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Based on the definition of higher-order adiabatic invariants of a mechanical system, a new type of adiabatic

invariants, i.e. generalized Lutzky adiabatic invariants, of a disturbed holonomic nonconservative mechanical system

are obtained by investigating the perturbation of Lie symmetries for a holonomic nonconservative mechanical system

with the action of small disturbance. The adiabatic invariants and the exact invariants of the Lutzky type of some

special cases, for example, the Lie point symmetrical transformations, the special Lie symmetrical transformations, and

the Lagrange system, are given. And an example is given to illustrate the application of the method and results.
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1. Introduction

Symmetrical perturbation and adiabatic invari-
ants for a dynamical system play an important role in
the fields of mathematics, mechanics and physics.!'~®]
In 1917, Burgers first proposed adiabatic invariants
referring to a special kind of Hamilton systems.!] A
classical adiabatic invariant is a certain physical quan-
tity that changes more slowly than some parameter of

8] In fact, the pa-

the system which varies very slowly.
rameter varying very slowly is equivalent to the action
of small disturbance. For a mechanical system, there
exists intimate relations among the integrability of the
system, the variations of its symmetries, and the in-
variants under the action of small disturbance. There-
fore, research on symmetrical perturbation and adia-
batic invariants is of great significance.l®8] More and
more attention has been paid to research on symmetri-
cal perturbation and adiabatic invariants of mechan-
ical systems, and some important results have been
reported in recent years. But the adiabatic invariants
obtained by all these studies belong to the type of

Noether and the type of Hojman.[3:7—19]

In 1979, Lutzky applied the Lie’s theory to the
differential equations of motion for a mechanical sys-
tem, and obtained a new type of conserved quantities

of the dynamical system under Lie point symmetri-
cal transformations,?0=23! ie. the Lutzky conserved
quantities. In recent 20 years, researchers developed
the Lutzky’s method and obtained some important re-
sults (see Refs.[24-30]). But the invariants of Lutzky
type obtained by all these studies belong to the con-
served quantities of Lutzky type for the dynamical
system without perturbations. Recently, Refs.[31, 32]
gave the adiabatic invariants of Lutzky type of a La-
grange system.

In this paper, we further study the Lie symmet-
rical perturbation under general infinitesimal trans-
formations of groups for holonomic nonconservative
system with the action of small disturbance, and will
present a new type of adiabatic invariants; we refer to
the new adiabatic invariants as adiabatic invariants of
generalized Lutzky type of disturbed holonomic non-
conservative system. Also, we present an example to

illustrate the application of the results.

2. Disturbed equations of holo-

nomic nonconservative system

Here we consider a holonomic nonconservative

mechanical system whose configuration is determined
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by the n generalized coordinates g5 (s = 1,...,n), and
the differential equations of motion of the system can
be expressed as the following form
d oL OL
dt 0gs  dqs
where L = L(t,q,q) is Lagrangian, Q, = Qs(t,q, q)

=Q, (s=1,...,n), (1)

are the nonpotential generalized forces. In general,
suppose that the system is not singular, then all the
generalized accelerations can be solved from Egs.(1)

M. (0L 9L 0’L |
D (aq.kaqjquer)’ (2)

b= dqr  0q0t

and a relation between §; and L can be easily given

by
aéjs 0 Msk d o
(s,k=1,...n), (3)
where 021
D = det — 0, 4
© (aQSGQk> ?é ( )

M, are the cofactors of the matrix element

0?L/0¢s0qx. 1If the generalized accelerations of the
system are

q’s = as(t7 q’ q) (S = 17 AR 7n) ) (5)
then Eqgs.(3) give
Oa 0 My, d _
(s,k=1,...,n). (6)

Suppose the holonomic nonconservative system
given by Eqgs.(1) is disturbed by small forces of per-
turbation eWy, then the equations of motion of the
system can be written as follows:

d oL OL

dt dgs  Oqs

Expanding Eqgs.(7), we can obtain all generalized ac-

= Q. +eW, (s=1,....n). (7)

celerations of the disturbed system as follows:

M,
D‘ka (s,k=1,...,n). (8)

Under the action of small forces of perturbation eWj,

Gs = O‘s(ta q, q) +e

the original motion of the system may vary. Assuming
that the disturbed Eqs.(8) are small perturbation on
the basis of the undisturbed Egs.(5) of the system, we
have from Egs.(3)

S Ms Ms
b () oo ()

d4s 94 \ D 9ds \ D

d

Sp= =1,

tgn 0 (s,k=1,...,n), (9)

where ¢ is an infinitesimal parameter.

3. Lie symmetrical perturbation
of disturbed holonomic non-

conservative system

We now study the Lie symmetrical perturbation
for the holonomic nonconservative mechanical system
under the action of small disturbance, and obtain
the Lie symmetrical determining equations of the dis-
turbed system.

Introduce a single-parameter infinitesimal trans-

formation with respect to time and coordinates

t* = t + ST(t7 q) q.)’

q: (t*) = s (t) +e&s (ta q, q)7 (10)

where 7, &, are infinitesimal generators. Taking the
infinitesimal generator vector

0 0
(O) = —_— _
X Tat + gsa , (11)

S
and its first prolonged vector

7] 0 : 0
XM =7 4, — — o) ——. 12
Tat + 58 aqs + (ES QST) aq-s ( )

After the action of small forces of perturbation, the
invariance of Eqs.(8) under the infinitesimal transfor-
mations (10) leads to the satisfaction of the determin-

Msk
W,
D ’“)

=X (ag) 4 ex® <]\/‘l[;ka>

ing equations

és—q's%—%'(as—i—s

(s,k=1,...,n). (13)

Under the action of small forces of perturbation
eWsy, the original symmetries and invariants of the sys-
tem may vary. Assuming that the disturbed genera-
tors 7(t,q,q) and &4(t, q,q) of infinitesimal transfor-
mations are small perturbation on the basis of the gen-
erators of symmetrical transformation of undisturbed
system, we have

T:TO+571+5272+...,

=8+ 8+ (14)
Substituting Eqgs.(14) into vector (12), we have

XW =gmxD (m=0,1,2,..), (15)
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0 0 :
X(l) —m m m __ s -m
m T 8t + §S aqs + (58 qST )

dqs
(m=0,1,2,...). (16)
Substituting Eqgs.(14) and (15) into Egs.(13), and
comparing the coefficients of €™ on the left side of
equality with those on the right side, we obtain Lie
symmetrical determining equations of the disturbed
system (8) as follows:
My,

&mo ~S~~m_2-m 8_2-m—1 W
&, qsT T T - Wk
M
= ,53>(as)+X$)1< ka>
D
(s,k=1,...,n), (17)

where, we set 77! =0 and ;! = 0 when m = 0.

4. A new type of non-Noether

adiabatic invariants

The following theorem will present a new type of
non-Noether adiabatic invariants directly led by Lie
symmetrical perturbation of a disturbed holonomic
nonconservative system.

Definition 1 If I, = (¢,q,4,¢) is a physical
quantity including ¢ in which the highest power is z in
a mechanical system, and its derivative with respect
to t is in direct proportion to 1, then I, is called a
z-th-order adiabatic invariant of a mechanical system.

Theorem 1 For a holonomic nonconservative
system which is disturbed by small forces of pertur-
bation eWs, if the generators 7™ and £* of infinites-
imal transformations (10) satisfy the Lie symmetrical

|

determining equations (17), and there exists a gauge
function G, = G(t,q, q,) satisfying the following re-
lation

9 (M
9ds \ D

then the disturbed holonomic nonconservative system

QQ:GD (18)

possesses the following new type of z-th-order adia-
batic invariant

N |06 o (o o™
L‘g;7b%+a% %(ws+wj
or™

- asa—qs —ni™ 4+ XV (In D)

- X G . (19)

Proof In fact, for an arbitrary function ¢(t, g, q),
if the infinitesimal generators 7 and &, satisfy the Lie
symmetrical determining equations (17) of the system,
we can easily verify that there is a relation as follows:

d d d
—xWp)y=xO ( = iy )
LX) So) i (20)
Substituting Egs.(14) and (15) into Eq.(20), and com-
paring the coefficients of € on the left side of equality
with those on the right side, we have

d d d
(1) _ x) m
TR (InD) = X! (dt lnD>+T D, (21)
% XW(GL) = XD(GL) + Gy (22)

Taking the partial derivations of determining equa-
tions (13) for ¢s, we can obtain by way of simple de-
duction

M, M,
bk Wi — XD (a,) —ex® (Sk Wk)]

9 .
B0 {gs — (T — 2057 — 27 =

_i ags_’_aés_- 8T+87L _aai_nrf-
“dt |og, " 9g, ©\oq T 94, ° 94

. 0 Msk} (1) 8045 (1) 0 Msk:
Tf)qs (as—i—a ) Wk) X 34, eX aa. ) W

0. (23)

Substituting Eqgs.(14) and (15) into Eq.(23), and comparing the coefficients of €™ on the left side of equality
with those on the right side, we have
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d fogr | ogr . (o™ Lo
dt | dgs 04 T\ Ogs  0ds
.m 00
=T

9qs 9¢s \ D

-« 8T—m—nr'm
* 04

M,
L gmo1 9 < <ka>+X<1>

8045 (1) 8 Msk
(845) X [&;s < D W’cﬂ ' (24)

Differentiating I, with respect to time ¢, and using Eqs.(9), (18), (21), (22) and (24), we obtain

N L das .0 [ My dar, T /My
dt mz::f {T 95, T 94, ( D W’“) t (aqs) X g o

d d . .
(4 md _m
+x (1 (dt lnD)+T = InD - X, (GL) + GL}

N [y [0 (M oy [0 (M
_Zg {Xm_l {aqs(DW’“ﬂ ex 9 DWk

gm0 (MSka) _eim (M

0 (M
_ ozt 1 | Y[ 2Esk _ iz
x| ()| -

This shows that dI /dt is in direct proportion to e*+1,
so I, is a z-th-order adiabatic invariant of the system
from Definition 1.

Expression (19) is a new type of adiabatic invari-
ants directly led by Lie symmetries for a disturbed
holonomic nonconservative system. It reveals the in-
trinsic relation between the invariants and the Lie
symmetrical perturbation of a disturbed holonomic
nonconservative system. We refer to the invariants
as adiabatic invariants of generalized Lutzky type of
the disturbed holonomic nonconservative system.

Taking m = 0, we can obtain the Lie symmetrical
determining equations of the undisturbed system (5)
from Eqgs.(17) as follows:

€0 — 4,70 — 2%, = XM (o)

(s,k=1,...,n). (26)

Theorem 2 For a holonomic nonconservative
system without perturbation, if the generators 7° and
€9 of infinitesimal transformations (10) satisfy the Lie
symmetrical determining equations (26), and there ex-
ists a gauge function G, = G (t,q, g, ) satisfying the
following relation

0 [ Mg
04 ( D

Qk) =d, (27)

then the undisturbed holonomic nonconservative sys-

o)

tem possesses the following exact invariant

0¢0  9gY . (o0  0:°
IO = — —4s | 77— + =
3qs 8(13 aQS aQS
0
— a aT‘ — %+ XxP D) - X (Gy)
qs
=const. (28)

Expression (28) is an exact invariant directly derived
from Lie symmetries for a undisturbed holonomic non-
conservative system. We refer to the invariants as
conserved quantities of generalized Lutzky type of the
undisturbed holonomic nonconservative system. 28!

Particularly, if the transformations are Lie point

symmetrical ;such as

tt=t+er(t,q), q(t")=qs(t) +e&(t q), (29)
then Theorem1 becomes:

Theorem 3 For a holonomic nonconservative
system disturbed by small forces of perturbation eWj,
if the generators 77" and £;" of infinitesimal transfor-
mations (29) correspond to a Lie point symmetry, and
there exists a gauge function G = G (t,q, q, ) satis-
fying the following relation:

0 (M., .
o ("pean) = (30)
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then the disturbed holonomic nonconservative system
possesses the following new type of zth-order adiabatic

invariants
: oer o™
I — m 2 S _ A _ =
=l (G -y )
+ X (InD) — XV (GL)]. (31)

Expression (31) is a new type of adiabatic invari-
ants directly given by Lie point symmetries for a dis-
turbed holonomic nonconservative system. We refer
to the invariants as adiabatic invariants of generalized
Lutzky type of the disturbed holonomic nonconserva-
tive system under the Lie point symmetrical transfor-
mations.

If the transformations are special Lie symmetrical
transformations with time not varied, such as

t" =1, q;(t") =qs(t) +e&(t,q,9),  (32)

then Theoreml becomes:

Theorem 4 For a holonomic nonconservative
system disturbed by small forces of perturbation eWj,
if the generators " of infinitesimal transformations
(32) correspond to a special Lie symmetry, and there
exists a gauge function G, = GL(t,q,q,) satisfying
the following relation
2 (M)t e

then the disturbed holonomic nonconservative system
possesses the following new type of z-th-order adia-
batic invariants

N[00 0E
L=) ¢ [6% T B + XM (In D)

m=0

— XV (Gy) } . (34)

Expression (34) is a new type of adiabatic invari-
ants directly given by special Lie symmetries for a dis-
turbed holonomic nonconservative system. We refer to
the invariants as adiabatic invariants of Lutzky type of
the disturbed holonomic nonconservative system un-
der the special Lie symmetrical transformations.

For the Lagrange system of Qs = 0, Theorems 1,
3 and 4 become, respectively,

Theorem 502! For a Lagrange system disturbed
by small forces of perturbation eWy, if the generators

Tm

and £ of infinitesimal transformations (10) sat-
isfy the Lie symmetrical determining equations (17),
then the disturbed Lagrangian system possesses the
following z-th-order adiabatic invariants
z m 'm m -m
L= smr;gs + %5.5 — s (%T + 887. )
— as  0ds as ds

—asaa% —n#™ 4+ XU (In D)} . (35)

Theorem 6 For a Lagrange system disturbed
by small forces of perturbation eW, if the generators

Tm

and €7 of infinitesimal transformations (29) cor-
respond to a Lie point symmetry, then the disturbed
Lagrangian system possesses the following new type

of z-th-order adiabatic invariants

e |, (06 o -
IZ—ZE [2(8% qs@qs> nr

m=0

+ XY (In D) ] : (36)

Theorem 713! For a Lagrange system disturbed
by small forces of perturbation eW, if the generators
& of infinitesimal transformations (32) correspond to
a special Lie symmetry, then the disturbed Lagrangian
system possesses the following z-th-order adiabatic in-

variants

P .

L=>Y & o | ai? +xMnD)|. (37)
m=0

0qs 0qs

Expression (36) is a new type of adiabatic in-
variants directly given by Lie point symmetries for
a disturbed Lagrange system. We refer to the invari-
ants as adiabatic invariants of Lutzky type of the dis-
turbed Lagrange system under the Lie point symmet-
rical transformations.

For Theorem 3, taking m = 0, we can obtain the
conserved quantities of Lutzky type of the undisturbed
holonomic nonconservative system under the Lie point
symmetrical transformations.?”]

For Theorem 4, taking m = 0, we can obtain a
new type of conserved quantities of Lutzky type of the
undisturbed holonomic nonconservative system under
the special Lie symmetrical transformations.

For Theorem 5, taking m = 0, we can obtain the
conserved quantities of generalized Lutzky type of the
undisturbed Lagrange system.[2®]
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For Theorem 6, taking m = 0, we can obtain
the conserved quantities of Lutzky type of the undis-
turbed Lagrange system under the Lie point symmet-
rical transformations. 2122

For Theorem 7, taking m = 0, we can obtain the
conserved quantities of Lutzky type of the undisturbed
Lagrange system under the special Lie symmetrical

transformations.[23—26]

5. An example

As an example, we study the adiabatic invariants
of a holonomic nonconservative system, of which the
Lagrangian and the nonpotential generalized forces
are, respectively,

1. . . .
L=5(q%+q§)—q2,Q1=q1,Q2=qz. (38)

Firstly, we seek the exact invariant of the system
without perturbations.
Equations (1) give

Gi=q@r=0a1, G2=¢ —1=an. (39)

The determining equations (26) give

£ — 170 — 27%; = &) — ¢17°,
€9 — o0 —27%(4e — 1) = £ — ¢7°,  (40)

and these have solution

™ =qi,

& =0+ ot + 5@+ B+ -~ 1),
&=+ (@2 - )t + q1g

B ) (1)
From Eq.(27) we obtain

G =2t. (42)

According to Theorem 2, we obtain an exact invari-
ant of generalized Lutzky type for the system from
generators (41) as follows:

Io = G2 — g1 — g2 + q1 +t = const. (43)

Using the inversed Noether theorem,® we know that
the exact invariant (43) is non-Noether one.
Lastly, we study the adiabatic invariants of the
system with the action of small disturbance.
Suppose the system is perturbed by the small
quantities as follows:
eWi = —et, eWy =¢t. (44)
The disturbed equations (8) give
G =q —¢€t, Go=qg2—1+et. (45)

Using generators (41) and disturbed equations (45),
and taking m = 1, the determining equations (17)

give

€L — 17t — 27Y4y + 241t

25% — 17t — qu,
& — ot — 271 (4o — 1) — 241t
=£3 — dott + qu, (46)

and these have solution

! t27 6% = qlta

& = (@1 + @)t* — qut. (47)
According to Theorem 1, we obtain a 1-st order adia-

batic invariant of generalized Lutzky type for the sys-
tem from generators (41) and (47) as follows:

. . 1
IIZQQ_QI_Q2+Ql+t_§5t2- (48)

Furthermore, we can find more higher order adiabatic
invariants of the system.
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