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This paper studies the propagation effect in a closed lambda-type three-level atomic system with Doppler broad-

ening. It is shown that, Doppler broadening due to atomic motion and propagation effect associated with driving field

depletion along the active medium decreases obviously the gain and output of the lasing without inversion (LWI); the

relative phase between the probe and driving fields has a remarkable modulation role to the propagation effect on LWI

when Doppler broadening presents; by choosing suitable value of the relative phase, we can get the largest gain and

output of LWI.
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1. Introduction

Recently, lasing without inversion (LWI) has at-
tracted much attention[1−5] as it can provide a new
tool in the pursuit of “tabletop” ultraviolet and γ-
ray laser and has other interesting statistical prop-
erties. LWI is the result of quantum coherence and
interference. There are many ways to generate quan-
tum coherence and interference in an atomic system.
Generally, they are produced by a coherent driving
field or by initial coherence. A kind of coherence
can be created by interference of spontaneous emis-
sion in the atomic systems with near-degenerate lev-
els, usually called spontaneously generated coherence
(SGC). The existence of SGC effect depends on the
nonorthogonality of dipole matrix elements. Effect of
SGC on the electromagnetically induced transparency,
LWI and optical bistability etc. have been widely
investigated.[6−14] Moreover, it has been shown that
atomic systems with SGC are sensitive to the relative
phase of the applied fields.[15−24] The propagation ef-
fect associated with driving field depletion along the
active medium is an important factor reducing LWI
gain.[25−27] In addition, in LWI experiments, usually
the active medium is an atomic gas, and Doppler
broadening is prominent. Doppler broadening also

produces an obvious influence on LWI gain.[28−31]

Hence, in order to get larger LWI gain and output,
investigating modulation role of the relative phase on
propagation effect is necessary under the condition of
Doppler broadening presenting. So far, to our knowl-
edge, there is no work about this topic. In this paper,
we will do this work. In order to see the damage of
Doppler broadening on LWI gain, we will discuss two
cases with and without Doppler broadening, respec-
tively.

2. Equations of motion

We consider a closed lambda-type three-level
atomic system, as illustrated in Fig.1. Transition

Fig.1. Closed lambda-type three-level system.

∗Project supported by the National Natural Science Foundation of China (Grant No 10675076) and the Natural Science Foundation

of Shandong Province, China (Grant No Y2006A21).
†Corresponding author. E-mail: xjfan108@yahoo.com.cn
http://www.iop.org/journals/cpb　http://cpb.iphy.ac.cn



No. 10 Phase modulation of propagation effect with Doppler broadening 3735

between the levels |1〉 and |2〉 is driven by a strong
coherent driving field with the amplitude Ec =
εce−iωct +c.c., frequency ωc and Rabi frequency Ωc =
εc ·d21/2~. An incoherent pump with a pumping rate
2Λ and a weak coherent probe field with the ampli-
tude Ep = εpe−iωpt + c.c., frequency ωp and Rabi

frequency Ωp = εp · d31/2~ are applied between lev-
els |1〉 and |3〉. 2γ1 and 2γ2 denote the spontaneous
emission rates from level |1〉 to level |3〉 and |2〉, re-
spectively. Using the rotating-wave and the electric
dipole approximations, we can write the density ma-
trix equations of motion of this system as:

σ̇11 = −2(γ1 + γ2)σ11 + i(Ωpσ31 − Ω∗
pσ13) + 2Λσ33 + i(Ωcσ21 − Ω∗

c σ12), (1a)

σ̇22 = 2γ2σ11 + i(Ω∗
c σ12 − Ωcσ21), (1b)

σ̇12 = −(γ1 + γ2 + i∆c)σ12 + iΩpσ32 − iΩc(σ11 − σ22), (1c)

σ̇13 = −(γ1 + γ2 + Λ + i∆p)σ13 + iΩcσ23 − iΩp(σ11 − σ33), (1d)

σ̇23 = −(Λ + i∆p − i∆c)σ23 + 2(γ1γ2)1/2 cos θησ11 + iΩ∗
c σ13 − iΩpσ21. (1e)

The above equations are constrained by σij = σ∗ji and
σ11 + σ22 + σ33 = 1. Where σii(i = 1, 2, 3) is the
population of the level |i〉, σij(i 6= j) is the atomic
polarization between levels |i〉 and |j〉, ∆p = ω13−ωp

and ∆c = ω12 − ωc are the detunings of the probe
and driving fields from their relevant atomic transi-
tions, respectively. 2(γ1γ2)1/2 cos θησ11 represents the
quantum interference effect resulting from the cross
coupling between the spontaneous emission |1〉 ↔ |2〉
and |1〉 ↔ |3〉, i.e., the SGC effect. The dipole mo-
ments d12 and d13 are not orthogonal, this fact is
necessary for the existence of the SGC effect. θ rep-
resents the angle between the two dipole moments.
If levels |2〉 and |3〉 lie so closely that the SGC ef-
fect has to be taken into account, then η = 1, oth-
erwise η = 0. When η = 0, Eqs.(1a)–(1e) reduce to
the equations for a closed lambda three-level atomic
system without SGC; when η = 1, Eqs.(1a)–(1e) de-
scribe a closed lambda three-level atomic system with
SGC. Because of the existence of the SGC effect,
the properties of the closed system depend greatly
on relative phase of the applied fields. Hence the
Rabi frequencies cannot be treated as real parame-
ters. Redefining the system variables in Eqs.(1a)–
(1e), ρii = σii, ρ12 = σ12 exp(iΦc), ρ13 = σ13 exp(iΦp),
ρ23 = σ23 exp(iΦ)，Φ = Φp−Φc, Ωp = Gp exp(−iΦp)
and Ωc = Gc exp(−iΦc), we obtain the equations
of motion for the redefined density matrix elements
ρij(i, j = 1, 2, 3), which are found to be identical with
Eqs.(1a)–(1e) except that σij , η, Ωp and Ωc are re-
placed by ρij , η exp(iΦ), Gp and Gc, respectively.
Where Gp and Gc are real.

Using the slowly varying envelope and the

rotating-wave approximations, we can write the prop-
agation equations of the driving and probe fields as

∂

∂z
Gc(z) =

3Nγ2λ
2
c

8π
Imρ21(z), (2a)

∂

∂z
Gp(z) =

3Nγ1λ
2
p

8π
Imρ31(z). (2b)

Where, N represents the density of atom, λc and λp

are the wavelength of the driving and probe fields, re-
spectively. Now we discuss the effect of atomic move-
ment bringing forth Doppler broadening on LWI sys-
tem. When single atom moves along the axis of z with
the velocity of ν, the frequency equation of the probe
field can be written as:

ωp(ν) = ωp(1± ν/c). (3a)

The negative (positive) sign corresponds to co-
propagating (counter-propagating) atom and field,
where ωp represents the frequency of the probe field
when the atom is immobile. Analogously, the fre-
quency equation of the driving field can be written
as:

ωc(ν) = ωc(1± ν/c). (3b)

Where ωc represents the frequency of the driving field
when the atom is immobile. ∆1(ν) = ω12−ωc(ν) and
∆2(ν) = ω13 − ωp(ν) are the detunings of the driv-
ing and probe fields from their relevant atomic tran-
sitions, respectively, when the atom moves. Using the
Eqs.(3a) and (3b), we can get the new equations as
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follows:

∆1(ν) = ∆0
1 ±

ωc

ωp
[∆2(ν)−∆0

2], (4a)

∆2(ν) = ∆0
2 ± ωpν/c. (4b)

Where ∆0
1 and ∆0

2 are the detunings of the driving
and probe fields with ν = 0, namely initial detun-
ing. ∆0

1 and ∆0
2 are equal to ∆c(= ω12 − ωc) and

∆p(= ω13 − ωp) respectively.
We assume that atomic velocity obeys Maxwell

distribution:

N(ν) =
N

σ
√

π
exp

(
−ν2

σ2

)
, (5)

where σ represents the most probable velocity, and
the width of Doppler broadening induced by emission
transition at the half-maximum position is:

∆ωDP = 2
√

ln 2
σ

c
ωp. (6)

Considering the effect of the Doppler broadening,
we can write Eqs.(2a) and (2b) as:

∂

∂z
Gc(z) =

3γ2λ
2
c

8π

∫
N(ν)Imρ21(z, ν)dν, (7a)

∂

∂z
Gp(z) =

3γ1λ
2
p

8π

∫
N(ν)Imρ31(z, ν)dν. (7b)

Where Gpand Gc are real.
The probe gain (absorption) coefficient corre-

sponds to the imaginary part of ρ31. If Imρ31 > 0, the
system exhibits gain for the probe field; if Imρ31 < 0,
the probe field is attenuated. When ρ11 < ρ33 and
Imρ31 > 0, gain without inversion can be obtained,
then LWI can be realized.

3. Numerical analysis

In the following we shall analyse the modulation
role of the relative phase on the propagation effect by
numerical calculation result when the probe and driv-
ing fields are co-propagating. Let us first consider the
case without Doppler broadening, i.e. ∆ωDP = 0.

In Fig.2 we plot probe gain (absorption) Imρ31,
Rabi frequencies Gc and Gp of the driving and probe
fields and population difference ρ11 − ρ33 as functions
of propagation distance z for different values of the
relative phase Φ. Where Rabi frequencies of the driv-
ing and probe fields at the entrance of the medium
are Gcin = 2π × 25MHz and Gpin = 2π MHz, respec-
tively. Other parameter values are: γ1 = 2π× 3MHz,
γ2 = 3γ1, λc = λp = 780 nm, Λ = 0.7γ1, p = 0.5,
∆1 = 0, ∆2 = −2π × 25MHz and N = 2× 1015/ cm3.

Fig.2. Imρ31, Gp, Gc and ρ11 − ρ33 as functions of propagation distance Z for different values of Φ with

∆ωDP = 0, Gcin = 2π×25MHz, Gpin = 2π MHz, γ1 = 2π×3MHz, γ2 = 3γ1, λc = λp = 780 nm, Λ = 0.7γ1,

p = 0.5, ∆1 = 0, ∆2 = −2π × 25MHz and N = 2× 1015/ cm3.
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From Fig.2 we can see that the relative phase
Φ has remarkable effect on variation rules of Imρ31,
Gc, Gp and ρ11 − ρ33. Figure 2(a) displays that with
the increase of propagation distance, Rabi frequency
(strength) of the driving field decreases monotonically
until it becomes zero, but the decreasing rate is differ-
ent for different value of Φ, so length of the distance
in which the driving field interacting with atoms is
different, and this length also determines the length
of the distance in which probe gain occurs. From the
viewpoint of energy conservation, increase of the probe
field originates from decrease of the driving field.

Figures 2(b) and 2(c) show that: when Φ = π,
in the range about from z = 0 cm to z ≈ 9.5 cm,
with the increase of propagation distance, the probe
field is always absorbed and so the Rabi frequency
(strength) of the probe field decreases monotonically.
When Φ = 0, π/4, π/2, we can get probe gain, but the
size and variation rule of the gain and thereby Rabi
frequency of the probe field are obviously different for
different value of Φ. From Fig.2(d) we know that when
the gain is gotten, population difference ρ11 − ρ33 is
always negative, i.e., inversion between the levels 1
and 3 doesn’t occur, so the gain is inversionless, i.e.
LWI gain. It is clear that the LWI gain and the steady

value (LWI output ) of the probe field corresponding
to Φ = π/4 or Φ = π/2 are considerably larger than
those corresponding to Φ = 0, i.e., those only SGC is
considered. LWI output and the average value of LWI
gain for Φ = π/4 are larger than those for Φ = π/2.

Now we study the case with Doppler broadening
(∆ωDP = 2π × 80MHz) as shown in Fig.3. Compar-
ing Fig.3 with Fig.2, we see that with the increase
of propagation distance, variation rules of Imρ31, Gc,
Gp and ρ11 − ρ33 in the case with Doppler broad-
ening are similar to those without Doppler broaden-
ing except that LWI output and the average value
of LWI gain for Φ = π/2 are larger than those for
Φ = π/4. The most obvious difference between both
cases with and without Doppler broadening is that
the maxima (Imρ31)max and (Gp)max of LWI gain
and Rabi frequency (LWI output) of the probe field
when Doppler broadening presents are considerably
smaller than those when Doppler broadening is absent.
When Doppler broadening is absent, (Imρ31)max ≈
0.03, (Gp)max ≈ 2π × 3MHz; when Doppler broad-
ening presents, (Imρ31)max ≈ 0.016, (Gp)max ≈ 2π ×
1.6MHz. This shows that Doppler broadening will
obviously attenuate propagation-dependent LWI gain
and output.

Fig.3. Imρ31, Gp, Gc and ρ11 − ρ33 as functions of propagation distance Z for different values of Φ with

same parameters values as those in Fig.3 but ∆ωDP = 2π × 80MHz.
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Finally, it should be pointed out that it doesn’t
violate energy conservation that both the probe and
driving fields are simultaneously attenuated when Φ =
π. This is due to that both are simultaneously scat-
tered by the atomic medium and there isn’t the en-
ergy transformation from the driving field to the probe
field.

4. Conclusions

In conclusion, using the results of numerical cal-
culation we analysed the effect of the relative phase
(Φ) between the probe and driving fields on the
propagation-dependent LWI gain, population differ-
ence, Rabi frequencies (strengths) of the probe and
driving fields in a closed lambda-type system for both
cases with and without Doppler broadening when the

probe and driving fields are co-propagating. It is
shown that Doppler broadening due to atomic motion
and propagation effect associated with driving field de-
pletion along the active medium decreases obviously
the gain and output of the LWI. The relative phase
(Φ) has a remarkable modulation role to the propaga-
tion effect on LWI. When Φ = π, the LWI gain doesn’t
present and the probe field is attenuated; when Φ = 0,
i.e., only SGC is considered, LWI gain can be ob-
tained, but the LWI gain is small; when Φ = π/4
and Φ = π/2, larger LWI gain and output can be got-
ten; specially, for the case with Doppler broadening
when Φ = π/2 or for the case without Doppler broad-
ening Φ = π/4, we can obtain the largest LWI gain
and output. It is necessary to choose suitable value of
the relative phase for getting the largest LWI gain and
output which are much larger than those when only
SGC is considered.
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