambient radius Ro = 3.0 um; frequency f = 32.5kHz;
pa = lL4atm.; v=1.4.
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Fig.7. Vibration of a deuterium bubble for various shear
viscosity coefficients: 7 = 0.001, 0.03, 0.004, 0.05,
0.07Pa-s. Coefficient of surface tension ¢ = 0.05N/my;
ambient radius Ro = 3.0 um; frequency f = 32.5kHz;
pa = lL4atm.; v =1.4.
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4. Discussions

As is already known, R-P equation is only valid
Unfortu-
nately, the Mach number of liquid near the surface

for Mach number M much less than 1.

of the bubble is close to, even larger than, 1 when
More-
over, the numerical solutions for Egs.(1) (R-P equa-
tion) and (3) demonstrate that the history of a bubble
depends upon surface tension coefficient and viscosity

the bubble contracts to its minimum radius.

(see Figs.6 and 7) as well as the driving pressure (see
Figs.3(a), 3(b), 4(a), 4(b)), so an arbitrary variation of
them (particularly, for degas-distilled water) to match
the numerical results with the data will violate the
physical circumstance; furthermore, the uniqueness of
the numerical solutions may even be suspected. How-
ever, Eq.(3), where the Tait state equation was used
to exactly describe the function h as well as the sound
speed, can be used to the situation for M > 1, so
that its numerical solutions agree with the experimen-
tal data very well without necessarily varying surface
tension coefficient and viscosity (see Figs.1-5). Thus,
the present authors suggest that using the bubble’s
vibration to investigate the state equations of aque-
ous solutions seem to be possible. They also believe
that if one uses this equation instead of R-P equation
to deal with the relevant problems such as the ‘phase
diagrams for sonoluminescing bubbles’; etc., some dif-
ferent results may be obtained.

From Figs.1-3, it can be seen that in bubble’s
contract phase the calculated instantaneous radius of
the bubble is larger than the Mie scattering data. A
possible explanation can be stated as follows. Dur-
ing the collapse of a bubble, the temperature inside
the bubble becomes so high that the transport pro-
cess, the heat radiation, even the light emission occur
inevitably, which will increase its effective damping
and decrease its bounces, in other words, a reason-
able result should be that the theoretical bounces of
both the R-P and Q-X numerical solutions are always
larger than the experimental ones. Thus, the effec-
tive damping generated by the heat process and light
emission should be taken into account.

5. Conclusions

The numerical results demonstrate that the equa-
tion describing the finite-amplitude vibration of a bub-
ble revised by the present authors (Q-X) yields best
results to match the experimental data. It is worth
noticing that a best fit of the numerical solutions of Q-
X equation with the experimental data is in the bub-
ble’s expansion phase rather than in contract phase.
If the bubble’s vibration accompanies an energy loss
such as the light radiation during the contract phase,
the mechanism of the energy loss has to be taken into
account.[*—6]

References

[1] Gaitan D F, Crum L A, Church C C and Roy R A 1992
J. Acoust. Soc. Am. 91 3166

[2] Hiller R A, Putterman S J and Barber B P 1992 Phys.
Rev. Lett. 69 3839

[3] Lofstedt R, Barber B P and Putterman S J 1993 Phys.
Fluids A5 2911

[4] Wu C C and Robert P H 1993 Phys. Rev. Lett. 70 3424

[5] Moss W C, Clarke D B and Young D A 1997 Science 276
1398

[6] Xu N, Wang L and Hu X W 1999 Phys. Rev. Lett. 83
2441

[7] Hilgenfeldt S, Grossmann S and Lohse D 1999 Physics of
Fluids 11 1318

[8] Reed J A, Bailey M R, Nakazawa M, Crum L A and
Khokhlova V A 2003 IEEE Ultrasonics Symposium 728

[9] Le Gac Séverine, Zwaan Ed, van der Berg Abert and
Ohl Claus-Dieter, 6th Intern. Symp. Therapeutic Ultra-
sound (ISTU6), 30 August—2 September 2006, Oxford UK
(Melville, New York, 2007, AIP Conference Proceedings),
ed. Gail ter Haar, pp492-497

[10] Teleyarkhan R P, West C D, Cho J S, Lahey Jr R T, Nig-
matulin R I and Block R C 2002 Science 295 1868
Teleyarkhan R P, West C D, Cho J S, Lahey Jr R T, Nig-
matulin R T and Block R C 2004 Phys. Rev. E 69 036109

[11] Rayleigh L 1917 Phil. Mag. 34 94

[12] Plesset M S 1949 J. Appl. Phys. 16 277
Plesset M S and Chapman R B 1971 J. Fluid Mech. 47
283

[13] Nolting B E and Neppiras E A 1950 Proc. Phys. Soc. Lon-
don B63 674

[14] Poritsky H Proceedings of the first U.S. National Congress
on Applied Mechanics, June 11-16, 1951, Illinois Institute
of Technology, Chicago, IL (Am. Soc. Mech. Eng., Ed-
wards Brothers, Inc, Ann Arbor, MI) ed. E. Sternberg,
pp813-821

[15] Trilling I 1952 J. Appl. Phys. 23 14

[16] Herring C 1941 OSRD Report p236

[17] Flynn H G 1975 J. Acoust. Soc. Am. 57 1379
Flynn H G 1975 J. Acoust. Soc. Am. 58 1160

[18] Gilmore F R 1952 Calif. Inst. Tech. Rept. No. 26-4

[19] Keller J B and Miksis M 1980 J. Acoust. Soc. Am. 68 628

[20] Lastman G J and Wentzell R A 1982 J. Acoust. Soc. Am.
71 835



No. 10

Finite-amplitude vibration of a bubble in water

3791

[21] Prosperetti A and Lezzi A 1986 J. Fluid Mech. 168 457

22]

o
X

%)
=~

)
RS

Prosperetti A 1998 In NATO Advanced Studies Insti-
tute on Sonoluminescence and Sonochemstry ed. Crum
L (Dortrecht: Kluwer) p39

Barber B P, Hiller R A, Lofstedt R, Putterman S J and
Weninger K R 1997 Phys. Reports 281 65

Hall L 1948 Phys. Rev. 73 775

Liebermann L N 1949 Phys. Rev. 75 1415

Markham J J, Beyer R T and Lindsay R B 1951 Rev. Mod.
Phys. 23 353

[26]
27]

(28]
29]

(30]

Qian Z 1998 Journal of Sound and Vibration. 211 791

Lauterborn W and Claus-Dieter Ohl 1997 Ultrasonic
Sonochemistry 4 65

Qian Z and Xiao L 2003 Chin. Phys. Lett. 20 80
Lofstedt R, Weninger K, Putterman S J and Barber B P
1995 Phys. Rev. E 51 4400

Barber B P, Weninger K R, Lofstedt R and Putterman S
J 1995 Phys. Rev. Lett. T4 5276



