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In this paper, a practical impulsive lag synchronization scheme for different chaotic systems with parametric uncer-

tainties is proposed. By virtue of the new definition of synchronization and the theory of impulsive differential equations,

some new and less conservative sufficient conditions are established to guarantee that the error dynamics can converge

to a predetermined level. The idea and approach developed in this paper can provide a more practical framework for the

synchronization between identical and different chaotic systems in parameter perturbation circumstances. Simulation

results finally demonstrate the effectiveness of the method.
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1. Introduction

In the past decade, synchronization of the chaotic
systems has attracted considerable attention due to
its great potential applications in secure communica-
tion, chemical reactions and biological systems.[] The
first idea of synchronization between two chaotic sys-
tems with different initial conditions was introduced
by Pecora and Carroll.?! Since then, many different
methods have been applied theoretically and exper-
imentally to synchronize the chaotic systems, such
as linear and nonlinear feedback control,®~5 back-
stepping control,[®=8! variable structure control,!9—12
adaptive control,12-15 impulsive control,[16-20] ac-
tive control,222 etc. Among these methods, the im-
pulsive control provides an efficient method to deal
with the dynamical systems which cannot be con-
trolled by the continuous control. Additionally, in syn-
chronization process, the response system receives the
information from the drive system only at the discrete
time instants, which drastically reduces the amount
of synchronization information transmitted from the
drive system to the response system and makes this
method more efficient in a great number of real-life
applications.

As is well known, for many applications, the para-

chaotic systems, impulsive control, lag synchronization, parametric uncertainty

metric uncertainties of systems are inevitable, and
they can destroy the synchronization and even break
it. In the past few years, the analysis of synchroniza-
tion for chaotic systems with parametric uncertainties
has gained much researchers’ attention.[*1%16 Most
of the researchers mentioned above just concern the
synchronization between two identical chaotic systems
with known parameters or identical unknown parame-
ters. However, in reality there is hardly the case where
the structures of the drive and the response systems
can be assumed to be identical. Moreover, the para-
metric uncertainties of the drive and response systems
are always different and time-varying. Therefore, it is
significant to investigate the synchronization between
two different chaotic systems in the presence of differ-
ent time-varying parametric uncertainties.

Strictly speaking, in a practical environment with
signal propagation delays, it is not reasonable to re-
quire the response system to synchronize with the
drive system at exactly the same time. For this rea-
son, Ref.[23] re-defined the chaotic synchronization in
such a way that the state of the drive system at time
t — n asymptotically synchronizes with the response
system at time ¢, namely

Jim [zt —n) —z(t)] = lim [le()] =0,
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where =z and & are the state vectors of the drive
system and the response system, respectively, where
e(t) = z(t —n) — &(t) is the synchronization error,
and 7 is a finite channel time-delay, which is often
unknown. Due to the existence of different structures
and different time-varying parametric uncertainties, it
is hard to realize the complete synchronization de-
fined in Ref.[23].
a reasonable estimation of the synchronization error

Here, this paper aims at finding

bound. To formulate a more practical synchroniza-
tion scheme, we re-define the chaotic synchronization
in such a way that the synchronization error magni-
tude, i.e. ||e]|, converges to a value below a predeter-
mined bound £ > 0 whenever ||e|| is larger than &.

Motivated by the above discussion, we address a
practical issue by using the impulsive control method
to synchronize two different chaotic systems with
channel time-delay and different time-varying para-
metric uncertainties, derive some new and less con-
servative conditions for the robust impulsive synchro-
nization criteria, and reduce the synchronization er-
ror bound which can be reduced arbitrarily as long
as some specific conditions hold. In particular, some
simpler and more convenient conditions are derived
by taking the same impulsive distances and constant
control gains. Finally, some numerical simulations for
the Lorenz system and the Chen system are given
to demonstrate the effectiveness and feasibility of the
proposed method.

The findings of this paper can be summarized as
follows: 1) the practical synchronization scheme for
different chaotic systems with different time-varying
parametric uncertainties via impulsive control is pro-
posed, which has not been fully investigated in the lit-
erature to the best of authors’ knowledge; 2) a more
practical definition of chaotic synchronization is given,
and the boundary of stable region of the synchroniza-
tion error system can be reduced arbitrarily as long as
some specific conditions hold; 3) sufficient conditions
for the synchronization between different chaotic sys-
tems can also be extended to identical ones with or
without parametric uncertainties.

The rest of the present paper is organized as fol-
lows. In Section 2, the robust impulsive lag synchro-
nization scheme for different chaotic systems is de-
scribed. In Section 3, some sufficient conditions are
given to ascertain the robust stability of the error sys-
tem such that the synchronization is achieved. Also,
some corollaries and remarks are given to show the ad-
vantages of the proposed method. In Section 4, an il-

lustrative example is provided to demonstrate the the-
oretical results. Finally, conclusions are drawn from
the present study are given in Section 5.

Notations: Throughout the paper, R and R"
denote the real number and n-dimensional Euclidean
space, respectively. R™ ™ is a set of all n x m real
matrices. I denotes the identity matrix with appro-
priate dimensions. ||-|| refers to the Euclidean vector
norm or the induced matrix 2-norm.

2. System description and syn-

chronization problem

Consider the drive system as follows:
L(t) = (A+ AA(1))z(t) + f(z(1)), (1)

where z(t) € R™ is the state vector, A € R"™*" is
a known constant matrix, and continuous nonlinear
function f(x(t)) € R™ satisfies the Lipschitz condition
with a Lipschitz constant o > 0, i.e.

1 (z@) = FEO)] < ollz@) —2@O],  (2)

where z(t) € R™ and Z(t) € R".

Owing to modelling errors and parametric per-
turbations, the system parameter may contain an un-
certainty, which is often time-varying and unknown.
Now, we assume that the uncertainty satisfies the fol-
lowing assumptions:

Assumption 1 The parametric uncertainty

AA(t) is in the form
AA(t) = EF(t)H, (3)

where E and H are known real constant matrices
with appropriate dimensions, and the uncertain ma-
trix F'(t) € R™*"™ satisfies

IE@ < 1. (4)

Assumption 2 The parametric uncertainty
AA(t) does not destroy the chaotic behaviour of the
chaotic system (1).

In fact, if the parameters of chaotic system vary in
a finite span, the system is still chaotic.l?* Therefore,
in many cases, Assumption 2 is reasonable. For exam-
ple, in Refs.[19, 25], under the parametric uncertainty
AA; or AA, the chaotic signal is still bounded.

Considering channel time-delay 7, we replace t
with ¢ — 7 in Eq.(11), and give the drive system at
time ¢t — 7 as follows:

@t —n) = (A+AA(E=n))z(t —n)+ f(z(t —n). (5)
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We consider the response system as follows:
2(t) = (A + AA®)E(t) + g(E(1)), (6)

where #(t) € R" is the state vector, A € R™ " is
the known constant matrix, and g(z(t)) € R" is a
continuous nonlinear function. The parametric uncer-
tainty Afl(t) satisfies the same assumptions as those
of AA(t), i.e. AA(t) = EF(t)H and ||[F(t)|| < 1.

Assumption 3 For the nonlinear functions f(+)
and g(-), there exists a positive constant p such that
the following condition holds

1 (2(8) = g@ @) < ullZ@)]], (7)

where Z(t) € R".

Remark 1 Most of typical chaotic systems with
parametric uncertainties can be described by Eq.(1)
or Eq.(6), and the continuous nonlinear functions can
satisfy conditions (2) and (7), such as the Lorenz sys-
tem, Chen system, Rossler system, Lii system, unified
system, Liu system, several variants of Chua circuits,
etc.

Suppose that a discrete instant set {¢;} satisfies
0<ti <ta <. . <t <lpg1 < ..vy
k=1,2,..., 0 <ty < t;. At discrete t_i)rorie tr, the
state variables of the drive system are converted into

lim t; = oo,

those of the response system as the control input such
that the state variables of the response system are
Therefore, the
response system can be written in the following form:

suddenly changed at these instants.

(t5) — &ty
=E(ty) — Z(t)
——Bke(tk), t = tg, k:1,2, s
E(tF) =i, (8)

where e(t) = z(t—n) —Z(t) = [x1(t—n) —Z1(t), 22 (t —
n) — Ta(t), ..., xn(t —n) — T, (t)]T is the synchroniza-
tion error, lim #(t) = Z(t{), and lim Z(t) = (¢t ).

tF t—t

t—t, E

Z(ty) = @(t, ) implies that Z(t) is left-continuous at
t = ty, B € R™ ™ are the impulsive control gains.
Ax(ty) = z(t}) — z(t;) = 0. Then from systems (5)
and (8), the following error system is obtained:
é(t) =(A+ AA(t —n))e(t) + h(t)
+ (A — A+ AA(t —n) — AA(L))E(t)
+ f(@1) = g(@(), t #tn, k=1,2,...,
Aeli—y, =e(t]) —e(ty) = Bye(ty), t = ty,
e(ty) =eo, (9)

where h(t) = f((t =) — F(#(1)).

Definition 1 The synchronization between sys-
tems (5) and (8) is said to be achieved if, for arbi-
trary initial conditions zg and Zg, the trivial solution
of the error system (9) converges to a predetermined
neighbour of the origin for any admissible parametric
uncertainty that satisfies assumptions 1 and 2.

Here the objective is to set the control gains By
and the impulsive distances d, = ¢ — tp—1 (K =
1,2,...) such that the error magnitude ||e|| converges
to a value below some given constant £ > 0, which im-
plies the impulsively controlled response system (8) is
synchronized with drive system (5) for arbitrary initial
conditions.

For simplicity, in the following sections, z(t — 1),
i(t), h(t), AA(t —n), AA(t) are denoted by z, Z, h,
AA, AA, respectively.

Remark 2 Owing to the boundedness of the
chaotic signals, there exists a constant ¢ > 0 such
that ||Z]| <.

3. Main results

The following theorem will give the sufficient con-
ditions for robust stability of error system (9), which
implies that impulsively controlled response system
(8) is synchronized with drive system (5).

Theorem 1 Let 8, and A4 be the largest eigen-
values of (I + By,)T (I + By,) and A+ A" respectively.
Response system (8) is synchronized with drive system
(5), if one of the following conditions holds:

(i) when 0 > 0, and there exists a constant p > 1
such that

In(pBak—102k) + O(taks1 — tak—1) <0, k=1,2,...,
(10)
and

Sl}ip{ﬁkeXP[a(tk+l —tp)l}=v<oo;  (11)

(ii) when 6 < 0, and there exists a constant p
(0 < p < —0) such that

ln(ﬂk)ip(tkftk—l) Sov k:132a"'a (12)

where £ > 0 is the bound of the error magnitude ||e||
and can be chosen to be small enough, 8 = A4 + 20 +

26 ~ -~
2| E[HI+ z(IIA — A+ IEINHI+ 1B H + ).

Proof Choose the following Lyapunov function:

V(e) = eTe. (13)
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For t € (ty—1,tk], kK = 1,2,..., the time derivative of
V(e) along with the solution of Eq.(9) is

V(e(t))
=éTe+eTe
=[(A+AAe+h+(A—A+AA-AA)ZF

+ £(&) — g(@)] e+ eT[(A+ AA)e + h

+(A—A+AA—AA)Z+ f(7) — g(3)]
=eT(A+ AT e+ 2eTh + T (AA+ AA e

+2¢T(A— A+ AA - AA)E + 27 (f(F) — g(7))
<(Aa+20+2[|E| [ H])e"e

+2(lA = Al + BN HI + N EI A + w)s llell

(14)

To make the error magnitude converge to a value be-
low the constant &, here we concern only the case of
lle|| > &, which implies that |le| < [le]|* /&, and there-
fore inequality (14) further becomes

V(e(®) <O + 20+ 2B 1H])e e + 2 (14 4
BN A+ 2N+ ) )P
<[aa+ 20+ 20BN 1] + (14 - 4)
FIENIE] + VBN + )] V(e)
=0V (e(t)), (15)
Inequality (15) implies that

V(e(t)) <V(e(t;_y))explf(t — ti-1)],
te(tk_l,tk], k=1,2,.... (16)

On the other hand, from the second equation of
Eq.(9), we obtain

V(e(ty)) =[(I + Br)e(ts)]" (I + By)e(tr)
:eT(tk)<] + Bk)T([ + Bk)6<tk)
<BV(e(tr))- (17)
Thus, let & = 1 in the inequality (16), we have
V(e(t)) < V(e(tg))expl(t —to)], t€ (to,t1],
which leads to
Vie(t1)) < V(e(ty))exp[0(t1 — to)],

and from inequality (17), we have

V(e(t)) < BiV(e(t) < Ve(ty))Brexpld(t: — to)].

Similarly, for t € (t1, 2], we have
V(e(t)) < V(e(t)))explf(t — t1)]
< V(e(td))Brexp[0(t — to)].
In general, for ¢ € (tg,tx+1], we have

V(e(t)) < V(e(tg)B1f, - .., Brexpld(t — to)].  (18)

(i) If & > 0, there exists a constant p > 1, and
from inequality (10), expression (11) and inequality
(18), when
a) t € (tak—1,t2x], we have

2k—1
V(e(t)) <V(e(ty)) H Biexplf(t — to)]
2k—1
<V(eop) H Biexpl0(tar. — to)]

:V(eo)ﬁlﬁgeXp[e(tg — tl)] .
X Bok—3B2k—20xp[0(tak—1 — tar—3)]
X Pop—1exp|f(tar — tar—1)]exp[0(t1 — to)]

935603 explO(ts — to)], (19)

b) te (tzk,t2k+1}, we have
2k

Vie(t)) <V (e(td)) [T Biexpl0(t — to)]
i=1
2%

<V'(eo) H Biexp[f(tar+1 — to)]

i=1
=V (eo)B1Paexpl0(ts —t1)]...
X Bok—1021exp[0(tart1 — tor—1)]
X exp[ﬂ(tl — to)]

V(eo)
<

expl(ty — to)]. (20)

(ii) If & < 0, and there exists a constant p
(0 < p < —0), such that In(Bx) — p(tp —tg—1) <0, i.e.
Br < exp(p(ty — tr—1)), then

Vie(t)) < V(e(tb"))ﬁlﬁg ... Brexpld(t — to)]
< V(eo)explp(t — to)lexplo(t — to)]
< V{eo)expl(0 + p)(t — to)]. (21)

It follows from inequalities (19), (20) and (21)
that the error magnitude ||e|| will converge to a value
below the constant £ whenever ||e|| is larger than &.
Up till here the proof is completed.

Remark 3 If A = A and f(-) = g(-), then the
structures of systems (5) and (6) are identical. There-
fore, Theorem 1 is also applicable to the impulsive
synchronization of two identical chaotic systems with
or without parametric uncertainties.
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Remark 4 From inequality (10) in Theorem 1,
it can be seen that we need only choose the odd switch
sequence {tox_1 } instead of the whole switch sequence
{tx} as in Theorem 1 in Ref.[17].

Remark 5 Inequality (10) can be generalized to
the following condition.

There exist a finite integer ng > 0 and a constant
p > 1 such that

1n(pﬁn0(k71)+1 e ﬁnok)
FO(tngk i1 — bugh_1y21) <0,  k=1,2,....

(22)

The choice of ng in inequality (22) depends on the
practical system to be considered. Especially, ng =1
corresponds to the case of the whole switch sequence
{tr}, and ng = 2 corresponds to the case of the odd
switch sequence {tor_1}.

Remark 6 In Eq.(8), the value of channel time-
delay 7 is not required to be known for executing the
impulsive control, for we can obtain the time-delay
signal (¢t —n) at the discrete time ¢, easily and use it
in the response system blindly when it is received.

Based on the matrix theory, we can obtain Ay <
|A+ AT

Corollary 1 Let (i be the largest eigenvalue of
(I + Br)™(I + By). If there exists a constant p > 1
such that

|, then we can have the following corollary.

In(pBak—1P2k) + O(takt1 — tar—1) <0, k=1,2,...,
(23)
and

St;p{ﬁkexp[‘)(tkﬂ —t)]} =7 <oo,  (24)

then response system (8) is synchronized with drive
system (5), where £ > 0 is the bound of the error
magnitude ||e|| and can be chosen to be small enough,

_ 92 ~
6 = ||[A+AT| + 20 + 2| || |H| + ?(HA—AH n

BN IH+ IENH + p)-

Remark 7 Generally speaking, the computation
of HA + ATH will be easier than that of A4. In addi-
tion, @ is always positive and so we need not discuss
the negative case like Theorem 1. Therefore, in prac-
tice, the result in Corollary 1 will be simpler and more
convenient than that in Theorem 1, though Corollary
1 is a little more conservative than Theorem 1.

In practice, for convenience, the gains By, are al-
ways selected as a constant matrix and the impulsive
distances Ay are set to be a positive constant, then
we have the following corollary.

Corollary 2 Assume that tog41 —top—1 = A >0
and B, = B (k=1,2,...). If there exists a constant
p > 1 such that

In(pB?) + A0 <0 (25)

and

Bexp(Af) = v < o0, (26)
then response system (8) is synchronized with drive
system (5), where & > 0 is the bound of the error
magnitude ||e|| and can be chosen to be small enough,
B is the largest eigenvalue of (I + B)T(I + B), 0 is
defined in Corollary 1.

Remark 8 It is worth pointing out that the topic
of synchronization between different chaotic systems
with different parametric uncertainties has attracted
a great deal of attention, and the scheme considered
here is more general in practical environments. In this
paper, to compensate for the different structures of
the drive and the response systems, stronger impulsive
strengths and higher impulsive frequencies are neces-
sary. On the other hand, to save the energy of im-
pulsive control and improve its performance, one can
introduce an additional feedback controller to com-
pensate for the different structures, and this will lead
the controller to have more complexities. Hence, to
achieve the synchronization, we can choose one of the
two schemes mentioned above by considering the im-
plementation simplicity and the performance improve-
ment, which depends on the practical situation.

4. Simulation results

In the simulation, the impulsive distances Ay are
set to be a positive constant A, and the gains By
are selected as a constant matrix, i.e. By = B =
diag{d,d,d}, and then 8 = (d + 1)%.

In order to observe the synchronization behaviour
in different chaotic systems, we assume that Lorenz
system!?¢) drives the Chen system.?”) Therefore, the

drive and the response systems are respectively as fol-

lows:

&1 = oy (x2 — 21),

Ta = Qo1 — T1T3 — T2,

fC3 = T1T2 — Q3T3 (27)
and

Ty = 0,(F2 — 71),
To = (g — 01)F1 — 7133 + 022,

I3 = @10y — O37s. (28)
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From Systems (9), (27) and (28), the following com-
pact form of the error system is obtained:

e=(A+AA)e+h+(A—A+AA—AA)F
+ f(Z)—9(Z), t#te, k=1,2,...,
Aelior, =e(t]) — e(ty) = Bre(ty), t=t,
e(ty) =eo.
Let ] = 10’ (%) :287 s :8/3, 91 :35’ 92 — 928

and A3 = 3. Systems (27) and (28) are chaotic for the
above parameters. Then we have

—a; o O —-10 10 0
A: a2 —1 0 = 28 _1 O 9
0 0 —as 0 0 -8/3
—-20 38 O
A+AT =] 38 -2 0 :
0 0 —-16/3
-6 61 0 —-3535 0
A=|6,-6,0, 0 |=| -7 28 0 [,
0 0 —03 0 0 -3
25 =25 0
A-—A=|35-29 0
0 0 1/3
and
sint 0 0
AA=-AA=004]| 0 cost 0 |,
0 0 sint
where
E:H:E:E[:O.Z[,
and
sint 0 0
F(t)=—F(t) = 0 cost 0
0 0 sint
From f(%) = g(%) = (0, —&1¥3, 7172)T, we have
n=0.
In this simulation, we choose ¢ = 27.5, and

¢ = 60. By computation, we can obtain HA + ATH =
50.0512, ||A—A|| = 57.5257, and ||E|||H| =
|E|[|H| = 0.04. Figure 1 shows a stable region for
different values of p, and the whole region under the
curve of p = 1 is a stable region. When p — oo, the

stable region approaches a vertical line, d = —1. Sim-
ilarly, Fig.2 shows a stable region for different values

of .

1.2¢

3
stable region \1((])\
0 ‘ ‘ ‘

-1.5 -1.3 -1.1 -0.9 -0.7 -0.5
d

Fig.1. The boundaries of stable region with different val-
ues of p.

-1.5 -1.3 -1.1 -0.9 -0.7 -0.5
d

Fig.2. The boundaries of stable region with different val-

ues of &.

We choose p = 1.1, £ = 0.5, d = —0.98, and the
“unknown” channel time-delay n = 3s, while the ini-
tial conditions of the drive and the response systems
are taken as xog = (4, 1, 5)T and 7y = (3.6, 0.8, 5.4)T,
respectively. Hence, from Corollary 2, the estimate of
bound of stable region is given by

Inp + In 32

A<
0<A=-""13030

= 0.0011.

Using these parameters, conditions in Corollary 2 are
satisfied for A < 0.0011. Robust impulsive lag syn-
chronization between the Lorenz system and the Chen
system with impulsive distance A = 0.001 is shown
in Fig.3. As can be seen, the synchronization has
been achieved practically and |e| is smaller than ¢

(€ = 0.5).
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Remark 9 Asshown in Fig.3, under consecutive
impulsive signals dy, after the synchronization error
e(t) has entered into the region 2 = {e € R": |l¢|| <
&}, it is hardly possible for e(t) to leave from {2 again.

0.2

€1
voo

Therefore, in practice, we can use the designed impul-
sive signals d; uninterruptedly though the impulsive
controller designed in this paper is unsupported for

lell <&

0.5

0.4y

0.3¢

llell

0.2

0 20 40 60 80
(b) t/s

Fig.3. Simulation results for synchronization between the Lorenz system and the Chen system with A = 0.001,

where panel (a) synchronization errors and panel (b) for synchronization error magnitude ||e||.

5. Conclusions

In this paper, we have investigated the prob-
lem about synchronizing different chaotic systems via
impulsive control method. Robust synchronization
scheme in the presence of parametric uncertainties and
channel time-delay is discussed. Based on the theory
of impulsive differential equations, some new and less
conservative sufficient conditions are established. Fi-

nally, numerical simulations are given to demonstrate
the effectiveness of the method. It should be pointed
out that the method is also applicable to most of typ-
ical chaotic systems that can be described by Eqgs.(1)
and (2), such as Rossler system, Lii system, unified
system, Liu system, several variants of Chua’s circuits,
etc. Owing to the similarity and analogy among the
results obtained, the details are not further discussed
here.
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