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In this paper, based on the invariance principle of differential equations, we propose a simple adaptive control

method to synchronize the network with coupling of the general form. Comparing with other control approaches, this

scheme only depends on each node’s state output. So we need not to know the concrete network structure and the

solutions of the isolate nodes of the network in advance. In order to demonstrate the effectiveness of the method, a

special example is provided and numerical simulations are performed. The numerical results show that our control

scheme is very effective and robust against the weak noise.
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1. Introduction

Synchronization of oscillations has been known to
scientists since the first observation by Huygens in
a pendulum clock!l as a common phenomenon that
takes place in natural systems and artificial oscilla-
tors. In the classical sense, synchronization means
the adjustment or entrainment of the frequency of pe-
riodic oscillators by means of the weak interaction.!?
In recent years, inspired by the work of Pecora and
Carroll,[®4 the notion of synchronization has been
Due to

the intrinsic character of chaotic system, the chaotic

extended to the coupled chaotic systems.

synchronization is believed to have a great poten-
tial in a large number of application areas, e.g. se-
cure communications,!>% biological systems,”] chem-
ical reaction(®! and many physical systems.”) Be-
cause of its importance, chaotic synchronization has
been studied extensively by many researchers in re-
cent years, and various modern control methods have
been proposed to synchronize chaotic systems, such as
back-stepping design,[*?) nonlinear control,'!) adap-
tive control,'2~14 active control*®! and adaptive ac-
tive control.[10]

In fact, many natural and artificial systems, such
as neural systems, food webs and social systems, can

be described by network. Traditionally, the study of
network is concentrated on networks with completely
regular topological structures, such as chains, grids
and lattices. Erdoés and Rényil'” proposed a com-
pletely random network, which was on the opposite
of the completely regular network. However, many
real complex networks are neither completely regular
nor completely random. Recently, Watts and Stro-
gatz (WS)['8] introduced the so-called small-network
to describe the network between the completely reg-
ular network and completely random network. But
the WS small world is also homogeneous in nature.
Barabasi and Albert!'® showed that most of large-
scale networks are scale-free. The scale-free networks
are inhomogeneous in nature. Their work makes study
of the network enter upon a new phase.

The recent researches of networks have provided
a fresh and increasingly challenging framework for the
study of synchronization, and have attracted much
attention of researchers in different areas. The local
stability of the synchronization manifold was studied
via a linearization method, named the ‘master stabil-
ity function’ method.[?’! Sufficient conditions for syn-
chronization of an array of linear couple systems were
discussed.[2122 In 2006,123] a new method was pro-
posed to the global stability of the synchronization.
A connection graph stability method was developed

*Project supported by the National Natural Science Foundation of China (Grant Nos 10472091, 10502042 and 10332030) and
Graduate Starting Seed Fund of Northwestern Polytechnical University, China (Grant No Z200655).

TCorresponding author. E-mail: yuzhuxiao@mail.nwpu.edu.cn
http://www.iop.org/journals/cpb  http://cpb.iphy.ac.cn



No. 1

Complete synchronization of uncertain chaotic dynamical network via a simple ...

81

based on graph theory.[?4

From these researches, we
know that the synchronization conditions of the net-
work are rigorous, so it is difficult for the real net-
works to be synchronized. But sometimes we want all
the nodes of the network to be synchronized. Some
effective controllers were designed which can synchro-
nize the complex network with chaotic nodes without
knowing the concrete network structure.?*=27 But
these controllers were designed using a solution of the
node system @’ = f(z). So we must know a solution
of the node system in advance if we use the above con-
trol scheme. However, sometimes we can not obtain a
solution of the node system, for example, the network
may not have an isolated node, and we can not acquire
the accurate value of parameters of the node system.
In this case, the control schemes of Refs.[25-27] are
not valid. So we need a more effective control scheme
to deal with this problem. Motivated by the above dis-
cussions, in this paper we design a simple controller
to deal with the problem. Comparing with the meth-
ods of Refs.[25-27], our method only depends on the
state outputs of the network. So we need not know
the concrete network structure and the solution of the
node system 2z’ = f(z) in advance to synchronize the
dynamical network.

The rest of this paper is organized as follows. In
Section 2, based on the invariance principle of differen-
tial equations, a simple adaptive feedback controller is
designed to synchronize all the nodes of the network.

(@' ) = fuly', )] < hhmax{[e} —yjl, j=1,2,...,n} i
7ym)|§lgmau)({kzc;-‘—y§-‘|, i=12,...,n, h=1,2,...,m},

|g}'€(:vl,:b2,...,xm) —g,i(yl,y2,...

k=1,2,...,n, i=1,2,...,m.

2:

Moreover, for any z! = z - =z, we assume

Remark 1 The conditions (2) and (3) are every
loose. If f(x,t) is independent of time ¢, the conditions
(2) and (3) hold as long as ?(i,j =1,2,...,n) and

Ly
dg*
317?
If f(x,t) depends on time ¢, condition (2) is also very

(i,k =1,2,...m, j = 1,2,...,n) are bounded.

general. For example, it is not difficult to find a kind of

In Section 3, we provide an example to validate the
control scheme. Some conclusions are drawn in Sec-
tion 4.

2. An adaptive synchronization

scheme

Consider a dynamical network comnsisting of m
identical nodes with the general form of coupling, and
each node is an n-dimensional chaotic dynamical os-
cillator. The state equation of this network can be
written as

i = [ ) + gt 2%
i=1,2,..

™),

(1)

.,m

where 2t = (28, 2%,...,21)T € R" is a state vector of
node i, f(z,t) = (fi, far- ., fu) : R® x R* — R™ is
a smooth nonlinear vector function describing the dy-
namics of each node. g¢i(z', 2%, ...,2™) : R™*" —
R (i
tions. For functions f(z,t) and g*(z%, 22,...,2™) (i =

1,2,...,m) are smooth coupling func-

1,2,...,m) , we make the following assumptions.

Let 2 € R,,«xm be a bounded close set which con-
tains the whole attractor of Eq.(1).

T
1T 2T m?T _
T, Xt ..., , ¥y = |y

{2, there exists positive constants l1, lo satisfying:

For any x

T
1T 2T m?T
7y 7"'7y

S

=12,....mk=1,2,...,n, (2)

(3)

(4)

chaotic system with f(z,t) = A(¢t)h(z)+b(t) satisfying
condition (2), where A(t) € R™ x R™ is a bounded ma-
trix function, b(t) € R™ is a bounded vector function,
h(x) € R™ is vector function satisfying the condition
(2). The condition (4) ensures that the solution of a
single isolate node is also a solution of the synchro-

nization coupled network.
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In order to synchronize all the nodes of the net-
work, we add the controller u® = (uy,usa,...,u,)"T to
each node of the network

Unlike the scheme in Refs.[25,26], instead of s(¢) which
is a solution of the isolated node of the network, we

1
X(t) = — * to design th troller. It i
use X (t) — ;x o design the controller is
obvious that X (¢) satisfies the equation
:ii (a,1) + gi(at, a2, ...,a™) + ], (6)
m 2 e .
We define the distance variables
srt =2 —X(t) i=1,2,...,m, (7)

§z1)T € R™ describes the
deviation of state vector of node 4 from X (t). Ob-

where §z' = (§z%,02%, ...,
viously, the variables dz¢(i = 1,2,...,m) satisfy the
following equation:

sit = f(a't) + g' (2t 2%, .. 2™) +ut — G(z),

i=1,2,...,m, (8)

1 & , , _

h — it (.1 2.” m .
where G(a) = 2 3 IS O a'(et %, )+l

Here, we should note that éx'(i = 1,2,...,
the condition

m) satisfy

i szt = 0. (9)

By introducing the variables 6z'(i = 1,2,...,m),
the problem of synchronization in network (1) can

ixaﬂzz (e + L2

11]1

= Z&ciT [f(xi,t) +g'(xt,2?, ™

IA
NE
M:
=
_|_
3
[\)
S,
[\)
=
|
NE
M:

be transformed into a problem of how to realize the
asymptotical stabilization of system (8). So our aim
is to design a controller u'(i = 1,2,...,m) to make
the system (8) asymptotically stable at the origin. In-
spired by Refs.[27,28], we introduce the following sim-

ple adaptive-feedback controller u*:

i i 1~
j=1
1=1,2,....m, k=1,2,...,n, (10)
where ¢' = (et,¢b,...,e)T € R"(i = 1,2,...,m) are

variable feedback strengths. Instead of hnear feed-
back, the feedback strengths (i = 1,2,...,m) will
be adapted according to the following algorithm:

2
. . ) 1 & .
i i i = Vi
€k = Yk | Tk mzxk )
j=1
i=1,2...m, k=1,2,....n, (11)
where vi(i = 1,2,...,m, k =1,2,...,n) are arbi-

trary positive constants.

For the n x m dimensional equation (8), we intro-
duce the following non-negative function

L+ L)%, (12)

where L is an arbitrary positive constant. By differen-
tiating the function V' along the system (8), we obtain
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where we have assumed z* € 2, and used the con-
ditions (2), (3), (4) and (9). Obviously, if L is large
enough, then V < 0, and V = 0 if and only if 6563.» =0.
Namely, the set £ = {(dz%,¢%)|6z = 0," = &l,i =
1,2,...,m} is the largest invariant set contained in
V = 0 for system (8).
known LaSalle invariant principle of differential equa-

Then according to the well-

tion, starting with arbitrary initial values of system
(3), the orbit will converge asymptotically to the set
E,ie. d2' — 0 and ' — &), as t — oo.

3. Application of the proposed
method

In this section, an illustrative example is given to
show the effectiveness of the proposed control scheme,
and numerical simulations are performed to validate
the proposed method. As we know, mixing of the
useful signal with noise takes place during transfer of

the information through communications channel. So
noise is considered in the following example, and the
numerical simulations show that our adaptive control
scheme is robust against the effect of weak noise.

In the numerical simulation, in order to measure
the synchronization, we define the following quantities

1o~
error;(t) = EZ|5$3| i=12,...,n. (13)
i=1

It is obvious that if error;(t) converge to zero as
t — oo, all 5:02- converge to zero with time increas-

ing.

Example In this example, we use the unified
chaotic system[2939 to describe the dynamics of the

network (1), and set the coupling function
1~
gi = sin? — in — i |- (14)
j=1

So the state equations of the entire network are give
by

) ) ) 1 & . )
it = —(25a + 10) (¢} — ab) + sin? sz{_:pg +ul,

j=1
; , . 1 <&
i = —atxl + (28 — 35a)xt — (29 — 1)z + sin? | — Zx% —ah | fusy, i=1,2,...,m,
m e~
xé::z:llxé—a—i_ z + sin? —Zxé—a@ + ug, (15)
j=1
|

where u’(i = 1,2...,50) are adaptive feedback con- ¢i = 0 (i = 1,2,...,50, k = 1,2,3). The simu-

trollers with the update laws (10) and (11). « is an
positive real constant in the range [0,1]. According
to Refs.[29,30], in the absence of coupling, the sin-
gle oscillator belongs to the general Lorenz system for
0 < a < 0.8, belongs to the general Lii system for
« = 0.8, and belongs to the general Chen system for
0.8 < a < 1. So in this paper, we set « = 0.3 and
a = 0.9, respectively, and set vi = 0.01 (k = 1,2,3).
In the numerical simulation, we use fourth-order
Runge-Kutta method to solve the differential equa-
tions (5) and (11) with a time step size of 0.01,
and set the initial conditions z, = 2sin(10i) and

lation results are shown in Fig.1(a)-1(c) (o = 0.3)
and Fig.2(a)-2(c) (« = 0.9). In these figures, one can
see that error; (¢) (j = 1,2,...,n) converge to zero
quickly as time increases.

To test the robustness of the scheme against noise,
we add independent uniformly distributed random
noise in the range [0, 1] with amplitude of 0.1 to each
node of the network. The corresponding numerical
simulations are shown in Fig.3(a)-3(c) (e = 0.3) and
Fig.4 (a)—4(c) (o = 0.9). The simulation results show
that the error; (¢t) (j = 1,2,...,n) eventually ap-
proach to zero with negligibly small fluctuations.
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Fig.1. (a)—(c) The temporal evolution of error;(t) (i = 1,2,3) for oo = 0.3.
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Fig.2. (a)—(c) The temporal evolution of error;(t) (¢« =1,2,3) for o = 0.9.
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Fig.3. (a)—(c) show the effect on error;(¢) (¢ = 1,2,3) in Fig.1(a)-1(c) when uniformly distributed noises in
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Fig.4. (a)—(c) show the effect on error;(t) (: = 1,2, 3) in Fig.2(a)-2(c) when uniformly distributed noises in
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86 Xiao Yu-Zhu et al

Vol. 17

4. Conclusions

In this paper, based on the principle of differen-
tial equations, we propose a simple adaptive control
scheme to synchronize all the nodes of network. Com-
paring with other control methods, instead of solution
of isolated node of the network, we design a controller
only depending on the state output of each node. So
in our method, we need not know the concrete struc-

ture of the isolated node of the network and the so-
lution of isolated node of the network in advance. In
order to demonstrate the effectiveness of our method,
an illustrative example is considered, and numerical
simulations are performed. The numerical simulation
results show that our method is every effective and ro-
bust against the weak noise. Due to the effectiveness
and robustness of this method, we believe that this
method has practical applications in the future.
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