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Based on the Routh-Hurwitz criterion, this paper investigates the stability of a new chaotic system. State feedback

controllers are designed to control the chaotic system to the unsteady equilibrium points and limit cycle. Theoretical

analyses give the range of value of control parameters to stabilize the unsteady equilibrium points of the chaotic system

and its critical parameter for generating Hopf bifurcation. Certain nP periodic orbits can be stabilized by parameter

adjustment. Numerical simulations indicate that the method can effectively guide the system trajectories to unsteady

equilibrium points and periodic orbits.
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1. Introduction

Since the first chaotic attractor was found, there
has been much attention paid to the study of chaos.
Recently, the trend of analysing nonlinear dynamic
system has been expanded to new phases: control
chaos that has been extensively used in engineering
and control bifurcation!! which has attracted increas-
ing attention. The existing control methods can be
classified, mainly, into two categories. The first one
is based on a feedback control strategy, such as by
Ott, Grebogi, Yorke (OGY),2! state space feedback
control.l¥) The second one is based on non-feedback
control strategy,!®% for instance, the entrainment and
migration control method.[:8) However, it is difficult
to guarantee the stability in the control process via
the second method. Thus, in this paper, we adopt the
first method, which has been extensively studied and
used in many fields of engineering.[9—2%

We investigate the chaotic system in Ref.[22],
which is described by

& =a(z —x),

§ = bx — dz?,

£ =kry —cy — gz, (1)
where x,y, z are the state variables, a, b, ¢, k, g are

real positive constant parameters. In this paper, state
feedback controllers are designed to control the chaotic

system to the unsteady equilibrium points and peri-
odic orbits. Numerical simulations show the effective-
ness of the method.

2. Stability analysis

The system (1) has a chaotic attractor when
a=80b=40,k=1,d=1,¢=10/3, g = 4 as
shown in Fig.1. We notice that the chaotic system (1)
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Y

Fig.1. The strange attractor of system(1).
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has two equilibrium points which are Ey = (0,0,0)
and By = (b/d,bg/bk — cd,b/d). The Jacobi matrix
—a 0 a
b—2dz 0 0

ky —c+kxr —g
If the equilibrium point is Ey = (0,0,0), then the
characteristic equation is A% + a1A? + asA + a3z = 0.
Whena =8, k=1,d=1,g =4, c=10/3, then
a1 =a+g>0,a2=ag>0,a3 =abc >0, ajas < as,

of the system (1) is Jo =

According to the Routh—Hurwitz criterion, the equi-
librium point Ej is unstable. The same principle may
prove that the equilibrium point E; is unstable.

3. Equilibrium points control

According to the control theory, the nonlinear sys-
tem with state feedback controller is described by

X = f(X) +u(X), (2)

where X € R", f(X) is an n-dimensional vector field,
u(X) is an n-dimensional control vector. Consider the
controller as

u(@,y, 2) = k(& — @), ~kai, 0], (3)
then the controlled system is
t=a(z —z) — ki(z — &),
y = bx — dz® — kea(z — ),
z=kxy —cy — gz, (4)
where k1, ko are positive feedback coefficients. When

Z = 0, if the feedback coefficients satisfy the following

condition:
4k? + 80k — 320k, — 682.667 > 0, (5)

then the system (4) will gradually converge to un-
steady equilibrium point Ey(0,0,0). When & = b/d,
if the feedback coefficients satisfy the following condi-
tion

4K? + 45.091k; + 1466.667ky — 11768.24 > 0, (6)

then the system (4) will gradually converge to un-
steady equilibrium point By = (b/d, bg/bk — cd,b/d).
Proof When & = 0, the Jacobi matrix of system

(4) is
—a—Fky O a
Jo=|b+aky 0 —aky|,
0 —c —g

then the characteristic matrix is
—a—ki—X 0 a
b+ aks -
0 —c —g—A

[jo - IA} - —aks |,

hence the characteristic equation is A> 4+ b1 A% + b\ +
bz = 0 where

bl =a +g + kla
be = ag + gk1 — acks,
bs = abc + ackiks.

For ky, ko are positive, obviously by > 0, b3 > 0. If
biby — by = 4k? + 80k — 320ky — 682.667 > 0, ac-
cording to the Routh-Hurwitz theorem, the system
(4) will gradually converge to equilibrium Fy (0,0, 0).
When & = b/d, the Jacobi matrix of system (4) is

—a—kq 0 a
—b+ ko 0 aks
kbg/kb—cd —c+ kb/d —g

Jy =

Then the characteristic equation is A% 4+ ¢1 A2 4 co\ +
c3 = 0, where

c1 =a+g+k,

co = ag — abgk/bk + gki — acks + koabk/d,
ab’k/d — abc + (ac — a*c — abk/d
+a?bk/d)ky + (abk/d — ac)ki k.

C3

When a = 8,b = 40,k = 1,d = 1,¢ = 10/3,g = 4,
obviously, ¢ > 0, c3 > 0. When

c1ca—C3 = 4k% +45.091k; 4+ 1466.66k2 — 11768.24 > 0,
then the system (4) will gradually converge to the

equilibrium point Ey = (b/d, bg/bk — cd,b/d).

4. Hopf bifurcation and period-

doubling bifurcation control
Consider the controller as
4T
U(Iayvz) = [anvklx] ) (7)
then the controlled system is

z=a(z—x),
§ = bx — dz?,
2 =kaxy—cy—gz—kit. (8)
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Theoretical analysis indicates that when ky =
2.66666667 the system (8) undergoes a Hopf bifurca-
tion.

Proof Liul?3 derived an equivalent implicit al-
gorithm criterion of Hopf bifurcation on the basis of
the Routh—Hurwitz stability criterion, which is stated
in terms of the coefficients of the characteristic equa-
tions instead of the traditional Hopf bifurcation cri-
terion which is stated in terms of the properties of
eigenvalues. The Jacobi matrix of the system (8) is

—a 0 a
Jh=1-b 0 0
aky —c —g—ak;

Then the eigenvalue matrix is
—a—X 0 a
=D = b - 0 :
aky —c —g—aky — A

hence the characteristic equation is A3 + di A2 + do X +
ds = 0, where

di =a+g+ak,
ds = ag,
ds = abe. 9)

According to Hopf bifurcation criterion, when the fol-
lowing conditions are satisfied,

dy > 0, ds > 0, didy = dg,
d(dids — d
d(didy — ds) £0, (10)
dkq
k1=ko

then there is Hopf bifurcation at k1 = kg. Thus, the
critical parameter is kg = 2.66666667. Therefore, we

can numerically compute all eigenvalues and eigenvec-
tors such as A1 2(ko) = £5.65685, A3 = —33.3333. By
adjusting the control parameter, we find that the 2P,
4P, 8P, 16P periodic orbits can be stabilized with
appropriate k.

5. Numerical simulation results

The above theoretical analyses are verified and il-
lustrated via numerical simulation in this section. The
proposed controllers are applied to the chaotic system
(1) in simulation by using the fourth-Runge-Kutta
method. Doing calculations, we find that the parame-
ter values are: a =8, b=40, d=1, g=4, ¢ =10/3.
And initial value is (0.1, 10,4.5).

Applying the controller (3), when the feedback
coefficients satisfy the condition (5), we find that the
controlled system (4) will gradually converge to equi-
librium point Fy(0,0,0). Figure 2 shows the trajecto-
ries of the system (4) under the feedback coefficients
settings k1 = 8.00, k2 = 0.1. When the coefficients
satisfy the condition (6), the system (4) will gradually
converge to equilibrium point E; = (40,48/11,40).
Figure 3 shows the trajectories of the system (4) under
the feedback coefficients settings k1 = 0.5, ko = 17.5.
Applying the controller (7), when k1 = 2.66666667,
we find that the system (8) undergoes Hopf bifurca-
tion as shown in Fig.4. As k; decreased further, there
is a period-doubling bifurcation. In Fig.5 k; = 0.5,
the controlled system (8) works in a period-2 state.
In Fig.6 k1 = 0.4375, the controlled system (8) works
in a period-4 state. In Fig.7 k1 = 0.408125, the con-
trolled system works in a period-8 state. In Fig.8
k1 = 0.39375, the controlled system (8) works in a
period-16 state.
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Fig.2. The state of system (4) converges to Eg(0,0,0): (a) curve of t —z (b) trajectories of x —y — z.
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Fig.3. The state of system (4) converges to E; = (40,48/11,40): (a) curve of t — z, (b) trajectories of

T—y— 2z
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Fig.4. The state of system (8) converges to a limit cycle: (a) curve

trajectories of x — z, (d) trajectories of z —y — 2.

20

—20

—40

20

—20

—40

—-10 -8 —6

Fig.5. The state of system (8) converges to period-2 tra-

jectory.
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of t — z, (b) trajectories of z — y, (c)
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Fig.6. The state of system (8) converges to period-4 tra-
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Fig.7. The state of system (8) converges to period-8 tra-

jectory.

6. Conclusions

This paper is concerned about the equilibrium

points and bifurcation control of a chaotic system.

Applying Routh-Hurwitz criterion, we investigate the

stability of the equilibrium points. State feedback con-

Fig.8. The state of system (8) converges to period-16 tra-

jectory.

trollers are designed to control the equilibrium points

and bifurcation, and detailed controllability condi-

tions are also presented. Strict theoretical proof is

put forward and numerical simulation results indicate

that the controllers can effectively guide the system

trajectories to equilibrium points and periodic orbits.
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