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Based on the results of explicit forms of free energy density for each possible arrangement of magnetization

fluxes in large-scale two-dimensional (2D) square w-loop arrays given by Li et al [2007 Chin. Phys. 16 1450], the

field-cooled superconducting phase transition is further investigated by analysing the free energy of the arrays with

a simplified symmetrical model. Our analytical result is exactly the same as that obtained in Li’s paper by means

of numerical calculations. It is shown that the phase transition splits into two branches with either ferromagnetic or

anti-ferromagnetic flux ordering, which depends periodically on the strength of external magnetic flux ¢e through each

loop and monotonically on the screen parameter 8 of the loops in the arrays. In principle, the diagram of the phase

branches is similar to that of its one-dimensional counterpart. The influence of thermal fluctuation on the flux ordering

during the transition from normal to superconducting states of the m-loop arrays is also discussed.
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1. Introduction

The phase dependent Josephson current for junc-
tions between two d-wave superconductors has been

(1-3]

extensively investigated. By imposing symmetry

requirements on the tetragonal lattice, Walker and

Luettmer-Strathmann/3!

have obtained a general ex-
pression for the angular dependent Josephson current.
Their results show that the Ginzburg—Landau free en-
ergy of Josephson coupling, as well as the Joseph-
son current, changes sign when either 6; or 6;, the
angles of the crystallographic axes of the two con-
nected superconductors with respect to their junction
interface, undergoes a 7/2 rotation. With the sign
change a m-junction is defined, which can be equally
described as having either a negative critical current
or an additional phase shift of 7. It has been sug-
gested by several authors!1»24~8] that the ground state
of a superconducting loop containing an odd number
of m-junctions, the so-called 7-loop, has a spontaneous
magnetization with a flux close to half a flux quantum

for a large f=2nLI./ Py (Py = h/2e is the quantum

Josephson junctions, m-loop arrays, phase branches

flux) in the absence of an external magnetic field.
After the discovery of high T, d-wave supercon-
ductors, more and more attention has been paid to 7-
loops and 7-loop arrays due to their potential applica-
tions in, for example, phase sensitive pairing symme-

try tests[9-10] (11-14]

and Josephson flux-qubit designs.

Recently, Hilgenkamp et al have reported the re-
alization of large-scale coupled m-loop arrays based on
YBayCuzO7-Au-Nb Josephson contacts.!'®16] Their
experimental results as well as the analysis given

sl8:17.18] ghowed a robust anti-

by other author
ferromagnetic ordering of spontaneous magnetization
in both square and triangular 7-loop arrays and pre-
dominant anti-ferromagnetic nearest-neighbour cou-
pling of half-flux quanta in hexagonal m-loop arrays
in the absence of an external field. Very recently,
the free energy densities in possible flux states of two-
dimensional square m-loop arrays in an external mag-
netic field were given analytically and compared nu-

merically by Li et al.l']

To complete the theory, in
this paper an analytical treatment for the comparison

of the free energy densities is provided with the same
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model described in Refs.[19] and [8]. Based on the
comparison, a phase branch diagram is obtained; the
branch formation shows a similar behaviour to that in

(20] In addition, we will briefly

one-dimensional arrays.
discuss the effect of thermal fluctuation on branch for-

mation during the superconducting transition.

2. Free energy densities in the
possible flux states of a sym-

metrical square m-loop array

Generally, in large-scale m-loop arrays the edge
effects on global properties can be neglected. For
simplicity, we take an infinitely large two-dimensional
(2D) array consisting of identical square 7-loops as our
model, as shown in Fig.1. This has been described in
Refs.[19] and [8].
symmetrical case, in which the loops have the same

We also restrict ourselves to the

inductance L and the junctions have the same critical
current amplitude I.. The square m-loops in the array
are arranged in such a way that each pair of neigh-
bouring loops has a common Josephson junction,
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Fig.1. Schematic of a 2D square w-loop array, where

zero- and w-junctions are indicated by 0 and 7 respec-
tively. The ‘primitive cells’ are denoted by highlighted
blocks. The two arrows in the diagram stand for two ‘ba-

sis vectors’.

either zero- or m-junction, connected on their com-
mon side, and each junction is shared by a pair of
neighbouring loops. Without loss of generality, all -
junctions are alternately set with the zero-junctions
along the horizontal direction of the array. Namely,
each square loop in the array has three zero-junctions
and one m-junction to compose a w-loop. Therefore,

the arrays have crystal-like periodic structure with
a pair of horizontal (or vertical in the other equiv-
alent way) neighbouring loops as a “primitive cell”,
as shown in Fig.1. According to translational peri-
odicity, we know that there are only three kinds of
zero-junctions and one kind of m-junction in the ar-
ray. By imposing the symmetry on the array, there are
only four possible magnetization flux arrangements of
the loops: [ anti-ferromagnetic ordering, alternat-
ing strip line flux ordering and ferromagnetic order-
ing with magnetization fluxes either parallel or anti-
parallel to the external flux &,, as shown in Figs.2(a),

2(b), 2(c) and 2(d), respectively.
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Fig.2.
a large-scale symmetrical 2D square m-loop array: anti-

Schematic of four possible flux arrangements in

ferromagnetic ordering (a); alternating strip line ordering
(b); ferromagnetic ordering with magnetization fluxes par-
allel (c) and anti-parallel (d) to the external flux ®.. The
w-loops with downward and upward fluxes are denoted
by clockwise and anticlockwise arrows for the circulating
currents Ig, as well as shaded and non-shaded blocks, re-
spectively.

Considering the fact that each junction in the ar-
ray is shared by two neighbouring loops, we can write
down the free energy per cell as

1
U= 5(LIE + LI?)

3
QOICO 0 QOI(?— T
= ;COS(%) o cos(), (1)

where [} and I, are the respective circulating currents
in the left and right loops of a cell, 7? (j=1, 2, 3) and
~™ are the respective gauge-invariant phase differences
of the three kinds of zero-junctions and the 7-junction,
and I? and IT denote the respective critical currents
of the zero-junctions and 7-junction, namely I9=I,
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and IT7 = —I,. The phase differences of the four junc-
tions in a loop and the total flux through the loop are
restricted by the flux quantization condition

3
2

ZFYQ_FFY#_F _TF(QC"' QSm) = 27n,

j %o

(n=0,+1,+2---), (2)

where &y, is the magnetization flux related to the cir-
culating current and n is an integer describing the
fluxon states of the loop.

The condition (2) has periodic properties with re-
spect to the normalized external magnetic flux ¢, =
P,/ by, namely ¢ and ¢ + n with any integer n give
equivalent solutions of the problem. Without loss
of generality, we take the quantized flux state n=0.
Moreover, the space reflection symmetry of the array
will further allow us to deal with the problem in the
interval of 0 < ¢, < 1/2. Once it has been solved in
the above region, the whole solution can be obtained
by symmetrical and periodical extensions.

As is well known, the critical currents of and
phase differences of either zero- or 7-junctions satisfy
the Josephson relation

Iy = 107 sin(7°"), 3)

where I is the Josephson current through the junction
and is the difference between the circulating currents
in the two loops sharing the junction.

Considering the above Eqgs.(1), (2) and (3), Li et
al 19 have derived the different explicit forms of the
free energy per cell for each possible arrangement of
magnetization flux. The anti-ferromagnetic state (see
Fig.2(a)) free energy per cell can be expressed as a
function of ¢, and 3

Uy = Up[2(m — 4Iy)% + 872¢2 — 83 cos(I1)],  (4)

where Uy = ¢2/872L; I is the gauge-invariant phase
difference of the zero-junctions in the arrays (in this
case 7 =49 =49 = I), and can be determined by
[ from the following equation

Bsin(I) + 81" = 2m. (5)

There is one-to-one correspondence between [; and
3. Equation (5) tells us that I is in the range of
0< Iy <m/4for §>0.

By introducing the normalized free energy density
uy = U1 /Uy, Eq.(4) becomes

up = 2(m — 4I1)% + 87%¢2 — 8Fcos(I).  (6)

For the alternating strip line flux state (see
Fig.2(b)), the normalized free energy density given in
Ref.[19] is

Uy = 2(m — 20I%)? + 87292 — 48 — 4B cos(Is). (7)

This is slightly different from the anti-ferromagnetic
situation. Here I is the phase difference of the zero-
junctions on the vertical sides (in this case 79 = 7=
Iy, 78 = 0), and satisfies the relation

Bsin(ly) 44l = 2m, (8)

thus we have 0 < I'; < 7/2.

According to Ref.[19], there are two states with
magnetization fluxes parallel (Fig.2(c)) and anti-
parallel (Fig.2(d)) to the external flux in the ferro-
magnetic ordering. And their normalized free energy
densities can be written as

1 2
u3 = 872 (5 - ¢c) - 803 9)
and
1 2
uy = 872 (5 + ¢c) - 88, (10)

respectively.

3. Phase branches

Now let us compare the normalized free energy
densities u1, ug, uz and uy expressed by Egs.(6), (7),
(9) and (10), respectively.

From Eqs.(6) and (7), we know that both u; and
ug are functions of 8 and ¢.. From Ref.[7] we know
that the anti-ferromagnetic state has the lowest free
energy in the absence of an external magnetic field,
namely u; < ug at ¢ = 0. Moreover, we can easily
see that Ouy/0¢. = Ouz/dp. = 16m2¢, in the whole
range of 0 < ¢, < 1/2, therefore for all the values
of parameters # and ¢, we obtain u; < ug. In other
words, the anti-ferromagnetic state is more stable than
the state with alternating strip line flux ordering.

On the other hand, from Egs.(9) and (10) we can
have ug < wuy in the region of 0 < ¢ < 1/2; namely,
the ferromagnetic state is more stable when the mag-
netization flux is parallel to the external flux than
when it is anti-parallel.

In the following, let us compare uq(¢e) with
usz(¢e) in the region of 0 < ¢ < 1/2.

(a) At ¢ = 0, from Egs.(6) and (9) we have

u1(0) = 2(m — 4I'1)* — 8B cos(I) (11)
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and

u3(0) = 2% — 843. (12)

As mentioned above, in Eq.(11) I'y and § are not in-
dependent of each other. Their relation is given by
Eq.(5) and depicted in Fig.3.

0.8 1
ﬂsin(f‘l) + &8I =27

0.6 1

101 100 10! 102
B

Fig.3.
state as a function of screen parameter 3.

Phase parameter I'1 in the anti-ferromagnetic

At present, we regard u1(0) as a function of I
only. Obviously, from Eqs.(11) and (12) we have

u1(0, It = 0) = u3(0) (13)
and Bus (0. T
duO.) | 46 (14)
oI =0

This means that u; (0, I'1) < u3(0) is tenable for some
I'y in the region of 0 < I1 < 7/4. Moreover, we have
0?u1(0,1I1)

or:
Equations (14) and (15) show that u1(0, I'1) has one
and only one minimum in the region 0 < Iy < 7/4,

=64+ 8Fcos(I1) > 0. (15)

and the corresponding I is determined by
Ouy(0, 1)
ony
which is none other than Eq.(5). Namely, uq(0, 1)
determined by Eqgs.(11) and (5) is smaller than u3(0),

ie.

= —16(m — 4I1) + 8fsin(I1) =0, (16)

ul(O) < ’U,3(O)
(b) At ¢=1/2, from Egs.(6) and (9) we can immedi-

ately obtain
1 S 1
uy| = = .
\2) 7"\ 2

Moreover, from Eqs.(6) and (9) we know that u; in-

(17)

(18)

creases and ug decreases monotonically with increas-
ing ¢ in the interval 0 < ¢, < 1/2, as depicted in

Fig.4. Therefore, there must be a cross-over point
@¢ in the region 0 < ¢, < 1/2. Namely, the anti-
ferromagnetic state is more stable in 0< ¢ < @S,
while the ferromagnetic state is more stable in ¢S <
¢e < 1/2. The cross-over flux ¢S can be determined
by

1 (¢¢) = us(43)- (19)
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Fig.4. Typical normalized free energies per ‘primitive

cell’ in 2D square w-loop arrays with anti-ferromagnetic
(u1) and ferromagnetic (u3) orderings of the magnetiza-
tion flux for 3 = 7/2. For this B the two curves intersect
each other at ¢S = 0.21.

From Egs.(6), (9) and (19), the solution of ¢¢ can
be expressed as

¢S = (2n'y — AT? + Beos(I) — B) /7. (20)

The ¢S—0 relation can be calculated from Eqgs.(5) and
(20) in the range of 0< ¢ <1/2. In particular,

B =0;

8 — oo.

(21)

b = { 1/4  when

0 when

Based on the periodicity of flux quantization condition
and the reflection symmetry, we can extend the region
of ¢S(B) from 0< ¢ <1/2 to the whole real axis.
Consequently, we obtain the phase diagram shown
in Fig.5. The anti-ferromagnetic and ferromagnetic
branches are separated periodically with a period of
Apo=1.

From Fig.5, we can see that the m-loop array
must be in the ferromagnetic state in the flux range of
|pe—(n+1/2)| < 1/4, while for |¢pe—n| < 1/4 the array
can be in either ferromagnetic or anti-ferromagnetic
state depending on the value of [.
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102 increased and is comparable to the thermal fluctuation

energy and Beross ~ 412 LkpTeross / @3, mutual creep of

2 thermally activated states back and forth across the

‘;5 10" 5 branch boundaries is still possible, making the bound-

% aries indistinct. At temperatures much lower than

g 1001 Teross the fluctuation effect is reduced dramatically

§ and 0 becomes much larger than [...ss.- Then at very

low temperatures where 3 approaches to (T = 0), the

101 | KIS0 T KNI S— thermal fluctuation is negligibly small and the bound-

“ls 71005 0 0-5 aries between ferromagnetic and anti-ferromagnetic
Normalized external flux ¢e branches become clear.

Fig.5. Phase branch diagram of magnetization flux or- The derivation leading to similar results for two-

dering in 8 — ¢ space. The anti-ferromagnetic and ferro-
magnetic states with magnetization fluxes parallel to the
external flux are indicated by the symbols T] and 17, re-
spectively.

4. Discussion and conclusion

It should be emphasized that the above results
are correct only when the field-cooling condition is
satisfied. Otherwise, when we change the external
flux back and forth after the system has been cooled
down, the ordering of the loop magnetizations be-
comes very complicated. Generally speaking, in the
latter scenario, hysteresis among differently quantized
flux states in the 7-loop array occurs.

Moreover, the above results are obtained at
T=0K. At finite temperatures, thermal fluctuation ef-
fects exist, so every evolution of the array from normal
to either ferromagnetic or anti-ferromagnetic state is
a stochastic process. When the system is cooled down
near T, the influence of thermal fluctuation can be
much larger than the Josephson effect and there ex-
ists actually no clear phase branch boundary. When
the temperature is reduced further to the cross-over
temperature T oss, Where the Josephson energy has

dimensional triangular m-loop arrays can be done
straightforwardly in the same way. However, in hexag-
onal m-loop arrays the anti-ferromagnetic state does
not exist.!8) Although ferromagnetic states do exist
in the neighbourhood of ¢ = n + 1/2, the mathe-
matical treatment to provide a flux structure in the
vicinity of ¢ = n is difficult. The predominant
anti-ferromagnetic nearest-neighbour coupling can be
described by the bond-order parameter ¢,!15:17:21,22]
which equals to —1/3 at zero temperature.

In conclusion, we have investigated the magneti-
zation flux ordering of large-scale 2D square 7-loop ar-
rays using an infinitely large array model by analysing
the free energy of the arrays and obtained exactly
the same results as those in Ref.[19]. It is shown
that there are two branches, ferromagnetic and anti-
ferromagnetic branches, in the superconducting phase.
The phase branch diagram in 3 — ¢, space calculated
analytically in the thermal fluctuation-free regime is

periodic with respect to ¢e.
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