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Fountain codes provide an efficient way to transfer information over erasure channels like the Internet. LT codes

are the first codes fully realizing the digital fountain concept. They are asymptotically optimal rateless erasure codes

with highly efficient encoding and decoding algorithms. In theory, for each encoding symbol of LT codes, its degree is

randomly chosen according to a predetermined degree distribution, and its neighbours used to generate that encoding

symbol are chosen uniformly at random. Practical implementation of LT codes usually realizes the randomness through

pseudo-randomness number generator like linear congruential method. This paper applies the pseudo-randomness of

chaotic sequence in the implementation of LT codes. Two Kent chaotic maps are used to determine the degree and

neighbour(s) of each encoding symbol. It is shown that the implemented LT codes based on chaos perform better than

the LT codes implemented by the traditional pseudo-randomness number generator.
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1. Introduction

Reliable transmission of data over the Internet
has been the subject of many researches. In most net-
work communication, reliability is guaranteed by the
use of appropriate protocols, for example, the ubiqg-
uitous TCP /TP which ensures reliability by acknowl-
edgements and subsequent retransmission. It is well
known that the need for feedback is a bottleneck when
the latency is high, or in a multicast scenario when all
of the receivers in a multicast network are sending
feedback to the sending server.

For these reasons, other transmission solutions
have been proposed. Recently, coding theory has been
applied to the transmission of large files over the In-
ternet to avoid or reduce the need to send acknowl-
edgements back to the sender, such as forward error
correction codes. In the coding theory, the original
data is encoded using some linear erasure correcting
code. If during the transmission some part of the data
is lost, then it is possible to recover the lost data us-
ing erasure correcting algorithms. The main benefit
of this approach is that different receivers can recover
different lost packets using the same erasure correct-

digital fountain, fountain codes, LT codes, Kent chaotic map

ing codes. Therefore, in principle, this idea can greatly
reduce the number of retransmissions.

Fountain Codes are a new class of codes originally
designed for robust and scalable transmission of data
over lossy computer networks. It was originally intro-
duced in Refs.[1, 2] by Byers et al, based on the ideal-
ized digital fountain concept.!!! A digital fountain has
properties similar to a fountain of water: when you
fill your cup from the fountain, you do not care what
drops of water fall in, but only want that your cup
fills enough to quench your thirst. Thus data is no
longer regarded as an ordered stream of bytes. For
a given vector of input symbols (z1,...,zy) from the
source message, a Fountain Code generates a poten-
tially limitless stream of output symbols. Each output
symbol is generated independently and randomly by
sampling from a distribution D on F¥. The original k
input symbols can be recovered with high probability
from any set of n output symbols. For good Foun-
tain codes the value of n is very close to k, and the
decoding time is close to linear in k.

LT codes invented by Luby!® were the first prac-
tical realization of the Fountain Codes. They are
asymptotically optimal rateless erasure codes with
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highly efficient encoding and decoding algorithms. LT
codes are rateless in the sense that the number of en-
coded packets that can be generated from the source
message is potentially limitless. Furthermore, the en-
coding and decoding times are asymptotically very ef-
ficient as a function of data length. LT codes and
later introduced Raptor codes which are the improve-
ment of LT codes have attracted increasing attention
in many practical applications.

In the theoretical analysis of Fountain Codes, it
was assumed that for each encoding symbol, the input
symbols used to generate that encoding symbol are
chosen uniformly at random. However, practical im-
plementations of LT codes cannot fully afford this ran-
domness, because in practice the randomness is real-
ized by a pseudo-random process, for example using a
linear congruential generator of pseudo-random num-
bers. There has been research!! demonstrating that
in theory, such limited randomness LT codes perform
almost as well as the fully random version.

Chaos is a kind of complex and random phe-
nomenon in deterministic nonlinear dynamical sys-
tems. During recent years, there have been con-
siderable researches about chaos systems, such as
proposing new and interesting chaotic systems!®—1
and studying chaos control.l'’:'2 Moreover, the es-
sential features of chaos such as sensitivity to ini-
tial conditions and control parameters, inherent ran-
domness, the topological transitivity and ergodicity,
etc., make it very appropriate to designing a pseudo-
random number generator.'34 Many chaotic sys-
tems have been proposed as pseudo-random number
generators such as Logistic map and cat map. Theo-
retically, chaos-based pseudo-random number genera-
tors is proved with good randomness and infinite pe-

riod.

In this paper, we try to apply the inherent ran-
domness of chaotic sequence in the implementation of
LT codes. Two Kent chaotic maps are used. One is
used to determine the degree of each encoding symbol,
i.e. the number of input symbols which are the neigh-
bours of an encoding symbol, according to a predeter-
mined distribution. The other one is used to select d
distinct input symbols almost uniformly at random for
each output symbol. The LT codes in chaotic random-
ness implemented in this way are compared with the

LT codes realized with the standard random number
generating function in C programming language. We
show that the LT codes in chaotic randomness have a
better performance than the latter one.

2. Description of LT codes

2.1. Encoding process

In the theoretical construction of LT codes, each
encoding symbol is generated independently of all
other encoding symbols, by the following process:

(i) Randomly choose the degree d of the encoding
symbol according to a predetermined degree distribu-
tion.

(ii) Choose uniformly at random d distinct input
symbols as neighbours of the encoding symbol.

(iii) Set the value of the encoding symbol to be
the XOR of the values of the d neighbours.

The value of each encoding symbol, together with
the information about its degree and neighbours, is
then put into a packet and sent to the receiver.

2.2. Decoding process

The decoder repeatedly recovers input symbols
using the Decoder recovery rule in Ref.[3]. In prac-
tice, the decoding process is as follows:

(i) The decoder first receives K encoding sym-
bols and the information about their associated de-
grees and sets of neighbours.

(ii) Find an encoding symbol ¢ that has exactly
one neighbour s (if there is no such encoding symbol,
this decoding algorithm halts at this point, and tries
to receive at least one more encoding symbol).

(a) Set s =c.

(b) Add s to all remaining encoding symbols
rn, that also have input symbol s as a neighbour:
rl=r, ®s.

(¢) Remove all the edges connected to the input
symbol s: the degree(s) of r,, minus one, s is not the
neighbour of r,, any more.

(iii) Repeat (ii) until all the input symbols are
determined.

We say that the decoding process succeeds if it re-
covers all of the input symbols in the encoding packets.
Otherwise, we say that it fails.
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2.3. The degree distribution

A key to making LT codes work well is the choose
a good degree distribution. Each encoding symbol
has a degree chosen independently from the distribu-
tion. A good degree distribution is the Robust Soliton
distribution:!*!

Definition The Robust Soliton distribution is
1(+) defined as follows:

1/k, i=1,

R/(ik), for i=1,...,k/R—1,
7(i) = § RIn(R/8)/k, for i=k/R,
0, for i=k/R+1,...,k,
k
ﬂzzp(l)_FT(Z)v
i=1

(i) = (p(d) +7())/B, for i=1,....k

Here k is the number of input symbols and § is the
allowable failure probability of the decoder to recover
the original data for a given number K of encoding
symbols, R = c-In(k/8)V/k for some suitable constant
c> 0.

The Robust Soliton distribution ensures that the

Bl is large enough at each

expected size of the ripple
point in the decoding process so that it never disap-
pears completely with high probability, and the de-
coding process will not be stopped until it succeeds.
On the other hand, in order to minimize the overall
number of encoding symbols used, it tries to minimize
the expected ripple size so that not too many released
encoding symbols redundantly cover input symbols al-

ready in the ripple.

3. The

codes based on chaos

implementation of LT

In this section, we introduce how we implement
LT codes using the inherent randomness of chaos. In
order to make LT codes work well with Robust Soliton
distribution, we must use a chaotic map which is uni-
formly distributed. Here we choose the Kent chaotic
map.

3.1. Kent map

The Kent map is one of the most studied discrete
chaotic maps. It has been used to generate pseudo-
random numbers in many applications such as spread
spectrum communication and secure encryption. It is
given by

x(n)/m, 0 <z(n) <m,

z(n+1)=
(1—-2(n)/(1—=m), m <z(n) <1,

where 0 < m < 1. Hence if 2(0) € [0,1], for all n > 1,
x(n) € [0,1]. The Kent map is chaotic according to
the Li-Yorke definition of chaos.®) In our application,
we take m = 0.7.

3.1.1. Sensitive dependence on initial condi-
tions of Kent map

Since Kent map is chaotic, it exhibits the high
sensitive dependence on initial conditions of chaos.
Trajectories are usually predictable for a short period
of time. But over a long period, chaotic trajectories
become unpredictable. Figure 1 shows the time re-
sponses from the two initial conditions of the Kent
chaotic map, which are the solid line and the dotted
line, respectively. In Fig.1 we see that the trajectories
from the two initial conditions become very different
after about 20 iterations although the difference of the
two conditions being only 1076, thus the orbit of the
Kent map shows a strong sensitivity to initial condi-

tions.
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Fig.1. The trajectories of Kent map from two initial con-
ditions with difference being only 10~6.

3.1.2. Distribution characteristics of Kent map

Kent map is a chaotic map uniformly distributed
in (0,1)[' as shown in Fig.2 which is a typical time
series X (n) of Kent map.
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Fig.2. Time series of Kent map.

3.2. Encoding of LT codes based on Kent
map

To generate an encoding packet, first we need to
determine its degree according to the Robust Soliton
distribution. We realize it by choosing a sample from
this distribution p(-). The interval of (0,1
vided into k£ non-overlapping sub-intervals according

) are di-

to u(-) to make each sub-interval correspond to a de-
gree value j (1 < j <k, k is the total number of input
symbols from the original file needed to be sent). For
the ith encoding packet, we take X (i) from a time se-
ries X (n) of Kent map. The value of X (¢) will cover

Start to generate the ith
encoding packet: Encode_i

v

Determine the degree 4_jof Encode_i,
according to the ith data in the chaotic
sequence of Kent map. Put 4 i into Encode_i

!

Generate a k-sequence Kent chaotic sequence Kent 2. Use it
to choose _i input nodes as the neighbours of Encode _i.
Record the neighbour information into Encode i

v

Set the value of Encode_i to be bitwise
exclustve-or of its neighbours.

l Y
,/ The packet rece??i ‘;
\Jagg_gnles Encode_ O
\//

éeneration of Encude)l
K is completed. /

(a)

Fig.3.

decoding of LT codes based on Kent chaotic map.

one of the sub-intervals and therefore determine the
degree d of the ith encoding packet. Since Kent map
is a chaotic map uniformly distributed in (0,1), the
distribution of degrees of encoding packets conforms
to the Robust Soliton distribution.

Next is to select d input symbols as the neigh-
bours of the ith encoding packet. We take a new time
Y (n) of the Kent map (1 < n < k). Select
The d input
symbols with the same positions in the input vector
of length k as the d largest values in the Y'(n) will be
selected as the neighbours of the encoding packet. For
example, if k=100, d=2, Y (2) and Y (79) are the two
largest values of Y (n), then the 2nd and 79th input
symbols are chosen to be the neighbours of the ith

series
d largest values from the series Y (n).

encoding packet. Due to the ergodicity and inherent-
randomness of chaos, each input symbol has the same
probability to be chosen. In this way, we choose uni-
formly at random d distinct input symbols as neigh-
bours of an encoding symbol.

Therefore, in the encoding process of LT codes
based on Kent chaotic map, the ith encoding packet
will be generated following the procedure shown in
Fig.3(a). The procedure is repeated until all encoding
packets are generated.

Receive a certain number
of encoding packets

v

Find out all the encoding packets
of degree one, 1.e. Encode_One

v

For each Encode_One, recover its neighbour; its degree
becomes zero. For all the other encoding packets with the
same neighbour of Encode_One, modify their values.

neighbour information and their degrees minus one.

(a) Block diagram of encoding of LT codes based on Kent chaotic map.

@1 the 1 mput no { Decoding \

qhax e been I'ECO\ ere

\Succeed'/

Receive one more encoding packet; According
to the recovered input nodes, modify its value,
neighbour information, and its degree

(b)

(b) Block diagram of
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3.3. Decoding of LT codes based on Kent
map

The decoding process of LT codes based on Kent
chaotic map is the same as the decoding process de-
scribed in Sec 2.2. The block diagram of decoding
of LT codes based on Kent chaotic map is shown in
Fig.3(b).

4. Numerical simulations and

comparison

In this section, we give our simulation results of
LT codes based on chaotic map, and makes an com-
parison of their performance with that of LT codes
implemented with the standard random number gen-
erating function rand( ) in C programming language.

For LT codes, we denote the decoding inefficiency
as 1 + ¢ if (1 4+ e)k encoding packets are required
to reconstruct the source file consisting of k source
packets.[!] In our simulations, for original files of 1000
packets, 2000 packets and 5000 packets with the same
length per packet (k=1000, 2000, or 5000), we im-
plement LT codes with Kent map and the rand( )
function, separately. The files of k source packets are
When
k = 1000, we study the statistical probabilities of suc-

used to generate m = 2k encoding packets.

cessful decoding of the two LT codes with the param-
eters ¢ = 0.01, 6 = 0.05 over 10000 trials, respectively
as shown in Fig.4. In the figure, we see that the maxi-
mum reception inefficiency of LT codes based on Kent

V7227777777277 22777

Nl N |

NNNSSNENNEN N N
R A R
1300 1400 1500

(a)

1000 1100 1200

1600

map is 1.18, while that of LT codes based on rand( )
function is larger than 1.5, therefore the decoding effi-
ciency of LT codes based on Kent map is much higher.
Figures 5, 6 and 7 show the statistical histograms of
the actual number of packets required to recover the
original files of 1000, 2000 and 5000 packets with the
two LT codes, separately. From the above figures, we
see that the maximum number of packets required to
reconstruct the source files of LT codes implemented
with Kent chaotic map are much smaller than that of
LT codes based on rand( ) function. In our simula-
tions, for k=1000, 2000 and 5000, the mean decoding
inefficiencies of LT codes implemented with Kent map
are 1.095, 1.079 and 1.065, respectively, while those of
LT codes based on rand( ) are 1.165, 1.115 and 1.087,
respectively.
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Fig.4. Probability of successful decoding of the two LT
codes with the parameters k=1000, ¢=0.01, §=0.05 over
10 000 trials.
on Kent chaotic map; the dashed line represents LT codes

The solid line represents LT codes based

realized with the rand( ) function.
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Fig.5. Histograms of the actual number of packets required to recover the original file of size k=1000
packets with the parameters ¢=0.01, §=0.05. (a) LT codes based on rand( ) function; (b) LT codes

based on Kent map.



3614 Zhou Qian et al

Vol. 17

VASLLLILLLLILLLLL LSS LIS L LT LI LL I LIS SIS LS IS S SIS S LIS IY S

U A e e A
SILLLLLLL LSS LS LSS LSS LSS SIS IS LS|

V77 7 7 7 77 7 777

Yor777777777)

N

2000 2200 2400 2600 2800
(a)

N NN WNRINNARNN

3000 2000 2200

N
§
&
&
§
AN

2400 2600 2800 3000

(b)

Fig.6. Histograms of the actual number of packets required to recover the original file of size k=2000
packets with the parameters ¢=0.013, §=0.05. (a) LT codes based on rand( ) function; (b) LT codes

based on Kent map.
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Fig.7. Histograms of the actual number of packets required to recover the original file of size k=5000
packets with the parameters ¢=0.01, §=0.05. (a) LT codes based on rand( ) function; (b) LT codes

based on Kent map.

Our work shows that compared to the random
number generating function rand( ) in C' programming
language, the pseudo-randomness of the Kent chaotic
map can be used to implement LT codes much closer
This also
demonstrates the good randomness property of Kent

to the full random version of LT codes.

chaotic map.

5. Conclusions

In this paper, we implement LT codes using the
randomness of Kent chaotic map. In the encoding of
LT codes, we use two Kent chaotic maps to determine

the number of input symbols associated with each en-
coding symbol and select their neighbours. The per-
formance of LT codes implemented in this way is com-
pared with that of LT codes realized with the stan-
dard random number generating function rand( ) in C
programming language. The simulation results show
that the LT codes with chaotic randomness have bet-
ter performances and can be tuned to recover original
file with a small overhead. Therefore, compared to
the random number generating function rand( ) in C
programming language, the pseudo-randomness of the
Kent chaotic map can be used to implement LT codes
much closer to the full random version of LT code.
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