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Cavity loss induced generation of W states
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The existence of decoherence-free subspace (DFS) has been discussed widely. In this paper, we propose an alter-

native scheme for generating the four-atom W states by manipulating DF qubits. The atoms are divided into two pairs

and trapped in two separate optical cavities. Manipulation of atoms within DFS may generate a two-atom maximally

entangled state in an individual cavity, which is a stable state. After driving the system out of DFS, the atoms will

interact resonantly with the cavity field. The photons leaking from the cavities interfere at the beamsplitter, which

destroys which-path information, and are finally detected by one of the detectors, leading to the generation of a W state.

In addition, the numerical simulation indicates that the fidelity of the prepared state can, for a very wide parameter

regime, be very close to unity.
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1. Introduction

Entanglement plays an important role in many

of the most interesting applications of quantum me-

chanics in the development of quantum computation

and quantum information.[1] It is the main point of

the debate in foundation issues and interpretation

of quantum mechanics. In recent years, many ef-

forts have been made to characterize qualitatively

and quantitatively the entanglement of multiparticle

systems. Multiparticle maximally entangled states

are referred to as Greenberger–Horne–Zeilinger (GHZ)

states.[2] Three-photon GHZ entanglement has been

used to verify quantum nonlocality.[3] Multiparticle

GHZ states have also been experimentally realized for

three Rydberg atoms and trapped ions.[4,5] On the

other hand, Dür et al have shown that there are two

inequivalent classes of tripartite entanglement states,

i.e., the GHZ class and the W class, under stochastic

local operation and classical communication.[6] The

W state is not a maximally entangled state, but it

has the highest robustness against the loss of one

qubit. Fundamentally, differences between the vio-

lations of local environment exhibited by the GHZ

and W states are illustrated by Cabello by consider-

ing a different set of Bell inequalities.[7] However, W

states can also be used to test quantum nonlocality

without inequality.[8] Several applications in quantum

information processing by exploiting W states have

also been proposed, such as quantum teleportation,[9]

quantum secure communication,[10] and quantum in-

formation splitting.[11] With regard to the useful ap-

plications of the W entangled state, it follows that the

preparation and generation of the state are becoming

increasingly important. Schemes for generating such

states for three or more atoms in cavity QED and

ion trap systems have been proposed.[12−16] However,

none of these schemes has been experimentally real-

ized.

The main limiting factor on generating W states

is decoherence. To avoid decoherence it has been pro-

posed that decoherence-free (DF) states can be used

as qubits. The existence of decoherence-free subspaces

(DFS) has been discussed widely in the literature by

several authors.[17−22] These subspaces arise if a sys-

tem processes states which do not interact with the

environment. In addition, the system’s own time evo-

lution must not drive the states out of the DFS. Re-

cently, the existence of DFSs for photon states has

been verified experimentally by Kwiat et al
[23] and

for the states of trapped ions by Kielpinski et al.[24]

On the other hand, Beige et al,[25] Tregenna et al,[26]

and more recently, Pachos et al
[27] have theoretically

shown how to manipulate a system inside a DFS by

making use of environment induced quantum Zeno ef-

fect. The system behaves as if it were under continu-
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ous observation as to whether it is in a DF state or not.

Initially in a DF state, the system remains DF with a

probability very close to unity. In this paper, we pro-

pose an alternative scheme for generating four-atom

W states by manipulating DF qubits. The atoms are

divided into two pairs and trapped in two optical cav-

ities respectively, as shown in Fig.1.[28] Initially, the

atoms all in ground state and the cavities are in their

Fig.1. The experimental setup. Four atoms are divided

into two pairs and trapped in two separate optical cavities.

Photons can leak though the sides of the cavities facing the

beamsplitter BS and then detected by the photondetectors

D1 and D2.

vacuum state. In this case, the system state is a DF

state. The system evolves into another DF state at

time T under the action of weak laser pulses. Then

we drive the system state out of DFS. Photons are

allowed to leak from both cavities and mixed in a

beam-splitter, which destroys the which-path informa-

tion. Finally, the photons are detected by the photon-

detectors D1 and D2, and then the atoms collapse to

a W state.

The paper is organized as follows. Section 2 de-

scribes the generation of maximally entangled states

with the system manipulated in DFS, which was dis-

cussed in detail by Beige et al.[21] In order to force

the atoms to interact with cavity fields, a strong laser

pulse is used, which is presented in Section 3. The de-

tection of photons leaking from the cavities after the

atom–cavity interaction leads to the generation of W

state. In Section 4 we offer the numerical results by

considering the uncertainty of the atoms’ initial posi-

tion and the effect of the atomic spontaneous emission

rate. Finally, we summarize our results in Section 5.

2. Atoms (Ions) in DFS

We first consider a system consisting of two

metastable two-level atoms (or ions) confined to fixed

positions inside an optical cavity, which can be imple-

mented using the current technology of the recent cal-

cium ion experiment.[29−31] We assume that the dis-

tance between the atoms is much larger than an op-

tical wavelength and therefore dipole–dipole interac-

tions can be neglected. In addition, this requirement

allows us to assume that each atom can be individually

addressed with laser light. To describe the time evolu-

tion of the system we will make use of quantum jump

approach. This method gives the time evolution under

the condition that no photon is emitted, as well as the

probability for no photon emission, P1(t). The system

is described by a non-Hermite Hamiltonian which can

be evaluated by second-order perturbation theory and

is given by

Hcond = (i~
2

∑

i=1

gibσ
+
i + h.c.)− i~Γ

2
∑

i=1

σ+
i σi − i~κb+b,

(1)

where σi = |1〉ii〈2| is the atomic lowering operator,

|1〉i and | 2〉i denote the ground and the excited state

of atom i (i = 1, 2), respectively, and b denotes the

annihilation operator for the cavity mode. The atoms

coupling to the cavity field with a coupling strength

denoted by gi. A photon inside the cavity leaks out

through the cavity mirrors with a rate denoted by κ.

The atomic spontaneous emission rate is denoted by

Γ . In what follows, we assume that the couplings

of the atoms to the cavity mode are equal, but the

scheme presented here can also be carried over to more

general case, which is discussed in Section 4 by numer-

ical simulation. If at t = 0 the state of the system is

|Ψ(0)〉, the state at time t is given by

|Ψ(t)〉 = e−iHcondt/~|Ψ(0)〉. (2)

The probability P1(t) of observing no photon up to

time t by a broadband detector of unit efficiency is

given by the squared norm

P1(t) = 〈Ψ(t)|Ψ(t)〉. (3)

According to the above analyses, a necessary and

sufficient criterion for establishing DFS can be found,

which is described as[21]

P1(t) ≡ 1 ∀ t ≥ 0, (4)
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and

J−|ϕ〉 ≡
2

∑

i=1

|1〉ii〈2|ϕ〉 = 0, (5)

where |ϕ〉 is the atomic state. Thus, with regard

to DF states, besides the superpositions of atomic

ground states |g〉 = |1〉1|1〉2 the atoms inside the cav-

ity can also be in a superposition with the trapped

state |a〉 = 1√
2
(|1〉1|2〉2 − |2〉1|1〉2), a maximally en-

tangled state of the two atoms, and the cavity is in

the vacuum state |0〉. If the system is initially in a

DF state, it remains in this state with a probability

very close to unity. In order to manipulate the state

inside the DFS a weak interaction must be used. As

long as the interaction is weak enough, the state of the

system dose not move out of DFS. Now a weak laser is

applied and the conditional Hamiltonian of the system

can be written as

Hcond = (i~g

2
∑

i=1

bσ+
i + h.c.) + Hlaser − i~Γ

2
∑

i=1

σ+
i σi

− i~κb+b, (6)

where

Hlaser = i~
2

∑

i=1

Ωiσ
+
i + h.c.

Consider the condition

Γ ≪ Ωi ≪
g2

κ
and κ. (7)

After an interaction time t, the system, initially in the

state |Ψ(0)〉 = |0g〉, will evolve to

|Ψ(t)〉 = e−(k1+k2)t/2

[

(cos(St) − k1 − k2

2S
sin(St))|0g〉 − i

Ω
∗
−

S
sin(St)|0a〉

]

, (8)

where k1 = |Ω+|2κ
2g2 , k2 =

|Ω
−
|2(κ2+2g2)
2g2κ , S =

|Ω−|
[

1 − (k1−k2

2|Ω
−
| )

2
]

1
2

,Ω± = (Ω1±Ω2)

2
√

2
. All terms much

smaller than Ωκ
g2 , Ω

κ and Γ

Ω
have been neglected. We

simultaneously switch off the weak laser when the in-

teraction time t = T = 1
S arccot(k1−k2

2S ), then the

atoms are prepared in the maximally entangled state

|a〉, which is a stable state. The success probability of

this step is given by

P1(T ) = e−(k1+k2)T

∣

∣

∣

∣

Ω−
S

sin(ST )

∣

∣

∣

∣

2

, (9)

which is correlated to the coupling strength of atoms

in the weak lasers and cavity field, as well as to the

cavity decay rate. We will discuss how these param-

eters affect the probability in Section 4 by numeri-

cal simulation. Actually, we can interpret the sum

(k1 + k2) as the decay rate of the system. As long

as this rate is much smaller than
1

T
, the probability

is close to unity. Besides, the fidelity of the prepared

state F1, for a very wide parameter regime, is very

close to unity. Note that the same DF states now

are prepared in both optical cavities via the process

described above, the experimental setup is shown in

Fig.1.

3. Dynamical evolution of the

system out of DFS

According to Section 2 we have known that |a〉
is a stable DF state and the system cannot evolve

without extra interaction. This case is changed when

a strong classical laser irradiates one atom. We first

take the atoms trapped in cavity A into account. By

controlling the phases of the classical fields and in-

teraction time appropriately, we obtain the required

transformation

|1〉i → |1〉i, |2〉i → −|2〉i, i = 1 or 2. (10)

The state of the atoms trapped in cavity A evolves to

1√
2
(|1〉1|2〉2 + |2〉1|1〉2), (11)

which is not a DF state. Then the atoms interact res-

onantly with the cavity mode for a time τ, the system

evolves to



52 Wu Huai-Zhi et al Vol. 17

1√
2
{ 1

g2
1 + g2

2

[

(g2
2 − g1g2)e

− Γ

2
τ + e−

κ+Γ

4
τ cos(

Ωτ

2
)(g2

1 + g1g2)

]

|0〉A|2〉1|1〉2

+
1

g2
1 + g2

2

[

(g2
1 − g1g2)e

− Γ

2
τ + e−

κ+Γ

4
τ cos(

Ωτ

2
)(g2

2 + g1g2)

]

|0〉A|1〉1|2〉2

− 2i
g1 + g2

Ω
e−

κ+Γ

4
τ sin(

Ωτ

2
)|1〉A|1〉1|1〉2}, (12)

where Ω =
√

4(g2
1 + g2

2) −
(κ−Γ)2

4 . Assume that g1 = g2 = g, then Eq.(12) can be rewritten as

1√
2
[e−

κ+Γ

4
τ cos(

Ωτ

2
)(|0〉A|2〉1|1〉2 + |0〉A|1〉1|2〉2) − i

4g

Ω
e−

κ+Γ

4
τ sin(

Ωτ

2
)|1〉A|1〉1|1〉2]. (13)

The same case occurs in cavity B, leading to

1√
2
[e−

κ+Γ

4
τ cos(

Ωτ

2
)(|0〉B |2〉3|1〉4 + |0〉B|1〉3|2〉4) − i

4g

Ω
e−

κ+Γ

4
τ sin(

Ωτ

2
)|1〉B |1〉3|1〉4], (14)

where we have assumed that dissipation of the two

cavities are equal. Then, we wait the detectors to

click. The registering of a click at one of the photon-

detectors at time τ = T1 corresponds to the action of

the jump operators (bA + bB) /
√

2 on the whole sys-

tem state. Thus the whole system is projected to

−i

2
e−

κ+Γ

2
T1

4g

Ω
cos(

ΩT1

2
) sin(

ΩT1

2
)(|2〉1|1〉2|1〉3|1〉4 + |1〉1|2〉2|1〉3|1〉4 + |1〉1|1〉2|2〉3|1〉4

+ |1〉1|1〉2|1〉3|2〉4)|0〉A|0〉B − 8g2

Ω2
e−

κ+Γ

2
T1 sin2(

ΩT1

2
)|1〉1|1〉2|1〉3|1〉4(|0〉A|1〉B + |1〉A|0〉B). (15)

Then we switch on the classical fields, tune the atoms far off-resonant with the cavity mode via stark effect

so that the atom–cavity interaction is frozen.[32] We wait for another time T2. If no photons decay from either

cavity during this period, the system evolves to

−i

2
e−

κ+Γ

2
T1e−ΓT2

4g

Ω
cos(

ΩT1

2
) sin(

ΩT1

2
)(|2〉1|1〉2|1〉3|1〉4 + |1〉1|2〉2|1〉3|1〉4 + |1〉1|1〉2|2〉3|1〉4

+ |1〉1|1〉2|1〉3|2〉4)|0〉A|0〉B − 8g2

Ω2
e−

κ+Γ

2
T1e−κT2 sin2(

ΩT1

2
)|1〉1|1〉2|1〉3|1〉4(|0〉A|1〉B + |1〉A|0〉B).

(16)

In the case that κT2 ≫ 1, we have e−κT2 ≪ 1 and can neglect the last two terms. In this case the four atoms

are approximately in the W state

1

2
(|2〉1|1〉2|1〉3|1〉4 + |1〉1|2〉2|1〉3|1〉4 + |1〉1|1〉2|2〉3|1〉4 + |1〉1|1〉2|1〉3|2〉4). (17)

The success probability of this step is

P2(T1) = e−(κ+Γ)T1 [
4g

Ω
cos(

ΩT1

2
) sin(

ΩT1

2
)]2, (18)

which is dependent on Rabi frequency g, spontaneous

emission rate Γ and cavity decay rate κ. Γ and κ

are the main factors of decoherence, and decrease the

success probability of our scheme. The fidelity F2 of

prepared state approximately equals unity.

4. Numerical simulation

In this section we will show the different numeri-

cal results of the success probability and fidelity when

the atoms are not trapped in the ideal positions. In



No. 1 Cavity loss induced generation of W states 53

Section 2, we have obtained a two-atom maximally

entangled state by solving the conditional Hamilto-

nian, but it also can be obtained by solving an effec-

tive Hamiltonian with the help of the quantum Zeno

effect,[21] which is given by

Heff =
~

2
√

2
(Ω1 − Ω2)|0g〉〈0a| + h.c. (19)

We mainly discuss the effect of the Rabi frequency

Ω1 and Ω2 on the success probability in this pro-

cess, as shown in Fig.2. By numerical calculation

with the parameter given in Fig.2, the success prob-

ability P1 (T ) can reach 0.9983 when Γ = 0 and

Ω1/g = 0.001, but for finite values of Γ , such as

Γ = 0.001g and Γ = 0.01g, the maximal successful

probability P1 (T ) is 0.888 with Ω1 /g = 0.037, and

0.700 with Ω1/g = 0.115. The fidelity of the prepared

state can, for a very wide parameter regime, be very

close to unity (higher than 99% with the parameter

given in Fig.2).

Fig.2. Success probability for generating two atom max-

imal entangled state in DFS versus Ω1 /g , where Ω1 =

−Ω2, κ = g and (a)Γ = 0, (b)Γ = 0.001, (c)Γ = 0.01.

In order to see how the success probability P2(T1)

and fidelity F2 depend on g and Γ , we plot P2(T1)

versus the scaled interaction time gt for different val-

ues of coupling strength in Fig.3 and plot F2 versus

gt for different values of Γ in Fig.4. For the three

cases given in Fig.3, the maximal success probabili-

ties, occurring around gt ∼ 0.53, are 32.08%, 29.24%

and 30.78%, respectively. The fidelities, correspond-

ing to maximal success probabilities, are 1, 0.995 and

0.999, respectively. It can be seen that the maximal

success probability about 30% and fidelity higher than

0.99 can also be obtained, even if the atoms are not

trapped in ideal positions. On the other hand, the

scheme proposed here must work in the Lamb–Dicke

regime, i.e., the spatial extension of the atomic wave

function should be much smaller than the wavelength

of the cavity mode. Recent advances in the combi-

nation of ion trapping and cavity QED techniques al-

low the achievement of the Lamb–Dicke limit.[29−31]

In these experiments, single 40Ca+ ions are localized

at a fixed position in the cavity with a high precision

for indefinite times, so the spatial variation of the cou-

pling strength can be neglected. Figure 4 shows that

Γ has a little effect on success probability P2 and fi-

delity F2 in the process of dynamical evolution out

of DFS. According to all the above calculations, the

maximal success probability of the whole process is

about 21% for Γ = 0.01g, and the fidelity higher than

98% can be achieved.

Fig.3. (a) Success probability P2 and fidelity F2 vs di-

mensionless time gt for g1 = g2 = g3 = g4 = g, κ1 =

κ2 = g, and Γ1 = Γ2=0.01g. (b) Success probability P2

and fidelity F2 vs dimensionless time gt for g1 = g2 =

g, g3 = g4 = 0.9g, κ1 = g, κ2 = 0.9g and Γ1 = Γ2=0.01g.

(c) Success probability P2 and fidelity F2 vs dimension-

less time gt for g1 = g, g2 = 0.9g, g3 = 0.95g, g4 = 0.9g,

κ1 = 0.9g, κ2 = 0.9g, and Γ1 = Γ2=0.01g.

Fig.4. (a) Success probability P2 and fidelity F2 vs di-

mensionless time gt for g1 = g2 = g, g3 = g4 = 0.9g, κ1 =

g, κ2 = 0.9g, and Γ1 = Γ2=0.001g. (b) Success prob-

ability P2 and fidelity F2 vs dimensionless time gt for

g1 = g2 = g, g3 = g4 = 0.9g, κ1 = g, κ2 = 0.9g and

Γ1 = Γ2=0.01g. (c) Success probability P2 and fidelity

F2 vs dimensionless time gt for g1 = g2 = g, g3 = g4 =

0.9g, κ1 = g, κ2 = 0.9g and Γ1 = Γ2=0.

Note that our scheme is based on the detection of

single-photon and works under the condition g ∼ κ. In
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current optical cavity QED experiment,[33] the atom–

cavity coupling strength is 2π×34 MHz and the decay

rate of the cavity-mode is about 0.1g, a strong cou-

pling condition can be achieved. Since our scheme is

less stringent than strong coupling condition and the

cavity decay can be changed by adjusting the length,

waist, and refinement of cavity, the single-photon de-

tection is realizable. Besides, in Ref.[33], the cav-

ity length was 42.2µm and the wavelength 852.4 nm.

Then it is possible that two atoms are trapped in one

cavity with the distance between them much larger

than an optical wavelength. Hence, our scheme is ex-

perimentally realizable.

5. Summary

In this paper, we have discussed in detail concrete

proposal for the generation of four-atom W state. The

atoms are divided into two pairs and trapped in two

separate optical cavities. Initially, all atoms are in

ground state. To activate a time evolution, two laser

fields are applied simultaneously. After that, the two

atoms in an individual cavity are entangled. Then the

system state is driven out of DFS, and the atoms in-

teract resonantly with the cavity field. The photons

leaking from the cavities interfere with each other at

the beamsplitter, which destroys which-path informa-

tion, and are finally detected by one of the detectors,

leading to the generation of W state. The numerical

results indicate that the maximal success probability

of this scheme is about 21% for Γ = 0.01g, and the

fidelity higher than 0.98 can be obtained. The scheme

not only can be used to test quantum nonlocality, but

also has practical applications in quantum information

processing.
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