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A Hauser—Ernst-type extended hyperbolic complex linear system given in our previous paper [Gao Y J 2004 Chin.

Phys. 13 602] is slightly modified and used to develop a new inverse scattering method for the stationary axisymmetric

Einstein—-Maxwell theory with multiple Abelian gauge fields. The reduction procedures in this inverse scattering method

are found to be fairly simple, which makes the inverse scattering method be fine and effective in practical application.

As an example, a concrete family of soliton solutions for the considered theory is obtained.
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1. Introduction

Owing to their great importance in theoretical
and mathematical physics, the stationary axisymmet-
ric (SAS) Einstein-Maxwell (EM) equations with mul-
tiple (say p) Abelian gauge fields (SAS EM-p equa-
tions, for short) attracted much attention in the past
in Refs.[1-19].
tions arising from the existence of Maxwell fields make

years, e.g. However, the complica-
the study of the field equations more difficult and
many methods for studying the reduced vacuum grav-
ity theory (i.e. EM-0 theory) are no longer applicable.
Thus, deeper researches and further extended study-
ing methods are needed.

Undoubtedly,
valuable for understanding the related theories. In

exact solutions are particularly

the case of vacuum gravity, Belinsky and Zakharov2"!
developed an inverse scattering method (ISM) for
solving the two-dimensional (2-dim) vacuum gravity
field equations. For the reduced Einstein—Maxwell
theory (i.e. EM-1 theory), some ISMs were also
proposed. 1114 However, more general application of
these schemes to the reduced EM-p for p > 1 still re-
mains a problem. The difficulties have to do with the
complicated mathematical structures, such as the fun-
damental field matrices in the reduced EM-p theories

in general have dimensions greater than two and, at

the same time, must satisfy some non-trivial Riemann
symmetric space (or coset) conditions,!% 1018 etc. (As
will be seen in the following, the fundamental field
matrix in the reduced EM-p theory belongs to the
symmetric space SU(p + 1,1)/(SU(p + 1) x U(1))).
Therefore, it would be worthwhile to develop some
more effective ISM and obtain more general new ex-
act (soliton) solutions of the EM-p theories.

In the present paper, we develop a new ISM for
the SAS EM-p theory. This ISM is different from
the above-mentioned Belinsky—Zakharov-like ones. In
Refs.[18,19] we have developed and used a so-called
extended hyperbolic complex (EHC) function method
and found that all of the SAS EM-p theories for
p=2012...
special cases, p = 0 corresponds to the vacuum grav-

can be studied in a unified form (as

ity; p = 1, the EM theory). Moreover, for each p, a
pair of Hauser-Ernst (HE)-type EHC linear systems
were established for constructing infinitesimall*®l and
finite'” symmetry transformations of the EM-p the-
ory. In this paper we show that, with some minor
modifications, one of these linear systems is also suit-
able for the development of ISM in the SAS EM-p the-
ories. These demonstrate that the applicable range of
the HE-type linear system is larger than previously
expected. As is well known, for an ISM in solving

*Project supported by the National Natural Science Foundation of China (Grant No 10475036).

TE-mail: yajgao@bhu.edu.cn
http://www.iop.org/journals/cpb  http://cpb.iphy.ac.cn



No. 10

Inverse scattering method and soliton solution family for the ... 3575

nonlinear equations, the so-called reduction problem
is very important. However, the reduction procedures
vary with the equations and the associated linear sys-
tems, and in general are very difficult; so far there is
no generally applicable method. In this paper we un-
expectedly find that, based on the modified HE-type
EHC linear system, the reduction procedure for the
ISM given here is fairly simple.

In Section 2, some related concepts and notations
of the so-called EHC function and the EHC field equa-
tions for the SAS EM-p theories!'8! are briefly recalled.
In Section 3, a modified HE-type EHC linear system
for the theories studied is established. In Section 4,
an EHC dressing transformation is introduced and the
associated theorem is proved. In Section 5, an ISM for
the EM-p theory is presented. As an example, a family
of soliton solutions for the SAS EM-p theory is explic-
itly constructed in Section 6. Finally, Section 7 gives

a summary.

2. EHC function and EM-p field

equations

For later use, here we briefly recall some related
concepts and notations of the EHC function and EHC

matrix field equations of the EM-p theories.[*8]

2.1. EHC function!!s!

Let € be the extended hyperbolic imaginary unit,
ie. €2 =1, # 1. When a and b are ordinary com-
plex numbers, we call ¢(¢) = a + €b an EHC number

l

and denote Reg(c(¢)) := a, Img(c(e)) := b. All EHC
numbers with usual addition and multiplication con-
stitute a commutative ring. Corresponding to ¢ and
the ordinary imaginary unit i (iZ = —1) in this ring,
we have two complex conjugations:

cle)* :=a—eb, c(e):=a+eb, (1)

where @ and b are ordinary complex conjugations of
a and b. If a and b are ordinary complex func-
tions of some ordinary complex variables zi,..., z,,
then ¢(z1,...,2n;6) = alz1,...,2n) +b(21,. .., 2n) is
called an EHC function. We say that ¢(z1,...,2,;¢€)
is continuous, analytical, etc. if a(z1,...,2,) and
b(z, ..

have the same properties. We also need EHC (func-

.,2n) both, as ordinary complex functions,

tion) matrices, and for an EHC matrix W, we define

—T

wh=w , wt.=Wh?* (2)

here ‘T’ denotes the transposition.

2.2. EHC matrix form of the SAS EM-p
field equations
When there exist p (nonnegative integer) Maxwell

fields Af, (a =1,2,...

complete set of SAS EM-p field equations can be writ-
(18]

, ) in space-time, the essentially
ten as
d(p~'M~*dM) = 0, (3)

where the (p 4+ 2) x (p + 2) ordinary complex matrix
function M = M (z,y) is defined as

1 V2o! V282 V282 i(f - &)
V20! 29191 — f 281 92 201 —i\/20'E
P V202 20291 242P% — f ... 282°9P —i\/28%¢E @
f : : : : : :
V2P  29P Pl 2P 2 L2PP PP — f —i\/29PE
i(E—f) 2P iV/2E9? V2E OP EE
and satisfies the conditions
M'=M (5a)
M~yM = p, (5b)
0 01
ye=| 0,0 |. (5¢)

-1 00
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In Egs.(3)-(5), € is an ordinary complex Ernst po-
tential and ¢ (a = 1,2,...
(multiple) Ernst electromagnetic potentials; I, and I

,p) are ordinary complex

are, respectively, the p-dim (dimensional) and (p+ 2)-
dim unit matrices; the real function p = p(z,y) > 0
satisfies d*dp = 0 and “*” is the dual operation in
2-dim Euclidian space {z,y}. From Egs.(5a,b,c), we
can see that M essentially belongs to the symmetric
space SU(p+1,1)/(SU(p+ 1) x U(1)).

3. Modified HE-type EHC linear

system

Equation (3) implies that we can introduce a
(p +2) x (p + 2) matrix twist potential Q(x,y) by
dQ = —p~*M~*dM, then from Eq.(5) and the har-
mony of p(x,y) we can obtain Q—Q' = —2z7 with the
real field 2 = z(x,y) introduced by *dp = dz. Thus,
if we define an EHC matrix H-potential as

H =M +€Q, (6)

and denote £2 := g4, then the equations about @) and
M can be written together as

2(z+p*)dH = (H + H")2dH. (7)

Now we introduce an ordinary complex parameter
w and define

Alw) =w— (H+ H) N, (8)

then from Eqs.(7), (8) and (9) we can obtain
dIMNw) = I'(w)N2 A I'w), (12)

where “A” denotes the exterior product of differential
forms. Equation (12) is just the complete compatibil-
ity condition of the following EHC linear differential
equation:

dF(w) = ['(w)2F (w), (13)

where F(w) = F(z,y,w;¢) is a (p+2) X (p+ 2) ma-
trix EHC function of z, y and w. Moreover, from
the definitions and properties of p and z, without loss

of generality, we shall redefine coordinates by setting
x = p, y = z for simplicity in the following.

Equation (13) does not define F(w) uniquely,
hence we shall impose some subsidiary conditions that
are consistent with the above equations and the re-
quirement that F(w) be holomorphic in a neighbour-
hood of w = co. To this end, we note that if F(w) is
expanded in power of w™! around w = oo as

F(w) = F%(p,z6) +w 'FW(p,z;6) + ..., (14)

then from Eqs.(7), (13) and the relation 24! (w)dz =
—A(w)tdA(w) we have
dF© =d[FY — HQF©) =,
d[A(w)F(w)t Q2F(w)] =0,
d[F (w)* 2 A(w) F(w)] =0,
where F(w)T := F(w)f, F(w)* := F(w)*. These
equations determine F'(w) up to right-multiplication
by an arbitrary non-degenerate (p+2) X (p+2) matrix

function of w, so we use this freedom and choose the
integral constants consistently such that

FO =T, (15a)
FY=HQ, (15b)
Aw)F(w)T2F (w) = w2, (16a)
F(w)* RA(w)F(w) = wi2. (16b)

Equations (13)—(16) are essentially the HE-type EHC
linear system for F'(t) in Ref.[18] with ¢ being replaced
by w™!. Besides, from definition (8) we see that

A(w) is a linear function of w. (17)

We call Egs.(13)—(17) a modified HE-type EHC linear
system for the EM-p theories.

Now we give some other useful relations. In-
troducing ordinary complex coordinates n := z + ip,
& =z —ip, we can rewrite Eq.(7) as

[2n — (H + H")$2)0,H = 0,
[2¢ — (H + HY)Q]0:H = 0,

(18a)
(18b)
From the definition of A(w) in Eq.(8), Egs.(18) may
be written as

(19a)
(19b)

A(w = 2n)0,H =0,
A(w = 25)85[‘.[ =0.

Moreover, for any A(w) satisfying Eqgs.(16a) and
16(b), we have

A(w)TRA(w) = X\ (w) Q. (20)
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4. Dressing transformation

Assuming that we have known a solution M
(seed solution) of Egs.(3) and (5), then we can obtain
the corresponding Hy, Ag(w) and solution Fy(w) of
Eqgs.(13)—(16). Now we take a dressing transformation

x(w)Fo(w), (21)

=x(p,z,w;e) is a (p+2) x
EHC function of p, z and w. The requirement that
F(w) be also a solution of Egs.(13)—(16) (for some H
and the associated A(w)) implies

F(w) =

where x(w) (p+2) matrix

x(0) =1, (22)
dx(w) = A7 (w)[dH 2x(w) — x(w)dH 2], (23)
X" (w) 2x(w) = £2, (24a)
X (w) 2A(w)x(w) = 240(w). (24b)

Expressing the expansion of x(w) in the neighbour-

hood of w = > as

x(w) =T +w'xW(p,ze) +..., (25)
then we have
Theorem 1 If Hj is an H-potential for some known
My and x(w) satisfies Eqgs.(22)—(24) with A(w) ful-
filling Eq.(17), then

H:=H,-xY (26)

is an EHC H-potential of the SAS EM-p theory, i.e.
M = Reg(H) is a solution of Eq.(3) under conditions
(5a,b). Proof Firstly, Eqs.(24b), (25) and (17) give

Alw)=w — (H + HHN (27)

with H defined by Eq.(26). Moreover, in terms of

coordinates 7 and &, Eq.(23) can be written as

,H2 = x(w)d,Ho2x ' (w)
—(w = 2n)9,x(w)x " (w),

O H 2 = x(w)0Ho2x " (w)
(w — 2)dex(w)x ™ (w).

Thus, if x(w) and x ~!(w) are not singular at w = 2n
and w = 2€ (for the soliton transformation in the
following these conditions are automatically fulfilled),
the above two equations give

OyH =x(w=
OcHN = x(w=

21)0, Ho2x ' (w
2€)0¢Ho2x *(w

= 277);
~ %),

(28a)
(28b)

Since Hy, Ao(w) satisty Eqs.(19), from Eqgs.(24b),
(28) and (19) (for Hy, Ag(w)) we have

Alw =2
Alw =

1n)0,H =0,
2¢)0cH = 0.

(29a)
(29Db)

These indicate that H given by Eq.(26) satisfies
Eq.(7).
Now, Eqs.(23) and (24a) give
dH = —A(w)dx(w)2x" (w)
+x(w)dHox " (w). (30)

Since for a known M|, we have Hy — Hg = —22() by
definitions of Hy and z, Eq.(30) gives

AH — dH' = — A(w)d[x(w) 2x* (w)
—2dzx(w)2x " (w), (31)

where we have noted that Ht = HT;
Eq.(24a) again, we obtain

thus using

H-H'=-2:0 (32)
by choosing some suitable integral constant. Equation
(32) immediately implies that M := Reg(H) satis-
fies Eq.(5a). Moreover, by Egs.(24), (21) and (16)
(for Fy(w) and Ap(w)), it follows that A(w) satis-
fies Eq.(20), then from Eqs.(27) and (32) we see that
M := Reg(H) satisfies condition (5b). Finally, under
conditions (5a,b), Eq.(7) implies Eq.(3).

5. Inverse scattering method

Based on the modified HE-type EHC linear sys-
tem and dressing transformation given above, we can
develop a new ISM for the EM-p theories and find that
the reduction procedure by this ISM is fairly simple.

To construct pure N-soliton solutions of the SAS

EM-p field equations, we take the following ansatz for
x(w) and x ™! (w):

N
w) :I+Z wl_%’“ (33a)
= N
= Z (33b)
S W vy’
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where R, = Ry(p,z;¢) and Si = Si(p,z;e) are
(p+2) x (p+2) matrix EHC functions, the poles p, and
vy, are ordinary complex, and they are all independent
of w. The relations x (w)x ~*(w) = x }(w)x(w) =T
imply

Riex ' (pe) = x (i) Ry = 0,

Sex(vi) = x(vk)Sk = 0, (34)

thus Ry and Sj are singular matrices. In the follow-
ing, we take Ry and Sj, to be of rank 1Y and write

them as

Ry =myng, Sk = prgx,

k=1, (nosumink),...,N, (35)
where my, = my(p,z;¢) and pr = pr(p,z;e) are
(p + 2)-dim column vectors, n, = ng(p,z;e) and

qr = qr(p, z;¢) are (p + 2)-dim row vectors. From
Egs.(33) and (35), Egs.(34) give

N
n
nk+zk7plm:0,

= ME
N
Pr— Y PE iy =0, (36)
M — Vg

1=1
where nyp; is scalar product of row vector m; and
column vector p;. Equations (36) enable us to express
all of the vector functions my’s and q;’s in terms of
the set of 2N vector functions ny’s and py’s:

N
myg = Z Gﬁglpl7

N
ar=-> Gy'm, (37)
=1 =1

where G,;ll’s are elements of the inverse of matrix

. NPk
G = {Gy} =y With Gy, == v
only need to determine ny, pr and py, vg in the fol-

. Therefore, we

lowing.
The functions Ry, Sk, pur and v, must also obey
Eqgs.(23) and (24). Writing Eq.(23) as
A" w)dH 2
[x (w) Lo (w) 2 + dx(w)] x ™ (w)
x(w) [To(w)2x ™ (w) —dx ' (w)]  (38)

with I'h(w) = A~ (w)dHy, then the substitution of
Eqgs.(33) and (35) into Eq.(38) shows that pg, vg
should all be ordinary complex constants and ny, px
obey the equations

dng + np I (pk)o 82 = 0,
dpk — F(Vk)Oka' =0. (39)

Comparing Eqgs.(39) with (13) (for seed solution Hy),
we see that the solutions of Eqs.(39) can be written

as
= Fy ), o= Fompy, (40)
where n,(co) and p;co) are EHC constant (p+2)-dim row

and column vectors, respectively. Further, when sub-
stituting Eqgs.(33), (35), (37) and (40) into Egs.(24a)
and (24b), noticing (17) and by some algebraic calcu-
lations, we surprisingly find that the conditions (24a)
and (24b) can be simultaneously fulfilled provided
that we take

Vi = bk, (41a)

© _  of

=Py Y (41b)

with p,(co)’s being ordinary complex and - being de-
fined by Eq.(5¢).

So far, we have obtained x(w) in terms of Fy(w);
from Theorem 1 and noticing the relation (16a) for
Fy(w) we can obtain the new N-soliton EHC H-
potential Hy by formula (26) with

o

Y A(ur) t

_ _ 0 0 —
= - Gl Fo(m)p)” p [Foliw)]™, (42)
L M
where
T _ _
Gy — M) p” [Fo(m)] v Fo(an)py”
’ i M — [k ’
Tm(py) # 0, kil=1,....N (43)

and pgco)’s are arbitrary ordinary complex constant
(p + 2)-dim column vectors.

6. Application: generation of

family of soliton solutions

To illustrate the ISM given above, we construct
a family of soliton solutions, in which we choose the
Minkowski spacetime as a seed solution. The corre-
sponding My(p, z), Hy(p, z;€) and Fy(p, z,w;e) are

U This is not the only possible choice. In general, the rank r of Ry can be taken as 1 < r < p+ 1, and similarly for Sg.
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1 0 0
My =pI, Hy=pl—280; I:= 0-1,0 |, (44)
0 0 1
» T(w)+Aw) 0 —i(T(w) - Alw)
w
F = 45
o(w) =3 Nw) T2 () 2A(w) T, 0 , (45)

where T'(w) = T(p, z,w;e) := (w — 22) + ie2p.
Now for simplifying the notations, we write p,(co) =
ag
b, | (ak, ci are ordinary complex constants and by,
Ck
is a p-dim ordinary complex constant column vector)
and introduce

Then from Eqs.(42), (43) and (26), we can obtain the
corresponding N-soliton EHC H-potentials as follows:

(ar, — ick) Ty + (ar + ick) Mg

up = 20

(cr + iak)Tk + (Ck — iak))\k

Thus, for each p we have obtained a soliton solu-
tion family {Mpy = Reg(Hy), N = 1,2,...} for the
EM-p theories.

7. Summary

A previously established HE-type EHC linear
system['8! is slightly modified and used to develop an
ISM for the EM-p theories. We show that the re-
duction procedure for this ISM is fairly simple, which
makes the ISM be fine and effective in practical ap-
plication. As an example in application, we use this
method to obtain a concrete family of soliton solutions
for the SAS EM-p theory.

N
Hy(p,ze) =Hy—¢ Z él_kl u; U;Tga
k=1
N=12..., (46)
where
A 1
Gy = —— 'UJI Y Uk,
Ml — Kk
Im(uk)#07 k7l:1""7N7
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