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A universal adaptive generalized functional synchronization approach to any two different or identical chaotic

systems with unknown parameters is proposed, based on a unified mathematical expression of a large class of chaotic

system. Self-adaptive parameter law and control law are given in the form of a theorem. The synchronization between

the three-dimensional Rossler chaotic system and the four-dimensional Chen’s hyper-chaotic system is studied as an

example for illustration. The computer simulation results demonstrate the feasibility of the method proposed.
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1. Introduction

Synchronizing and controlling chaotic dynamical
systems have recently attracted a great deal of at-
tention since the early work on the synchronizing of
chaos by Pecora and Carroll! and on the control-
ling of chaos by Ott et all? was published in 1990.
Up to now, several synchronization schemes have been
proposed due to their many potential applications in
secure communication, biological systems, chemical
reactions, information processing, social science, and
many other fields.?!

A significant result is the discovery of different

(4=27] guch as complete

synchronization phenomena,
synchronization,[*% anti-synchronization,[®” projec-

tive synchronization,®*) lag synchronization, %] an-

ticipated synchronization,!''3] phase synchroniza-
tion,[1415  generalized ~synchronization,'%17  and
Bluetooth Glossary (Q-S) synchronization.[$:19 In

the realizing of the synchronization, an adaptive con-
troller is usually used while the chaotic systems to
To the best of au-
thors’ knowledge, the adaptive synchronization is used

be synchronized are uncertain.

mainly for the case of complete synchronization with
the identical systems, and adaptive algorithms are
similar in form but different from each other in essence
due to the chaotic systems involved.[?*=32 For the

above-mentioned other synchronization phenomena,
the synchronizations are applied mainly between two

identical systems with deterministic structures and

[6=19] More recently, two different studies

33]

parameters.
have come out. One is the study by Zhang et al,
where a unified mathematical expression of a large
class of chaotic system was used and an adaptive syn-
chronization was studied between two chaotic systems
with unknown parameters but with the same dimen-
sions, and the other is the study by Zhang et all3%
and Li,?®! where two different dimensional chaotic dy-
namical systems were generalized synchronized, but
the chaotic systems studied there had the parameters
that were exactly known. We are enlightened from

the studies aforementioned.33~3%]

In this paper, we
combine the adaptive synchronization method with
the generalized synchronization methods and propose
a concept of adaptive generalized functional synchro-
nization that can synchronize any two chaotic systems
with the same or different dimensions and with the
parameters that are unknown. The approach pro-
posed here can be regarded as an extension of the ex-
isting complete synchronization, anti-synchronization,
projective synchronization, lag synchronization antic-
ipated synchronization, phase synchronization, and
generalized synchronization, as long as we choose an
appropriate function that will be introduced there-

inafter.
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2. Problem statement

Considering a class of chaotic systems described
as follows:
Driving system

&= f(z) + F(2)a, (1)

and
Response system

y=nh(y)+H(y)B +u, (2)

where z € R™ and y € R"™ (n can be equivalent to
m or not) are the state vectors of the driving system
and response system respectively; f and h are m x 1
and n x 1 continuous functional matrices respectively;
F and H are m x p and n X ¢ continuous functional
matrices respectively; a € RP and 8 € R? are the un-
known parameter vectors of the systems; u € R™ is the
control input vector. In the following, we assume that
(1) the element Fj;(x) of F(x) satisfies Fj;(z) € Lo,
(ii) the element H;;(y) of H(y) satisfies H;;(y) € Loo,
(iii) the parameter vectors of the systems, i.e. o € RP
and 8 € R4, are unknown but time invariant, or slow
time variant so that they can be considered as time
invariant.

Definition Systems (1) and (2) are said to
be adaptive generalized functional synchronization, if
there exist a manifold G(x): R™ — R™, a correspond-
ing control input vector w and an adaptive law for
unknown parameters such that the trajectory of the
response system (2) with initial conditions yo and un-
known parameters 3 can asymptotically approach the
trajectory of the manifold G(x) with respect to driv-
ing system (1) with initial condition 2y and unknown
parameter «, and finally the synchronization is imple-
mented in the sense that

Jim le(®)]| = Jim [ly(t,y0) — G (x(t,20))]| = 0,

where || o || is the Euclidean norm.

V(e, Ao, AB)
= ¢Te+ AaTAa+ ABTAB

3. Design of controller for adap-
tive generalized functional syn-

chronization

Now write the manifold G(x), i.e. the function
with respect to system (1) that y will follow, in an
n-dimensional vector,

T

G(t) =G Gy G (3)
denote Jg as the Jacobian matrix of G with respect
to vector z,

B 3G1 8G1 o aGl T
O0x1 Oxo 0%
0G5 0Go 0G5
oG Oxr1 Oxo 0xm
= —_— = 4
0G,, 0G, oG,
L 0x1 Oxo 0Tm 4 ixcm

and refer to @ and 8 as the estimation of a and 3
respectively, thereby the errors between & and « and
between (§ and 3 being given respectively as

and Af = -8,

Aa=a— a,

then the derivative of error dynamics with respect to
time will be

YT ot T st

= h(y) + H(y)8 +u— Jaf(x) — JgF(x)a. (5)

If we choose the following candidate Lyapunov func-
tion V:

1
Ve, Aa, AB) = 3 (eTe + AaTAa + ABTAﬁ) ,

the time derivative of V along the error dynamics (5)
will be

= (h+HB+u—Jaf —JgFa) e+ AaTAa + AGTAB
= [h+HB—Jaof —JaFa+ (Jaf + JaFa —h—HB — Ke) — (Jof + JoFa —h— HB — Ke) + u]Te

+AaTAa + ABTAB

= —"Ke+ Aa"(JgF) e — ABTH e + [~ (Jof + JaFa —h— HB — Ke) +u]"e + AaTAa + ABTAp
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= —eTKe+ [-(Jogf + JgFa—h— HB — Ke) +u]Te + AT (JoF)Te + AaTa — ABTH e + AGTS.

Now, it is clear that if we let
uw=Jaof + JoFa—h—Hf — Ke,

and

a=—(JgF)Te

§=H",
where K = diag{ky, ko, -, kn}t ki > 0, i =
1,2,---,n,diag(-) is a diagonal matrix, then
V(e, Aa, AB) = —eTKe < 0, if e # 0. Thus adaptive
generalized functional synchronization is realized and
the error dynamical system is globally and asymptot-
ically stable.

Theorem 1 For any differentiable vector func-
tion G (z), if controller u is selected as

w=Jof+JoFa—h—HpB— Ke, (6)
and adaptive law of parameters are taken as
a=—(JoF)Te,
§=H"e, (7)

then the response system (2) can synchronize the drive
system (1) with respect to vector function G(x) glob-
ally and asymptotically.

where K = diag {ki,ko, -+, knt ki > 0, i =
1,2,---,n, diag(-) is a diagonal matrix.

Remark 1 The control method can realize many
kinds of chaotic synchronization according to the form
of vector function G(z(t)). For instance, under the
condition where the dimension of drive system n is
equivalent to the dimension of response system m,
we obtain that if G(x) = z, it is complete synchro-
nization; if G(x) = —=, it is anti-synchronization; if
G(z) = ax(|a] #1), it is projective synchronization; if
G(z) = Glz(t — 7)] with 7 > 0, it is lag synchroniza-
tion; if G(x) = Gz (t+7)] with 7 > 0, it is anticipated
synchronization; And if G(z) is a more general mathe-
matical function of x even the dimension of drive sys-
tem n is different from the dimension of response sys-

tem m, it is a more generalized synchronization.

4. Numerical simulation results

We observe the synchronization behaviour in the
Rossler chaotic system used as a driving system, and

the Chen’s hyper-chaotic system used as a response

System.
Driving system, the Rossler chaotic system, % is
written as
L1 (t) = —xa(t) — 23(1),
Lt’g(t) = l’l(t) + alxg(t),

ig(t) = 042331(?5) - (X3l‘3(t) + .131(t)5€3(t).

If we rewrite the system in the form of Eq.(1),
—a2(t) — x3(t)
w1 (t) )
z1(t)ws(t)

we can obtain f(z) = F(z) =
0 0 0
Z‘Q(t) 0 0

0 Il(t) 7I3(t)
Response system, the

T
,anda:[al (65) ag] .

Chen’s hyper-chaotic

system, 37 is expressed as

If we rewrite the system in the form of Eq.(2),

ya(t)
we can achieve h(y) = —u(B)pa(t) , H(y) =

y1(t)y2(t)

Y2 (t)ys(t)

ya(t) —y(t) 0 0 0 0
0 yl(t) yg(t) 0 0 , and ﬂ _

0 0 0 -y 0

0 0 0 0 yal(t)

T
B1 B2 B3 B ﬂ5} . As an illustrative example, we

assume the manifold G(z) to be as follows:

:Cl(t — ].)
. 0.5.132(t — 1)
Gle) = 223t — 1) ’

sinzy(t — 1) + cos (z2(t — 1) + z3(t — 1))

that is to say, the synchronization error e(t) =
[e1(t)ea(t)es(t)es(t)]T can be written as
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er(t) = yi(t) —z1(t - 1), and

es(t) = ya(t) —sinzi(t — 1) — cos(xa(t — 1)

+x3 (t - 1))
According to Eq.(5), we have
1 0 0
0 0.5 0
Jo =
0 0 2
coszy(t — 1) —sin (zo(t — 1) + 23(t — 1)) —sin (zo(t — 1) + 23(t — 1))
\
For simplicity, in the following procedure, x1, T2 According to Eq.(6), we have a control law as fol-
and x3 represent x1(t), x2(t) and z3(t) respectively;  lows:
Y1, Y2, Y3 and y4 represent y1(t), y2(t), y3(t) and ya(t) 3
respectively; e1, es, es and ey represent eq(t), ea(t), u=Jgf+JgFa—h—HB— Ke.
es(t) and ey (t) respectively and f, F', h and H repre-
sent f(z), F(x), h(y) and H(y) respectively. Each element of u can be written as

uy = —ao(t — 1) —x3(t — 1) —ya — (y2 — v1)B1 — kuex,
0.5$1(t — 1) + 0.5x2(t — 1)&1 + Y1ys — y132 — yzﬁg — koes,
ug = 2x1(t — Das(t — 1) + 221 (t — 1)ao — 223(t — 1)a3 — Y12 + y3Bs — kses,

U2

and
ug = —cosz(t—1) - (2ot — 1)+ a3t —1)) —sin (za(t — 1)+ 23t — 1)) - [21(t = 1) + 21 (¢ — D)2zt — 1)
ot — d)ay + 21 (t — d)an — x3(t — d)as] — y2ys — yafs — kaea,
and according to Eq.(7), we have an adaptive regulating law of unknown parameters as follows:
—0.522(t — 1)ea + zo(t — 1)egsin (x2(t — 1) + 23(t — 1))

bd=—(JaF)Te=| —22,(t — 1es+a1(t — Degsin (za(t — 1) + x3(t — 1)) |,
2x3(t — 1)es — a3(t — 1)egsin (zo(t — 1) + 25(t — 1))

and ~ _ chaotic system; 81 = 35, 0o = 7, B3 = 12, B4 = 3,
(y2 —y1)ex and 35 = 0.4 for the Chen’s hyper-chaotic system;

y1es the initial values of estimation of real parameters are

f=H e=| ey |. &1 =05, 62 =06, &3 =4, B = 30, B2 = 5, B3 = 10,

ﬂ~4 = 5, and 55 = 0.6 and the coefficients k; in The-

s orem 1 are chosen as k; = 10, ¢ = 1,2,3,4. Synchro-

| Yaca ] nization errors ey, es, e and e4 are shown in Fig.1;
In the simulation, the real system parameters are  adaptive parameters & and 3 are shown in Figs.2 and
ar = 0.34, az = 0.4, and az = 4.5 for the Rossler 3 regpectively.
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Fig.1. Synchronization errors: (a) error e1; (b) error ea; (c) error es; (d) error es.
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Fig.2. Adaptive parameters: (a) &i1; (b) ao; (c) as.
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Fig.3. Adaptive parameters: (a) B1; (b) Ba; (c) Bs; (d) Ba; (e) Bs.

5. Conclusions

The concept of and the approach to adaptive
generalized functional synchronization are proposed
in this paper. The synchronization controller and
the adaptive regulating law of unknown parame-
ters are derived by using the Lyapunov stability
theory. The existent several synchronization phe-
nomena are its special examples. An experimen-
tal example of synchronization between the three-
dimensional Rossler chaotic system and the four-
dimensional Chen’s hyper-chaotic system with un-

known parameters is studied. And it should be

pointed out that the proposed adaptive generalized
functional synchronization approach is very easy to
extend to the generalized Q-S synchronization in the
adaptive case.
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