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The resistively—capacitively—inductively-shunted (RCL-shunted) Josephson junction (RCLSJJ) shows chaotic be-

haviour under some parameter conditions. Here a scheme for controlling chaos in the RCLSJJ is presented based on the

linear feedback theory. Numerical simulations show that this scheme can be effectively used to control chaotic states in

this junction into stable periodic states. Moreover, the different stable period states with different period numbers can

be obtained by appropriately adjusting the feedback intensity and delay time without any pre-knowledge of this system

required.
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1. Introduction

With the rapid development in fabrication tech-
nology and high-temperature superconducting ma-
terials, the investigations on Josephson junctions
have attracted much attention due to its poten-
tial applications, such as voltage standards and mi-

crowave devices.[!=3]

Moreover, microwave devices
have been used in spaceflight and communication sys-
tems. While high-critical current Josephson junc-
tions are preferred in many applications such as high-

frequency Josephson oscillators, 4!

they would lead
to various inductive effects which were traditionally
negligible due to the limited current flow in the cir-
cuits. In order to further investigate Josephson junc-
tions with high critical currents, the RCL-Shunted
Josephson junction (RCLSJJ) model was proposed
by Whan et all®! based on previous investigations of
the resistively—capacitively shunted junction (RCSJ)
model.16719 Moreover, RCLSJJ model has avoided
the shortage of RCSJ model, and shown the agree-
ment between the experimental and simulated -V
curves when the shunt of the junction contains an
inductive component.[>'!] Following this, there have
been several reports on dynamics of RCLSJJ.[12~14
Whan and Lobb['?! studied chaotic behaviour in this
system through the maximum Lyapunov exponents
(MLEs) and bifurcation diagrams where the shunt
inductance was taken as the control parameter, and

also analysed the effects of thermal noise; Cawthorne
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et al investigated complex dynamics of RCLSJJ!]
and reported synchronized oscillations in RCLCJJ
array.'¥ Recently, chaotic control and synchroniza-
tion in RCLSJJs have been an interesting area of
research!!® because of extensive applications of this

[4,16,17]

kind of junctions, such as parametric ampli-

Since the chaotic control method
[18]

fiers and mixers.
was first proposed by Ott et al in 1990, chaos con-
trol has been a main subject in this field. Thus some
other methods, weak periodic perturbations,!!9:2% de-
layed self-controlling feedback,?*??] etc., were subse-
quently introduced. Lately many experts have suc-
cessfully completed chaos control in various nonlinear
systems.[?3=27] Here we propose a scheme for chaos
control in the RCLSJJ via a resistor and a delay de-
vice, and the validity of this scheme is numerically
demonstrated.

This paper is organized as follows: Section 2 stud-
ies chaotic behaviour in RCLSJJ, including a descrip-
tion of the RCLSJJ model, dynamical equations, and
chaotic attractor. Section 3 presents a scheme and
numerical simulations. Finally, Section 4 gives our

conclusion.

2. Chaos in RCL-shunted Joseph-

son junction

The RCLSJJ used here is a current biased
RCSJ with a series resistance-inductance shunt (This

http://www.iop.org/journals/cpb  http://cpb.iphy.ac.cn
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RCLSJJ model is shown in Fig.2). If all noise terms

are neglected, its complete circuit equations are:!'?

dv \% .

CE + R_V +ICSIH(’)/) +Ib —I,

hdy

2edt
di

L ISRS = ‘/7 1
ot (1)

where C, I., and v are the junction capacitance,
the junction critical current, and the phase difference
of the superconducting order parameters across this
junction, respectively. V is the junction voltage and
Ry is the nonlinear resistance. I is the external bias
dc current. Ry and L are, respectively, the shunt re-
sistance and the shunt inductance. The current in the
shunt branch is denoted as I;.

To make it convenient for numerical analy-

sis, Eq.(1) is expressed in dimensionless form as

follows:[12]
dy
il A
dr ’
d 1
d—i = E(Z — gu —sin(y) — iy),
dis 1 .
- — 5 — ls), 2
== v )
where
v =V/(I.Rs),
is - Is/Im (3)

and the normalized time 7 = w:t, with w. =

(2el.Rs)/h. Here all currents are normalized to I,
and all voltages to I.Rs. Equation (2) contains four

dimensionless parameters, which are the following:[!?!

Bo = (2eI.R;C)/h,

is/arb. units

v/arb. units

Br = (2el.L)/h,
i=1/I,

Ry/Rx |v| > Vg/(ICRS)a
RS/RSg lv] < Vg/(IcRs)a

Where B¢ and (1 are reduced capacitance and re-
duced inductance, respectively; /i is Planck constant.
Ry and R are the junction normal state resistance
and the subgap resistance, respectively. The gap volt-
age is: Vz = 2A/e, 2A is the width of the energy gap,
and e is the electron charge.

To obtain the chaotic attractor of RCLSJJ, we
solve Eq.(2) numerically. In this work, the differen-
tial equations are solved using a fourth-order Runge-
Kutta method with a fixed step A7 = 0.01 and to-
tal steps Nstep = 105, the Lyapunov exponents are
computed using the algorithms presented by Wolf et
al?8] and the voltage bifurcation diagrams are plot-
ted by recording the local maxima in the voltage
time series.??) The parameter values we used here
are obtained from Refs.[5] and [12] at a temperature
T = 7.60K as follows: B¢ = 0.707, B, = 2.68,
g = 0.0478, and ¢ = 1.2. Then, a strange attractor
and the time series of voltage v are shown in Figs.1(a)
and 1(b), respectively. Meanwhile, its Lyapunov ex-
ponent spectrum is also calculated, the result of which
is: A; = 8.06307 x 1072, Xy = —2.98260 x 1073,
A3 = —7.13507 x 10~', which correspond to the di-
rections of v, v and 44, respectively. Thus this system
is in chaotic state because only one Lyapunov expo-
nent is positive.
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Fig.1. (a) The strange attractor on plane v — is; (b) The time series of v. The parameters are: B¢ = 0.707,

Br, = 2.68, g = 0.0478, and i = 1.2.
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3. Scheme and numerical simula-

tions

3.1. Scheme for chaos control

Here we propose a scheme for chaos control in the
RCLSJJ based on the linear feedback theory, 3% where
chaos control is realized by feeding back a proper
intensity output signal of a chaotic system to this
system and disturbing it, the perturbation term is
Fty = ay(s), where a is the feedback intensity, and
Y(+) expresses the output variables. For our scheme,
its schematic diagram is shown in Fig.2, where a delay
device DY and a resistor Ry, form control circuit, a
part of the delayed junction output voltage is taken

the RCLSJJ model

________________

control circuit ,

, Iy
- - - . I '
1 ! 1 !
1 D L ( !
! delay '
: Rm : : IC RV !
) 1
: - L o
......... ' !

Fig.2. The scheme for chaos control.

as the feedback signal. So a perturbation term

Vi
Foy=ayg—r = %] is added in the dynamic

m
equation, 7 and tq are delay times. Hence, the first

one of Eq.(1) can be expressed as follows:

av. Vv . Vie-ta)
— 4+ — 41 Iy=1— —. 4
Odt +RV + I.sin(y) + R (4)

So, Eq.(2) can be changed as follows:

dy

L —w

dr ’

dv _ . .

E = B_C(Z —guv— SID(’Y) — s — mU(T—Td))a

dig 1

— = —(v—iy), 5

e (5)
where

R

Td = Wetd. (7)

Here, m is the normalized feedback strength and 74 is
the normalized delay time; m and 7q can be taken as
the control parameters and can be adjusted by chang-
ing Ry, and tq4, respectively, thus chaos control can be
achieved.

3.2. Numerical simulations and analysis

To illustrate the process of chaos control in this
scheme, firstly the RCLSJJ system is let to remain in
the chaotic state, as shown in Fig.1. Secondly numer-
ical simulations are carried out by solving Eq.(5) in
two cases: case 1 is to regard parameter m as the con-
trol parameter; case 2 is to use parameter 74 as the

control parameter.

In case 1, we also discuss two different conditions
cases. One is taking delay time 7q = 0, which is a
special example of the delayed linear feedback; the
other is taking 7q # 0. First, we solve Eq.(5) with
changing the feedback strength m at 74 = 0 and other
parameter values are the same as in Fig.1. The MLE
and corresponding bifurcation diagram are presented
in Fig.3, where one can find six ranges of m values, for
which the MLE is zero or negative, and periodic win-
dows occur. The six ranges are: 0.008 < m < 0.013,
0.026 < m < 0.033, 0.053 < m < 0.058, m > 0.063,
and near 0.042, 0.048, respectively. Omne of these
ranges is relatively broad, i.e., m > 0.063. In or-
der to further clarify that the controlled system can
be in the different period states with different m val-
ues, according to Figs.3(a) and 3(b), m = 0.105 and
m = 0.030 are chosen. The corresponding attractors
and the time series of v are presented in Fig.4, where
(a), (b), and (c), (d) show that this controlled system
are in period-2 (P2) state and period-5 (P5) state, re-
spectively. It is remarkable that the RCLSJJ system
was in a chaotic state before it is controlled, which
is shown in Fig.1. Hence, chaotic states can be con-
trolled into stable different period states, such as P2
and P5 states, by selecting appropriate m values in
the six ranges above and keeping 7q = 0, B¢ = 0.707,
Br = 2.68, g =0.0478, and 7 = 1.2.
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Fig.3. (a) The maximum Lyapunov exponent Amax — m; (b) The bifurcation diagram of the controlled system via

m. The parameter 7q4 = 0 and other parameter values are the same as in Fig.1.
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Fig.4. The attractors on the phase plane v—is and the time series of v at different feedback intensities m and other
parametric values are the same as in Fig.3. (a), (b) The P2 attractor and the time series of v, m = 0.105; (c), (d)
The P5 attractor and the time series of v, m = 0.030.

Second, we solve Eq.(5) with varying the feedback ~ cur, namely, the controlled system can be in stable
strength m at fixed 74 = 200step and other paramet-  periodic states when m is chosen in the four ranges,
ric values are the same as in Fig.1. Then bifurcation = which are 0.052 < m < 0.303 and near 0.015, 0.335,
diagram is presented in Fig.5, where one can see four  0.345, respectively. Similarly, to further indicate that
ranges of m values, for which periodic windows oc-  different period states with different period numbers
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Fig.5. The bifurcation diagram of the controlled system

via m. The parameter 7q = 200 step and other parametric
values are the same as in Fig.1.

can exist in the controlled system, according to Fig.5,
m = 0.10 and m = 0.28 are selected. Then, attrac-
tors and the time series of v are presented in Fig.6,
where (a), (b), and (c), (d) respectively show this con-
trolled system are in P2 state and P4 state. Therefore,
chaotic states in the RCLSJJ system can be controlled
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into different stable period states, such as P2 and P4
states, by choosing proper m values in the four ranges
above and holding 74 = 200 step, other parameter val-
ues are the same as in Fig.1.

In case 2, we change the control parameter 74
within the range 20step < 7q < 2000step and hold
m = 0.11, other parametric values being the same
as in Fig.1. Numerical results of Eq.(5) are shown in
Fig.7, where one can also observe four regions of 7q val-
ues, for which periodic windows appear. This means
that the dynamical behaviour of the controlled sys-
tem is periodic motion when 74 is selected in the four
regions, which are 20step < 79 < 610step, 640 step
< 714 < 730step, 1050step < 74 < 1420step, and
1630step < 79 < 1670step, respectively. Similarly,
the chaotic motion in the RCLSJJ can also be con-
trolled into different stable periodic motions by ap-
propriately choosing 74 in the above four regions. Ac-
cording to Fig.7, 74 = 250step and 74 = 1250step are
chosen, so p2 and p4 states are obtained, respectively.
The corresponding periodic attractor projections and
the time series of v are similar to Fig.6.
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Fig.6. The attractors on the phase plane v — is and the time series of v at different feedback intensities m with
other parametric values being the same as in Fig.5. (a), (b) The P2 attractor and the time series of v, m = 0.10;
(c), (d) The P4 attractor and the time series of v, m = 0.28.



116 Feng Yu-Ling et al Vol. 17
a5 4. Conclusion
3.0 1
The RCL-shunted Josephson junction shows
w 2.5 . .
= chaotic behaviours at the parameter values we have
; 207 chosen. A scheme for chaos control in this system have
3 151 been proposed, and numerical results have demon-
é 1.07 strated that this scheme can be effectively used to
® 05 control the chaotic states in this system into stable pe-
0 riodic states. Moreover, the different periodic states,
—0.5 T T T T T T T T T 1 3 _
0 100 00 1200 1600 2000 such as.p2,.p4, and pb states., can b'e obtained by prop
ra/step erly adjusting the feedback intensity m and the delay

Fig.7. The bifurcation diagram of the controlled system

via 74.

The parameter m = 0.11 and other parameter

values are the same as in Fig.1.

time 7q, which can be defined theoretically according
to Eqgs.(6) and (7), respectively. This scheme is eas-
ier to implement by appropriately choosing m value

in the experiment.
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