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In this paper, the synchronization of a unified chaotic system is investigated by the use of output feedback

controllers; a two-input single-output feedback controller and single-input single-output feedback controller are presented

to synchronize the unified chaotic system when the states are not all measurable. Compared with the existing results,

the controllers designed in this paper have some advantages such as small feedback gain, simple structure and less

conservation. Finally, numerical simulations results are provided to demonstrate the validity and effectiveness of the

proposed method.
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1. Introduction

Chaos is a very interesting nonlinear phenomenon
and chaos problem has been intensively studied
since Lorenz’s first research work in 1963, due to
its potential applications in physics, automatic con-
trol, biological systems and communication engineer-

c.l=4 A fundamental character of the chaotic

ing et
systems is their sensitivity to initial conditions of the
state. The trajectories of the chaotic systems start-
ing from any pair of arbitrary close positions will di-
verge exponentially and will become more and more
Therefore the study of
chaotic secure communication has become a new re-
search direction. In 1990, Ott et al® proposed OGY
method, Ditto et all% first realized the stable control

for fixed points in magnet-elastic system by means of

uncorrected with the time.

OGY method in the same year. Since then, the inves-
tigation in chaos control and synchronization has been
developed rapidly,”~'] and many schemes were pro-
posed, such as adaptive control approach, observer
method, nonlinear feedback method and active back-
stepping method. However, the designs of the con-
trollers mostly need state feedback. Since the state
vectors are not all measurable in practical application,
so the use of the controllers is strictly constrained.

The aim of this paper is to design an output feed-
back controller to synchronize the unified chaotic sys-

tem. Compared with existing results, the controllers
designed in this paper have such advantages as small
feedback gain, simple structure and less conservation.

This paper is organized as follows. In Section 2,
we describe the unified chaotic system and its mathe-
matical models. In Section 3 single state output feed-
back controller is used to implement chaos synchro-
nization for the unified chaotic system. Numerical
simulations are provided in Section 4 to illustrate and
verify the method. Finally, concluding remarks are
given in Section 5.

2. Description of system and

mathematical models

Consider the following unified chaotic system:!?!

1 = (25 + 10)(z2 — 1),

iy = (28 — 3ba)z1 + (29 — 1)z — 2173,

i3 = w2 — (8 + a)r3/3, (1)
Y = o, (2)

and response System

(25 + 10) (21 — 22) + uy,

Z9g = (28 — 350[)21 + (29a — 1)22 — 2123 + U9,

Z3 = Z122 — (8 + a)23/3, (3)
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Yy = 2a. (4)

Where x1, x2, x3 are state variables, y is the out-
put variable. « € [0,1] is the system parameter.
When a € (0, 0.8) it is Lorenz system,™ when
a € (0.8, 1] it is a Chen system™* and when o = 0.8
it is a Lii system.['®] Equation (1) is the drive system
and the equation (3) is the response system.

From Eqgs.(1) and (4), we can get the following

error dynamical system:

é1 = (25a + 10)(62 - 61) + uq,
é2 = (28 - 350&)61 + (290& - 1)62 — €1e3 — T3€1

—T1e3 + uz2,
ég = e1€2 + xo0€1 + T1€2 — (8 + 04)63/3, (5)
ey =y —y= e (6)

where ¢; = z; —x;(i = 1,2, 3).

Our goal is to design an output feedback con-
troller with only one state such that the trajectory of
the response system can asymptotically exponentially

approach the drive system, i.e.
Jim [le(®)]| = Jim ||2(1) — 2(0)]| = 0.

Since the trajectory of system (1) is bounded,
so there exist positive constants M; such that |z;| <
Mii=1, 2, 3).

Lemma 1 For any real scalar ¢ > 0 and any

vectors with appropriate dimensions a and b, the fol-
lowing inequality holds:

2lab| < ea® + e b2,

Lemma 27 (Schur complements) For a given

symmetrical matrix S, the following conditions are
equivalent:

i) S<0;

ii) S11<0, Soo— 8215, S12 < 0;

iii) Sop < 0, Si1 — 8125955 891 < 0.
In the next sections we will study chaos synchroniza-
tion.

3. Design of synchronization con-
troller

Theorem 1 We choose the output feedback

controllers with only one state as follows:

Uy = kley ) kl = —(10+ 250[),

uy = koey, ko=1—-29%a—p, p>0, (7)

then the two chaotic systems will be globally expo-
nentially synchronized.

Proof Substituting Eq.(7) into Eq.(5), we have

él = —(250[ + 10)61,
éa = (28 — 3ba — x3)e; — peg — e1e3 — x1e3,
ég = e1€2 + T2€1 + x1€9 — (8 + 01)63/3. (8)

From the first equation of Eq.(8), we have
e1(t) = ey (0)e™ (25a+10)t, (9)
Construct a Lyapunov function as
V= e% + e%,
then we have

V= 2(ea€s + e3€3)

= 2[—ue§ + (28 — 35 — w3)eres + xae1e3
—(8+a)ed/3)
—2[ues + (8 + a)e3 /3] + 2Msles ||es]
+2(]28 — 35a| + M3)les||eal. (10)

IN

By Lemma 1, we have

2M2|61||€3| =+ 2(|28 — 35a| =+ M3)|61||62|
< Ms(eles]* + e er|?)
+(|128 — 35a| + M3)(glea]® + e et ). (11)

Substituting Eq.(11) into Eq.(10) we have

V < —[2u— (|28 — 35| + M3)e]e?
—[2(8 + @) /3 — Maele3 + (|28 — 35¢
+Ms + Ms)e e | (12)

Choose an appropriate € which satisfies the following

condition:
. 2u 28+ )
£ mm <|28—35a|+M3 ey VA ) !
and define

21— (|28 — 35| + M.
\ = min J( af 3)€ >0,
284 «)/3 — Mae

v = ( |28 - 350é| + M3 + MQ)Eil,

then
V < =MV 4+~le|*
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Substituting Eq.(9) into Eq.(12), we have

V < —AVAler(0)[Pe 2,

a = 25a + 10. (13)

From equation (13), we have

v

IN

t
G_MVQ—F’}// e—k(t—r)|€1(0)|2e—26¢7d7_
0

ef)\tvo + |61(0)|267)\t(e(>\72&)t _ 1)

g
A —2a
_ e—kt‘/'o +

e (O e - e ) — 0.

So tlim ea(t) = tlim es(t) = 0, since Eq.(9), we know

thaLtH

lim e;(t) = lim es(t) = lim es(t) = 0.

t—o0 t—o0 t—o0

This implies that response system (3) and the
drive system (1) are globally exponentially synchro-
nized.

Theorem 2 When a = 0, select the feedback
controllers as follows:

up = —10ey, , ug = uz =0, (14)

then the response system (3) and the drive system (1)
are globally exponentially synchronized.

Proof When a = 0, error system (5) becomes

él = 10(62 — 61) + uy,
ég = 2861 — €2 — €163 — T3€e1 — T1€3,

ég =e1€3 + x2e1 +T1€2 — 863/3.
Since u; = —10e, = —10ez, so we have

él = —1061,
ég = 2861 — €y — €1€3 — T3€e1 — T1€3,

ég = e1€2 + T2€1 +T1€9 — 863/3. (15)

From the first equation of Eq.(15) , we known that e;
is exponentially stable

el(t) = el(O)eflot. (16)
Choose a Lyapunov function as
V= e% + eg,

then we have

V 2(626.2 + 636'3)

2[28e1e9 — e% — x3€1€9 + T2€1€3 — 86%/3]
—2[e3 + 8e3 /3] + 56]eq||e]
—|—2M3|61||62| + 2M2|61||63|. (17)

IN

By Lemma 1, we have

56|61||62| + 2M3|61||62| + 2M2|€1||63|
< 28(ete? + ced) + Ms(ee? 4 ced)
+Mo(e™ 3 + ced). (18)

Substituting Eq.(18) into Eq.(17), we have

V < —(2— 28 — Mze)el — (16/3 — Mae)e?

+(28 + M3 + Ma)etef. (19)
Choose an appropriate € which satisfies the following
condition:
. < mi 2 16
min [ — | ——
28 + M3’ 3My )’
and define

A=min (2 — 28 — Mse, 16/3 — Mae) >0
7:(284— M3+M2)571,

then
V < AV +7é2. (20)
By the same approach as theorem 1, we also can get

lim ez(t) = lim e3(t) = 0.

lim eq(t) = =
t—o0 t—o0 t—o0

So the response system (3) and the unified chaotic

system (1) are exponentially synchronized.

Theorem 3 Select the feedback controllers as
follows:

up =0, us = —koea, (21)

where

S 25 + 10 + p(28 — 35a + Ms3)
2ep

kg +290&—1,

(22)

) 16 + 2a\ 2 (20+5004>2
< min y | ————— , 23
p (( ) (2 (23)

- 50 4 20 — Myp'/?
250 + 10 + p(28 — 35 + M3)’

(24)

then the response system (3) and the unified chaotic
system (1) are exponentially synchronized.

Proof Substituting u; = 0, us = —kses into
Eq.(5), we have
e = (2504 + 10)(62 — 61),
éQ = (28 — 35a — .Ig)el + (29a —1- k2)62
—eje3 — ries,

ég = e1€2 + x2€1 + 160 — (8 + 01)63/3. (25)
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Choose a Lyapunov function as 4. Numerical simulation
V = e? 4 p(e? + €2),
i tples te) Consider the system (1) when o = 0,
V = —2(10 + 25)e? + 2(10 + 25) e1e9
+2p(28 — 35a)eres + 2praeies — 2prseres 1 = 10(zg — x1),
+p(58a — 2 — 2k)es — p(16 + 2a)e3 /3 o = 2811 — xo — 1173,
= —2(10 4 25)e? — p(2 — 58 + 2ko)e2 i3 = 1129 — (8/3)23. (32)

—2(
—p(16 + 2a)e3 /3 + 2pxaeres
+2[10 + 25 + p(28 — 35a — x3)]erea.

From lemma 1

2[10 4 25a. + p(28 — 35 — x3)]|ex]|ez]
< [10 + 250+ p(28 — 350 — 3)]
x(ge? +e71ed), (26)

2p|aalleres| = 2|aa|p'/*|ex]p®*|es)
Ma(y/pes + p*/%e3).  (27)

IN

From Eqs.(26) and (27), we have

V < —[(20 + 50a)(1 — ) — Mar/p
—p(28 — 350 — x3)ele? — p[2 — 58a + 2ks
—(10 + 250 + p(28 — 350 + M3))e~1]e2
—l(16+20)/3 — My /7le3. (28)

From Eq.(24), we have

(10 + 25a)(2 — €) — Ma/p — p(28 — 35 — x3)e)
=)\ >0. (29)

From Eq.(22), we have

p[2 — 58a + 2ky — (10 + 25a
+p(28 — 350 + M3))e ]

From Eq.(23), we have
(16 +20) /3 — Ma\/p = As > 0. (31)

Substituting Eqgs.(30), (31) and (32) into Eq.(29), then

we have

V < =AV, X=min{\;, \o, A3},
V <V(0)e .

So the response system (3) and the unified chaotic
system (1) are globally exponentially synchronized.

System (32) is Lorenz system, '3 and the error system
is

10(62 — 61) —+ uy,

€1
€y = 28e1 — ey —eje3 — x3e1 — Tr1€3 + Uo,

ég = e1€2 + x2e1 + T1€2 — 863/3 “+ us. (33)

The output feedback controllers are selected below,
respectively

i) wy, w2, ug are selected as Eq.(7) in theorem
1, namely

up = —10ey , ug = (1 —pe, , p>0, uz =0,

simulation results are shown in Fig.1 and Fig.2.

ii) wy, ug, ug are selected as Eq.(14) in theorem
2, namely

up = —10e, , uz = uz =0,

simulation results are shown in Fig.3 and Fig.4.

The simulations demonstrate that the designed
controllers can implement global and exponential
asymptotical synchronization of chaos for the unified
chaotic system.

t/s

Fig.1. Simulation results of e, es.
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Fig.2. Simulation result of e3. Fig.4. Simulation results of errors ej, ez, e3.
5. Conclusion
40 T T In this paper, output feedback controllers with
only one state are presented to synchronize a unified
30 chaotic system when the states are not all measur-
2 able. Compared with existing results, the designed
controllers in this paper have some advantages such
10 u as small feedback gain, simple structure and less con-
0 P'L/\-" servation.
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