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The central problem of the lattice Boltzmann method (LBM) is to construct a discrete equilibrium. In this paper,

a multi-speed 1D cell-model of Boltzmann equation is proposed, in which the cell-population equilibrium, a direct non-

negative approximation to the continuous Maxwellian distribution, plays an important part. By applying the explicit

one-order Chapman—Enskog distribution, the model reduces the transportation and collision, two basic evolution steps

in LBM, to the transportation of the non-equilibrium distribution. Furthermore, 1D dam-break problem is performed

and the numerical results agree well with the analytic solutions.
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1. Introduction

In recent years, the lattice Boltzmann method
(LBM) has emerged as a powerful tools for modelling

(1=5] Originally, the

complex fluid dynamic problems.
LBM was developed as a modification of the lattice
gas model.l8) Later derivations!”®! revealed that the
method was a special discretization of the continuous
Boltzmann equation. The derivation of the LBM!”
from the Boltzmann equation is essentially based on
Grad’s moment method.[?). On the other hand, many
kinetic schemes for the compressible Euler system
based on the original Maxwellian distribution were de-
veloped. For the compressible Navier—Stokes system,
kinetic schemes were developed by Chou and Baganoff
(191 and in the Deshpande group.['12 A slightly dif-
ferent approach was taken by Xu and Prendergast.[!?]
Some authors noted the closeness of the LBM to the
kinetic schemes,!'*15] both methods exploit the fact
that the Boltzmann evolution is essentially equivalent
to Euler or Navier—Stokes evolution if the state is in
or close to local thermodynamic equilibrium. While
most of the kinetic schemes were developed and rou-
tinely used for the solution of compressible equations,
the LBM operates in the incompressible limit.[16-18]
However, the two methods even coincide for a partic-

ular parameter constellation. This implies that the
observations which are valid for kinetic schemes also

have a direct consequence on LBM.!!?!

The central issue of the LBGK (Lattice—
Bathnagar—Gross—Krook) method is the local equilib-
rium. The discretization of the continuous local equi-
librium is necessary for LBM or kinetic schemes in
view of computation.l?%:2!] However, most of discrete
schemes cannot provide a non-negative local equi-
librium or evolutionary distribution. A general ap-
proach to construct positive equilibrium distributions
has been presented by Junk!??l and Perthamel®3 who
used the entropy principle. In these direct velocity
models, variational approaches construct local equi-
librium which amount to a maximization of a strictly
concave function (entropy function) and subject to
certain constraints. However, Lagrange multipliers
included in the solution cannot usually be explicitly

expressed.

A cell-population equilibrium is proposed in this

paper.
to the Maxwellian distribution. And then a simple

This equilibrium is a direct approximation

LBGK scheme follows an obvious physical manner.
The particles with different velocities cross from one
cell to another in a computational cycle. As conse-
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quence, the changes of the population present a natu-
ral discretization of Maxwellian distribution. Further-
more, the scheme can easily develop a helpful multi-
speed LBM algorithm to increase the ability of cap-
turing shock wave.

Section 2.1
describes how to construct the cell-population equilib-

This paper is organized as follows.

rium. Section 2.2 presents the multi-speed evolution
formula of LBM. The standard test example, the 1D
dam-break problem, is taken to examine our scheme
in Section 2.3. Some concluding remarks are drawn
in Section 3. A final appendix discusses the equiva-
lency between the Boltzmann evolution and 1D shal-
low water equation with diffusion term by means of
Chapman—FEnskog expansion.

2. A discrete velocity model in-
duced by the cell approxima-
tion of Maxwell distribution

2.1. Cell approximation scheme

Within the lattice Boltzmann scheme, the evolu-
tion of the density distribution function in fluid sys-
tems obeys the Boltzmann equation. By using the
well-known single time relaxation BGK model for the
collision operator, the continuous Boltzmann equation

can be written as

0 9]
e =2 p. )

Here f(z,c,t) is the single-particle distribution func-
tion, ¢ is the microscopic particle velocity and ¢(z, ¢, t)
is the equilibrium distribution. The relaxation time A
controls the rate of approaching equilibrium. The hy-
drodynamic quantities, such as the water level h(z,
t), the macro-velocity u(z, t), and the energy can be
given in terms of the distribution functions as follows:

h(x,t)z/Rf(x,c,t)dc,
h(x,t)u(:c,t):/ cf(z,c t)de, (2)

R

h(z, t)u(x,t)® + 0.5gh(z,t) = /Rczq(:c,c, t)de, (3)

where g is the gravity acceleration.

The simplification leads to restrict the particle
velocity ¢, previously a continuous variable, to take
.,¢n }. The hydrody-

namic quantities are now given by discrete moments

values in a discrete set {co, 1, ..

of the distribution functions

N
h(I5 t) = Z fz(I, t)a
z]—VO
h(ac,t)u(:v,t) — Zcifi(xvt)v (4)
=1
N
h(z, tyu(z,t)® + 0.5gh(x,t) = Y i fi(z,t),  (5)
=0

where f;(z,t) = f(z,¢;,t), and the LBGK equation is

N

fi(z + ciAt, t) = fi(w,t) — = (fi(=,t) — qi),
i=0,1,...,N. (6)

Here {¢;,i =0,1,..., N} is the discrete local equilib-
rium distribution.

In fact all discrete velocities or LBGK models im-
ply finding a discretization of the continuous equilib-
rium. From this viewpoint, the design of a proper dis-
crete equilibrium plays a key role. The following four
steps draw an outline to construct the cell-population
equilibrium.

First, the Boltzmann—-BGK equation is rewritten
as

flx+ cAt,c,t + At) =f(x,c,t) — l(f(:c,c,t)

T

—q(:Z?,C, t))a (7)

in which the particle velocity c is a continuous variable
and 7 = A\/At is the relaxation parameter.

Second, the non-equilibrium distribution is taken
as the one-order Chapman—Enskog expansion form

flx,e,t) = q(z,c,t) + efD(a, e, t),

where
o(oceit) = e op(-CRON

is the local equilibrium, 0? = o(z,t)? = 0.5gh(z,t)
and ¢ is the Knudsen number. Furthermore the one-
order disturbance of f is assumed to have the form

O = q(z, e, t)u(z, e, t), ie.
flz,c,t) = q(z, e, t) (1 + ep(x, ¢, t)), (9)

with the collision conditions

+oo
/ w(z, e, t)q(z, c,t)de = 0,

— 00

—+o0
| entwctite.cnde=o, (o)

— 00
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and thus

“+o0 1 c +oo “+o00 c e “+o0

(¢ = f)de=—= pgde = 0, —(¢— f)de=—= cpgde = 0. (11)

oo T T ) o oo T T J

Then the distribution function satisfies the following conservation laws:
+00 +o00 +o0 +oo
/ flz,c,t)de = / q(z, ¢, t)dc, / cf(z, e, t)de = / cq(z, ¢, t)de.

Let A = e\, where )\ is of the same order as macroscopic time scale,?4 so 7 = 7, 7 = S\/At and Eqgs.(1)

and (6) become

of  of 1
i 8_x_55\(q_f)’ (12)
and
Flo+ eAteit+ Al = fla,e.t) — =(f(w.e.t) —alr.c.)). (13)
respectively. C(zo) to C(zo;) is just

Third, let D C R!' be a space domain and
X = {a!, 22 2N} C D be a discrete point set
such that 2! < 22 < ... < 2%V with the space
step Ax = 2! N — 1. Denote by
C(zp) a lattice cell with a centre xg, i.e. C(zg) =
[w0 — 0.5Ax, 20 + 0.5Ax], Voo € {a,i = 1,...,N},
then D = Uf\il C(2%). Note that C(xg) has 2k+1
cell neighbours {C(UCOi) i = 0,%£1,...,+k}, where
= 0,%1,...,xk. Sometimes we
also write C(z¢;) = [#1°
cation, here 2!V = zg; — O 5Ax z}¥ = xo; + 0.5Az
and xi?,_“i =%, i=0,%1,..., k.

Theoretically,  is a continuous variable in the

i
-zt =1,...,

To; = To + Az,
: ] for symbolic simplifi-

velocity distribution f(z,c,t). However, a discrete
scheme is necessary. In our discretization, the par-
ticles in C(xg) are considered to be at the cell centre
xgo. It implies that only at zy the numerical informa-
tion is available. Observing the change of the popu-
lation at zp within a computational cycle [t,t + At],
we are easy to see that a particle with velocity ¢ will
reach xg to xg + cAt at the terminal time ¢ + At. As
a consequence, a velocity cell CV;(At) = [c}oV, c[P]
such that all particles at z¢ with velocity ¢ € C'V;(At)
will cross to the position cell C(zp;) = [z}°%, 2}*], the
neighbour of C(zg), shown as Fig.1, where the low-
= (2}°V — x9)/At and up-bound c;P =

(2;® — x0)/At. In this way, a one-to-one correspon-

bound cl*%

dence is constructed between the space cell C(zg;) and
the Velocity cell CV(At) i =0,%1,...,£k. Notice
that h(zo,t le (zo,c,t)de is the total number
of the partlcles in the cell C(xp) at time t. Then at
t + At, the number of the particles transported from

T_5/2 T 3/2 T 1/2 Ti/2  X3/2  T5/2
t+At : I 1 I

Fig.1. The particles in C(zo) will cross into its 2k + 1
neighbours.

hi(x07t) = / f(xf)a c, t)dC,
cvi(at)
i=0,4+1,... +k (14)

and the transport momentum is

(hu);(zg,t) = / cf (xo, e, t)de,

cvi(ay)
i=0,%1,..., %k (15)

However, Eqs.(14) and (15) only consider the case of
the particles transportation. More generally, the pop-
ulation f(zo + cAt, ¢, t + At) in LBGK equation (13)
includes the information of both the transportation
and the collision at t + At. Hence the particle popu-
lation cross into C'(zg;) from C(zg) at t + At should
be

hi(zo,t + At) :/ f(zo + cAt, ¢, t + At)de
Vi (At)

i=0,%1,..., %k (16)
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It gives a natural non-negative discretization of the continuous velocity distribution. Similarly we have a
momentum approximation

(hu)i(xo,t + At) = / cf(xo + cAt, e, t + At)de, i =0,+£1,...,tk. (17)
CVi(At)

Due to the explicit expression of the non-equilibrium (9), Egs.(16) and (17) also can be written as

hi(zo,t + At) = h;(xo,t) — < / q(zo, ¢, t)pu(xo, ¢, t)de, (18)
T Jovi(at)

€

()it + A0 = (hs(eo,t) = = [ eqlon,ctn(anse.thde (19)
T Jovi(at)

|
where 1 = 0,41, ..., £k. is particles collision. The zero and one order moments
The first term in the right of the equations de-  are easily obtained from the evolution equations (18)~

scribes particles transportation and the second term  (19) and the collision conditions (10):

Z hi(xo,t + At) = Z hi(xg,t) — = Z/ q(zo, ¢, t)u(xo, ¢, t)de

i=—k i=—k z——k
/f o, C, t c— _/ q(.Io,C,t)‘U(Io,C,t)dC
- h IO) )7 (20)
k
Z (hu)i(zo,t + At) = Z (hu)i(zo,t) — = Z / q(xo, ¢, t)u(xo, ¢, t)de
i=—k i=—k cvi At)
:/ cf(xo,c,t)dc—i/ cq(zo, ¢, ) p(zo, ¢, t)de
R TJR
= h(zo, t)u(zo,1). (21)

By Chapman—Enskog expansion technique, the  Especially, if ¢ = 0 (ounly transportation is considered),

macro-equations (see Appendix for details) we have the 1D shallow water equation
Oh(z,t)  O(hu)(z,t) Oh(xz,t)  O(hu)(z,t)
S e = O(A), (22) T O(At), (25)
a(h t 0 1
Ot t) 9 2y Lonny o, (26)
O(hu)(z,t) 9, 5 1 . 0 (X ,0u ot O 2
—a a9 =5 (3 5
2.2. Evolution formula
+ O(A¢), (23)
In our evolution scheme, the disturbance p in the
are obtained. Where 2 < i hQ@ is a diffusive distribution (9) is taken as a 2n-order polynomial
’ Ox Oz n n
(viscous) term and as a byproduct, the following for- 0= o+ Zﬁi(c —u)?¥ Z ailc—u)¥t (27)
mula is useful in next section: ; ;
+oo <1 .ou By collision condition (10), the coefficients in Eq.(27)
Aqude = —A=gh* —. (24) . . .
e 2 or need to satisfy the following equations
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+oo
(c —uw)*§(x, c, t)dc+ ZQZ/ u)* 7 g(x, c,t)de = 0, (28)

o0

6o+§nj@-/
=1

+oo n +oo +oo
ﬂo/ (c —u)q(z,c,t)de + ZBZ/ (c —u)* T g(x, ¢, t)dc + ZO@/ G(z,c,t)de =0,
e i=1 e (29)
_ 1 (¢ — u(z,t))? . . L . .
here ¢(z,c¢,t) = —— exp{———-""—1}. It is easy to obtain the relationship of the coeflicients by a direct
V2mo 202
computation
= BioTma;, a1 = Zaz (=D,
i=1
0o 9 . 1
where mg; = fj s%p(s)ds = (20 — D, p(s) = e~2°" . Then the non-equilibrium distribution is
e V2T
c—u\>! c—u
f(I,C,t) (th {1+5 ZBZ<7z_m21)+Zal<( > _in( o >>]}7
(30)
in which Bl = B0, &; = ao®1,i=1,2,...,n. We only consider the form of 2-order polynomial disturbance,
ie.
A (c—u\®
F,et) = gl o) |1+ 25 <( ) - 1)] ,
o
(note mg =1). (31)

> N
In this case, the coefficient 5 = _)\Zgh[)_u (by substituting Eq.(31) into Eq.(24)) and by use of Eq.(9), Eq.(13)
x

becomes
1
flxz+cAt et + At) = q(z, ¢, t) (1 + ez, ¢, b)) — =q(x, ¢, t)u(x, ¢, t). (32)
7

Furthermore, substituting Eq.(31) into Eq.(32) we obtain

F(z +cAt et + At) = gcp (i“) [1—9 <<C;“)2—1>] . 0= (7—1)Atg4hg“. (33)

Now due to Eq.(33), the evolution equations (16)~(17) have the following explicit expressions:

c%‘Pfu(zo,t)
- —

e(s)[1—6(s>—1)]ds
ci‘pfu(zo,t) c;‘pfu(zo,t)

—h(a0,)§ (140) [ T w0 [,

i —u(zq,t)
o

h(Io,t+At)—h(I0, )/O

el 711.(20 t)

s2p(s)ds p (34)

u
P —u(zg,t)

(h’u)i(Io, t —|— At) (xo, t) /1O

= hy( Io,t-i-At u(zo, t) + h(zo,t)o

7u(m0 t) c 7u(m0 t)

1+9 10W ’ ds—@/low ( )s o(s)ds | (35)
7ut0t

o

(u+0os)p(s)(1—0(s>—1))ds

u(zo t)

7u(t0 t)
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where i = 0,+1,...,+k and some auxiliary formulae
are needed for these formulae:

b
[ soto)s = apla) ~ botd) + @(a) - (b,

b
s oto)ds = a?pla) - %6(0) + 2((a) - B(0).
To establish a non-negative evolution distribution

gh
(t— 1At 1

4
1= ghlug| (a® — 1)At

<7<l1

f(z+cAt, ¢, t+ At), we denote the support set param-
eter of the standard normal distribution ¢(z) by «, so
o(z) = 0 if |x| > o. Then

q(z,c,t) = h(z, e, t)p (%Eg;t)) /o(x,t) ~ 0,
if (c—wu)/o > a.
It implies neglecting the particles with velocity ¢ ¢
[u — ao,u + ao]. Now the condition f(z + cAt, ¢, t +
At) > 0 means ¢ (s) (1 —0(s> = 1)) > 0, s € [~a, ]
(see Eq.(32)) and we have

Uy (s? — 1)‘ <1, s€[-a,al,

(r— I)At%UI(SQ - 1)‘ <|r-— 1|Atg4—h luz| (@ —1) <1, s€[-a,q],

4
t el (@ — DAL

(36)

Combining Eq.(35) with 7 > 0, we obtain the range of the relaxation parameter 7

4
ghug| (a2 — 1)At’

max (1 —

The algorithm is a multi-speed evolution of
LBGK equation: the particles in C(z) will cross
into its 2k +1 neighbours {C(z;), i = 0,£1,...,+k}
(see Fig.l.).
Az, these particles cannot be allowed to cross out of
the set Uf:_k C(xoi) = [xo — (kK + 0.5)Az,z0 + (k +

So for a given k and the lattice size

0.5)Az] at the terminal time ¢ + At. The fact in-
|
kAzx
u+ao’
. { —kAx  kAx
At < { min ,
u— oo u+ao
—kAx
u—ao’

Finally, after a computational cycle, the hydrody-
namic quantities at position xg are updated by
k
W (2o, t + At) = > By, t + At), (39)
i=—k
k
(hu)" (zo, t + At) = > (hu)i(woi, t + At), (40)
i=—k

IN

4

<1 .
et Tl (@2 = 1)Ar

troduces a velocity interval [clj’z’,czp], where oY =

—(k + 0.5)% <0, " = (k+ 0.5)% > 0 and
oV < u(wg, t) —ao(zg, t) < u(wo,t)+ao(zo,t) < c,F,
i.e. we only consider the particles with velocities
¢ € [u(zo,t) — ao(xo,t),u(xo,t) + ac(xp,t)]. Then
it is easy to determine the time step At as follows:

u—ao >0,

},u—aa§0§u+aa, (38)

u+ oo < 0.

u" (z, t+ At) = (hu)"V (zo, t+ At) /" (20, t+ Al),

(1)
for every grid point zo € {z!,22,...,2V}, where
{zpi,i = 0,%1,..., £k} are z¢’s 2k+1 neighbours and
the non-zero flux at xg; cross into C(xg) at t + At, as
shown in Fig.2.
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t+ At+

' T—1 ) Zo ' Z1 ) Z2
Fig.2. 2k+1 neighbours of C(zg) , for which the particles
cross into C(zo).

2.3. Numerical examples

In this section, our lattice-cell BGK scheme is
tested in 1D dam-break problem, where the homoge-
neous shallow-water equations are solved. The initial

condition is

hy, for x < 1000,

h(0,z) =
hy, for & > 1000,

u(0,2) =0,

h; > h, is chosen to accord with the physical phe-
nomenon of a dam-break from the left to the right.

110
100 — exact
90 — calc
g 80
=70
60 ]
50 -
40 : ‘ '
0 500 1000 1500 2000
x/m
10
i 8
" g
g
> 4
2
O I/ L ‘L L
0 500 1000 1500 2000
z/m
(a) Az =10 m

This test is allowed to isolate the behaviour of the
scheme on a shock problem. The computational do-
main is symmetric around the point x = 1000 m. The
total length L is 2000 m. Two different values for the
space step, 10m and 1 m have been used in order to
show the effect of the mesh size. The time step is
computed by using Eq.(37) and the nine-speed model
is used in our work.

For the first test case, we prescribe h; = 100 m
and h, = 50 m. Figure 3(a) shows the water level
h and the discharge velocity v for Az = 10m. The
The

computed solutions (the dot line) are compared with

same result for Az = 1m is shown in Fig.3(b).

the exact one (solid line). This test shows the good
shock capturing ability of the lattice-cell BGK scheme.
However, when prescribe h; = 100m and h, = 1m, a
poorer result is shown in Fig.5(a) (Az = 10m). The
result is improved after taking Az = 1m but there
still exist the slight fluctuations in Fig.5(b).

110
100 — exact -
—— calc
90 + 1
g 80 1
~ 1
< 70 1
60 1
50 S —{
40 ' - '
0 500 1000 1500 2000
x/m
10 ¢ ' ' __ exact 1
—— calc
— 8 7
" 6 ]
E 4l ]
3 4
2 o
O 1 1 1
0 500 1000 1500 2000
x/m
(b) Az=1m

Fig.3. Dam-break: water level and discharge(100m vs 50m), the result in this paper compared with the exact one

(right). Dot line: computed solutions. Solid line: exact solutions.

Compared with a usual lattice BGK method (3-
speed, mentioned in Ref.[17], the results for Az =
10m and Az = 1m are shown in Figs.4(a) and 4(b)
respectively), the lattice-cell BGK results agree with
the exact solution better. When prescribe A; = 100 m
and h, = 1 m, the scheme mentioned in Ref.[16] is

failed , it cannot solve such rush flow at all.

Remark An aggregate cell technique is used to
deal with the still-flow part in the evolution process
for a fewer computational cost. The details will be
presented in another paper.
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1 1 1
0 500 1000 1500

2000
z/m
10 — exact
— calc
i 81 // \“
2 6L 4’ |
£, ﬁ
3 \\
2 I
0 J/ 1 K\J
0 500 1000 1500 2000
z/m
(a) Az =10 m

110 T T
100 1 — exact
90 — calc
g 80
= 70t
60
50
40 ! !
0 500 1000 1500 2000
z/m
10 - exact
— calc
~ 87
\({) 6l
g
> 4
2
0 .
0 1000 1500 2000
z/m
(b) Az=1m

Fig.4. Dam-break: water level and discharge(100m vs 50m), the result in Ref.[25] compared with the exact solution.

Dot line: computed solutions. Solid line: exact solutions.

100 - exact 1
—— calc
80
£ 60
g
40
20
’ !
0 500 1000 1500 2000
z/m
40 ¢ — exact 1
—— calc
T 30
wn
£ 201
~
3
10 |
O I &L
0 500 1000 1500 2000
z/m
(a) Az =10 m

Fig.5. Dam-break: water level and velocity(100m vs 1m).

3. Conclusion

In the LBM algorithms, constructing a discrete
equilibrium is one of the central issues. Most of LBM
schemes neglect the fact that both the equilibrium
and the evolution population should be non-negative.
However in our experience, an unstable numerical
example always accompanies the negative evolution
populations.[26 Another weakness is the assumption
about a low Mach number which implies that the LBM
is not effective to deal with some fluid models with

100 - exact -
— calc
80
£ 60
ES
40
20
0
1000 1500 2000
z/m
40 — exact |
— calc
T30
w
2201
~
3
10
0 L
0 500 1000 1500 2000
z/m
(b) Az=1m

Dot line: computed solutions. Solid line: exact solutions.

larger velocity such as shock wave.

By applying the Chapman—Enskog distribution,
two basic evolutionary steps of the LBM, the trans-
portation and collision, are reduced to the transporta-
tion of the non-equilibrium distribution in our model.
And then it is easy to design both the non-negative
equilibrium and evolution population by selecting ap-
propriate parameters. Furthermore, a multi-speed lat-
tice Boltzmann (LB) scheme is also helpful to capture
the shock wave.

A threshold value determines the range to main-
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tain the non-negative evolutionary population. In our
computational experience, the value is usually smaller
than the one to make LB schemes numerically stable.
The main reason is that LB schemes are tolerant to
the negative evolutionary populations in some degree.
In other words, it is possible that the scheme maintain
the numerical stableness if situations where the nega-
tive populations appear in the evolutionary process is

not too bad. This interesting issue is important and
valuable to be further studied.

Appendix. Chapman—Enskog expan-
sion and the shallow equation

To perform the Chapman-FEnskog expansion we

must expand the first-order Taylor equation(?427]

flz+ cAt,c,t + At) — f(z,c,t) = At <§t + c§> f(z, e, t) + O(AL), (A1)
x
then take integrals on both sides of the equation:
0 0
hi(z,t + At) — hi(z,t) = At / f(z, e t)de + —/ cf(z,c,t)de | + O(At). (A2)
ot CVi(AL) ox Jov,(at)
From Eq.(18)
€ 0 0
—= q(z,c,t)p(z, e, t)de = At f(z, e, t)de + — cf(z,c,t)de ) + O(At).  (A3)
T Jovi(ar Ot Jovian o Jov,(ar)
Note 7 = &7, 7 = A/At so ¢/7 = 1/7# = At/), and from Egs.(14) and (15) we have
0 0 1 :
9 b, t) + 2 (hu)(a, )——7/' oz, e, e, e, )de + O(AL), i = 0,+1,... . +k,  (Ad)
ot or A CV;(At)
where A = \/e. Similarly
0 0 9
(hu);(x, t + At) — (hu);(x,t) = At cf(x,c,t)de + — cf(z,c,t)de | + O(At), (Ab)
ot Jovian oz Jov,(an
0 0 5 1
— (hw);(z,t) + =— c“flx,e,t)de = —= cq(z, ¢, t)p(x, e, t)de + O(AL). (A6)
|
Summing to ¢ on both sides of Egs.(A4) and (A6), O(hu)(x,t) n g /+OO c2f(:1c ¢, t)de = O(AY).
and applying the collision conditions (10), we obtain ot 0r ] o
(A7b)

Oh(z,t) n O(hu)(z,t)

Now we need the expression of f:r;j 2 f(z,c,t)de.
Multiplying both sides of Eq.(9) by ¢? and taking in-

o pe = O(Ab), (ATa)  tegral, we obtain
|
o(hu)(z,t) & [T, 9 [T,
T + %/_OO & q(l’,c,t)dC-i-E—I ‘/_OO c q((E,C,t)/L(.’L' ) t) O(At) (AS)
From Eq.(3) we have
O(hu)(z, t) 9 2 1 9 9 /+OO 2
G+ oo (e + S gh?) oo e q(z, ¢, t)u(z, ¢, t)de = O(AL). (A9)
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The Chapman-Enskog expansion®2%  seeks e2 . d(qp) -0 (A13c)
asymptotic solutions of Eq.(A9) in ¢ — 0 by pos- oty

ing a multiple scales expansion of both f and ¢, but
not x, in powers of ¢.
0 0 0
[— +e f —
at — Oto oty

We may think of ¢y and ¢; as advective and diffusive

q+equ. (A10)

(viscous) respectively. From Eqgs.(12) and (9) we have

i+ = J@+e )+cﬂ( + equ)
5t ot (g +eqp) +cm—(a +eqn

=—(q — (g +eqp)), (A11)

1
)
so

0 0 0 1
(8_150 + G + c£> (g +equ) = —Kq,u- (A12)

Comparing coefficients of €%, ¢ and €2 on both sides of

the equations, we can obtain the following equations:

o. 94  0q 1

T i (Al3a)
~0q | O(qu) , O(qu)

+o0 R
/ Aqude = =\

— 00

ou

h2
ox

S

The third equation follows Eq.(3) and the fourth
is derived as follows: from Eqs.(A14) and (A15) we
have

oh  d(hu)
o oz (Al7a)
ou Oh 0 2, 1 o0
"ot T ar, T ap e T geh) =0 (ALT)

1

) 2(hu?’ + gghzu)

0
(hu + 5

2
ot ~gh%) +

9
o (L 7o)+ 5 ([

o N 8 2 8 3 2
__/\<8t (hu? + gh) a—(hu + gh ))
<1
2

5 Oh
a—+2 uh—— + gh— + —(hu® + gh2 )= gh—.
O

Taking the zero-order moment on both sides of
Egs.(A13a) and (A13b), we have

Oh ) _ - O

= =0. Al4
ato ox ’ atl ( )
Then the continuous equation

Oh  O(hu)
— =0 Alb
ot + ox (AL5)
can be rebuilt by these equations and the time rela-
tionshi ﬁ = i +e— 0 Similarly, taking one-order

Pot = oty “oty ¥, hne

moment on both sides of Egs.(A13a) and (A13b) and
noting Eq.(3), we have the relationships

Ohu) 0, o 1 5
d(hu)(z,t) 0 / 9
AMREY) | 9 de = 0.

8t1 8x Rc apcce

Notice that Eq. (A13a) implies

o)

(A16)

by substituting equation (A17a) into equation (A17b),
we can obtain

ou 8h 0 1
Rl — 2?4 Zgh?
oo~ otg  az M+ 390)
_O(hu) 0, 5 1
= 5 —%(hu +§gh ),
and then

ou oh 0 3 1  Ou

Jto Oty Oz ox

Now the momentum equation can be obtained by substituting Eq.(A16) into Eq.(A9)

O(hu)(z,t) n 0
ot Ox

1
——(hu® + gghz)

0 1 28u
6:6()\ gh 5 >—|—O(At)
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Hence the macro-equations (A7a) and (A7b) can be written as follows:

Oh(z,t) N O(hu)(z,t)

e 8D~ o, (Al8a)
O(hu)(x,t 0 1 0 (A ,0u
) D 0 Sy 2 (3000) o, s
Here, e <§gh %> is a diffusive (viscous) term. Especially, let ¢ = 0, we obtain the 1D shallow water
equation (only transportation is considered)
Oh(z,t)  O(hu)(z,t)
o+ S~ o(an), (A19a)
d(hu)(x,t 0 1
W) D T oy o
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