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We propose a scheme for the implementation of remote controlled-NOT gates and entanglement swapping via

geometric phase gates in ion-trap systems. The proposed scheme uses the two ground states of the A-type ions as

memory instead of the vibrational mode. And the system is robust against the spontaneous radiation and the dephasing.
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1. Introduction

Using entanglement as a resource is a common
feature of many tasks in quantum information process-
ing, such as quantum teleportation,[l’m quantum se-

(34 quantum cloning, > and distributed

cret sharing,
quantum computation.[”8! Distributed quantum com-
putation, firstly proposed by Groverl” and then de-
veloped by Cirac et al,l8 is a multi-processor device
where each processor contains only a small number
of qubits and acts as a node of a quantum commu-
nications network. To realize this computation, one
must transfer not only quantum states, but also quan-
tum operations between the nodes of the network effi-
ciently. Recently, most of research has been devoted to

[9-14] which is more

transferring quantum operations,
challenging than teleportation of quantum states. In
the realm of transferring quantum operations, remote
controlled-NOT (CNOT) gates have attracted much
attention.®~1?l The reason is that CNOT gates to-
gether with a set of general one-qubit gates are suffi-
cient to implement any multi-qubit unitary transfor-
mation. In 2000, Eisert et al¥) proposed a scheme for
optimally implementing remote CNOT gates, which
was then experimentally realized by Huang et al['"]
in the photonic system.

Besides the photonic systems, the ion-trap system

is also a candidate for quantum information processor.
Since the first scheme with trapped ions was proposed
by Cirac and Zoller,"® many groups have devoted
themselves to studying the ion-trap processor.[!6—22]
In Ref.[16], Leibfried et al experimentally demon-
strated a geometric phase operation between two two-
level ions. Following this idea, Zheng demonstrated
a geometric phase gate with two A-type three-level
ions to implement Grover search algorithm'” and to
prepare cluster states.'8! In this paper, we propose
a scheme for implementing remote CNOT gates and
entanglement swapping via geometric phase gates in
ion-trap systems.

This paper is outlined as follows. In Section 2, a
model for realizing geometric phase gates is demon-
strated. In Section 3, a remote controlled not gate
is implemented. And a proposal for the realization
of entanglement swapping is described in Section 4.
Section 5 is the conclusion.

2. Model for implementing geo-
metric phase gates
We consider two identical three-level ions (ions m

and n), each having two ground states |g1) and |g2)
and an excited state |e), trapped in a linear potential.
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We now follow the ideas of the Refs.[17] and [18] to re-
alize a geometric phase gate. The transition |g2) — |e)
is driven by two classical laser fields with detunings A
and A+ wg—
of the centre-of-mass (c.m.) vibrational mode and §

0, respectively. Here wy is the frequency

denotes the difference between wqg and the relative de-
tuning of the two lasers. We suppose that A > ()
and wo and wp > 0, where (2, (i =m, n) is the Rabi
frequency of the ith laser; and the ions initially have
no probabilities of being populated in the state |e). In

this case the Hamiltonian of the system is!'7-18]

H = wpata - Z (ge—i[wo—é) t—n(ata™)]

i=m

2 4A
X |92>“- (921, (1)

2 lwodyn(ata®)] | M)

2180
24

We consider the ions to be confined in the Lamb—
Dicke regime (ny/n +1 < 1), where i is the mean
photon number of the centre-of-mass mode and as-

where 2 =

sume that n{2 < wp, then the interaction Hamilto-
nian, in the interaction picture, is given by

(R0 0
HI = —Z <ﬁ+§[2cos(—5t+wot)

—+in (a+ei6t — ae_i“) }) |92>m' (92| (2)

Suppose that the two ions are initially prepared
in the states [g1),,191),,, |91),, [92)5 |92),, 191),, OF
|92),, |92),, and the initial state of the vibrational
mode is |¢y (0)).
the whole system state evolves tol

By applying the Hamiltonian (2),
17]

191) 1 191),, [Dv (0)) = [g1) 1, [91),, (v (0)) 5 (3a)
191) 1 192) 5 |6 (0)) — €€ [g1),., |92),, |6+ (0)) ; (3b)
192) 1 [91) [0y (0)) — €€ [ga),., g1),, &y (0)) ; (3¢)
192) 1, 192), v (0)) — €278 |ga) 1ga),, [dv (0)), (3d)
|
where 6 = 012429227' + o sin (wg — d) 7 and we evolves to
have chosen the interactgonotime T to satisfy d 7 = 2, algr), (wl|+) +v|=))4+892); (w|=) +v[+))y, (5)
N 2

leading to ¢ = controlled only by the

775 6_27
Rabi frequencies of the classical laser fields.

3. Implementation of remote

CNOT gates

In this section, we describe the scheme for the
implementation of remote CNOT gates. Suppose
that Alice wants to implement a CNOT transforma-
tion with the ion 1 (at her side) acting as controlled
qubit and the ion 4 (at Bob’s side, far from Alice’s)
as target qubit. The ion 1 is initially prepared in
the state (a|g1) + B]g2)); and the ion 4 in the state
(114) + v =), where [af® + 82 = 1, |l +]v]* = 1
and |[£) = % (lg1) £ |g2)). After the CNOT trans-

formation, the initial state of the system composed of
ions 1 and 4

(@lgr) + Blg2)); (1) +v[=)), (4)

which shows that only if the ion 1 is in the state |g2),,
the ion 4 will flip its state. The whole process for the
implementation of the CNOT gates can be described
as follows.

Step 1 To achieve this goal, an ancillary EPR
pair

1
[1)ag = NG (lg192) + |9291))23 » (6)
where the ion 2 belongs to Alice and the ion 3 belongs
to Bob, should be appended to the initial state (4),
thus the total system state will be
1
1S0) = (evlgr) + Blg2)) 7 (I9192) + 19291))23

X () +v[=))y- (7)

Step 2 Alice performs a Hadamard transforma-
tion on the ion 2, i.e.

lg1) — 7 (lg1) +1g2))

lg2) — (|91> l92)) - (8)

%|
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The system state |Sp) becomes

181) = %ﬁwgowm»l

% (lg191) + [9192) — |9291) + 9292) )23

x[(w+v)lg1) + (p—v)lg2)l,- 9)

1
|S2) =

+ei(91 +92)ei(¢1+¢72

)Iglgzgzgﬁ) +a(p—v) (e“’zei‘” 91919192) + e

Step 3 Alice performs a geometric phase gate
depicted in Eqgs.(3) on her ions 1, and Bob does the
same on his ions 3 and 4, leading the whole system
state ‘S’l> to

2v/2 [O‘(H +v) (|91919191> + el |g1919291) — €1 €1 |g1929191)

21026419216, g1 go.g2)

—el (110201 (91592) g, gy g1 g) + (O F202)l(911402) |91929292>> +B(n+v) (ei916i¢1 |92919191)

+ei(91 +02) i(d1+¢2

)|92919291) — €37 e" %1 |gag2g191) + ei(291+02)ei(4¢1+¢2)|92929291>)

+B(n—v) (ei(91+92)ei(¢1+¢2) |92019192) + €01 F202)i(91+492) 6o g1 o o)

_ei(291+92)ei(4¢1 +¢2) |gzgzg1g2> + ei(291 +292)ei(4¢1 +4¢2) |gzgzgggz>) ]

10
1234’ (10)

where the subscript ¢ = 1 (2) represents the transformation that Alice (Bob) has done.

If both Alice and Bob choose the appropriate Rabi frequencies of the classical laser fields to make ¢, and

2 = g, and perform the transformations |g2) — e™%1e%1 |go) on ions 1 and 2 and |go) — e~ 1%2e71?2 |gy) on

ions 3 and 4, respectively, the system state described in Eq.(10) evolves to

22

1
|S3) = WG [ (p+v) (lg1919191) + |91919291) — [91929191) + |91929291))

+o (u - V) (|91919192> - |91919292> - |91929192> - |91929292>)
+6 (1 +v) (l92919191) + 192919291) + |92929191) — |92929291))
+8 (1 —v) (|92919192) — 192919292) + 192929192) + 92929292))] 1934 - (11)

The above equation (11) can be rewritten as

1S5) = 5 {14+ [ lon)y (1= + 0 1))y + Blgady (e 4) + v 1),

3 ) )
— [ =)as [alg)y (w]=) +vIH))s = Blgz)y (n]+) +v[=))4]
Fl=t)as[algn)y () +v =)y + Blg2), (w]=) +v[+))4]
Fl==)aslelgr)y (ul+) +v[=))s = Blg2)y (nl=) +v |+>)4]}- (12)

Step 4 Alice (Bob) measures the ion 2 (3) in the
basis {|+), |—)}. From the above formula (12), we
can see only if they communicate one cbit (bit of clas-
sical communication) of their respective measurement
results each other, and perform a corresponding local
unitary operation Uy ® Uy(U; € {I, 0.}, i = 1,4,
I =g1) (91| + lg2) (92| and o= = [g1) (1] — |g2) (g2])

on their ions 1 and 4 respectively. After that, the
CONT gates have been implemented, namely, Alice
will obtain the state depicted by Eq.(5) all the time.
The relation of the measurement results (Ry3), the re-
duced state (|10),,) of the ions 1 and 4 and the local

unitary operation (Uy4) is depicted in Table 1.
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Table 1. Relation of the measurement results (R13), the reduced state (|i),,) of the ions 1
and 4 and the local unitary operation (Ui4).

R V)14 U1 ® Uy
[++)23 algr)y (V=) +014)), + Blg2)y (v 4+ +1-))4 5 ® 04z
[+=)23 algr)y (v[=) +01+)), — Blg2)s (v[+) +61-)), 012 ® Oy
|=+)23 algr)y (vIH) +01=))g+ Blg2)s (V=) + 614, L®l
|—=)23 algr)y (vI4) +01=))y = Blg2), (V=) +614))y 01, ® In

4. Implementation of entangle-

ment swapping

In Section 3, we use a remote maximal EPR pair
to achieve remote CNOT gates. However, in real ex-
periment, the actual available quantum channels are
usually nonmaximally entangled states (pure nonmax-
imally entangled state or mixed entangled states) and
the distance between two qubits cannot be very long.
Fortunately, Zukowski et all*®! proposed a method,
called entangled swapping, which can effectively solve
these problems and generate a maximally entangled
state between two distant parties that have never in-
teracted before. Since then, many theoretical and
experimental schemes for (via) entanglement swap-

ping are proposed.'924=28] In this section, we will

describe our scheme for entanglement swapping. We
suppose that there are two nonmaximally entangled
ionic states, initially prepared in

V)56 = (alg191) +b|9292))56 » (13)
[V)7g = (clg191) + d|g292) )7 » (14)

where |a|* + [b]°> = 1, |¢[*+|d|® = 1; the ion 5 was held
by Alice; the ions 6 and 7 held by Charlie and the ion
8 held by Bob. So the whole system state is

1S)o = (algig1) +bg292))s6
x (clg1g1) + d|9292)) 75 - (15)

Firstly, Charlie performs a Hadamard transfor-
mation (8) on the ion 7, which leads the whole system
state (15) to

1
IS), = 7 [ac(|91919191) + |g1919291)) + ad (|g1919192) — |91919292))
+bc (192929191) + |92929291)) + bd (|92929192) — |92929292))] 567 - (16)

Secondly, Charlie implements the geometric phase gate (3) on ions 6 and 7, the system state |S); becomes

1 i0 i 60 i
1S), = 7 [ac (|g1919191) + €%€'? [g1919291)) + ad (|g1919192) — €7€'? |g1919292))

+be (eieew |92929191) + eH0eti? |92929291>) + bd (ei%iqb |92929192) — H0eti? |92929292m 5678 (17)

If he chooses ¢ = g and performs the transformation |g2) — e~%e~'? |g5) on ions 6 and 7, the system state

|S), evolves to

1
1S)s = ﬁ lac(|91919191) + |91919291)) + ad (|g1919192) — |91919292))
+bc (|92929191) — |92929291)) + bd (|92929192) + 92929292))] 5675 - (18)

Assume that a = ¢ and b = d, the system state (18) becomes

1S), = %{ (a® [91)5 |91)6 |91)s + 0% 92)5 192)6 92)s) |4)7

+%[(Igl>5 |92)5 +192)5 191)8) [+)6 + (191)5 |92)5 — 192)5 91)8) [=)6] [=)7 } (19)
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Thirdly, Charlie measures both of the ions 7 and
6 in sequence in the basis {|+), |—) ,}. If the measure-
ment result is |—). |£),, the system state |S), reduces
to 1

7 (191)5192)s * 92)5 [91)s) - (20)

In these two cases, Charlie informs Alice and Bob of
having prepared a maximal EPR pair via entangle-
ment swapping using classical channels.

But if Charlie detects the ion 7 in the state |+),,
the system reduces to

L (@ 19190)56 91)s + B 9202)ss loz)s)
jal* + [b*

(21)
which is still a nonmaximally entangled state of three
ions. Then Charlie tells Alice and Bob the entangle-
ment swapping fails and they must repeat preparing
a maximally entangled state via entanglement swap-
ping. The success probability is P = 2 |a|? (1- |a|2).

5. Summary

In conclusion, we have proposed a scheme for im-
plementing remote controlled-NOT gates and entan-
glement swapping via geometric phase gates in ion-
trap systems. In the present protocol, the distinct
advantages of our protocol are as follows. One is that
geometric phase gates, determined only by the path
area, are used, making the systems robust against de-
phasing and the fidelity significantly higher than that
of the dynamical ones used in the previous schemes.
The other one is that only the ionic qubits instead
In ad-

dition, the interaction between the ions and vibra-

of vibrational mode are used as memory.

tional modes may be implemented via the way of the
Ref.[16]. Therefore, the scheme may be realized by
the current techniques.
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