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We present a scheme for probabilistic remote preparation of an entangled two-qubit state with three parties from

a sender to either of two receivers. The quantum channel is composed of a partially entangled two-qubit state and

a partially entangled three-qubit state. We calculate the successful total probabilities of the scheme in general and

particular cases, respectively. We also calculate total classical communication cost in a general case and two particular

cases, respectively.
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1. Introduction

Recently, Lo[1] has presented an interesting new

method to transmit a pure known quantum state us-

ing a prior shared entanglement and some classical

communication when the sender actually knows the

transmitted state. This communication protocol is

called remote state preparation (RSP). Its main dif-

ference from the usual teleportation[2] is that Alice is

assumed to know fully the transmitted state to be pre-

pared by Bob, while in the teleportation neither Alice

nor Bob has a knowledge of the transmitted state.

Pati[3] has found that RSP protocol is more econom-

ical than teleportation and requires only one classical

bit from Alice to Bob for some special ensembles, but

for general states, the RSP protocol requires as much

classical communication cost as the quantum telepor-

tation does. Bennett et al
[4] have studied the trade-

off in cost between the required entanglement and

classical communication in RSP. Since then, the re-

searchers have put forward various kinds of theoretical

RSP schemes,[5−23] such as low-entanglement RSP,[5]

higher-dimension RSP,[6] optimal RSP,[7] RSP with-

out oblivious conditions,[8] generalized RSP,[9] oblivi-

ous RSP,[10] faithful RSP,[11] and continuous variable

RSP in phase space,[12] etc. Meantime, RSP schemes

have been implemented experimentally by using Nu-

clear magnetic resonance (NMR)[24] and spontaneous

parametric down-conversion.[25] So far, there has been

no proposal for how to probabilistically and remotely

prepare a bipartite entangled state with three parties

via the combination of partial EPR pair and tripar-

tite GHZ state, and no report an the calculation of

the classical communication cost required in the RSP

process with three parties via using this partially en-

tangled quantum channel, either.

In this paper, we propose a protocol for preparing

remotely the entangled two-qubit state from a sender

to either of two receivers. The quantum channel con-

sists of a partially entangled two-qubit state and a

partially entangled three-qubit state. We have cal-

culated the successful total probability and the to-

tal classical communication cost of probabilistic RSP

scheme in general and particular cases, respectively.

It is shown that such a RSP requires only 2.5 bits and

5 bits classical communication cost under the condi-

tion of maximally entangled quantum channel for the

general quantum states and particular states, respec-

tively, and possesses 50% and 100% in successful prob-

ability, respectively.
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2. Probabilistic remote prepara-

tion of an entangled two-qubit

state with three parties for a

general case

Suppose that the sender Alice wants to help either

of two receivers Bob and Charlie remotely prepare the

following entangled two-qubit state

|φ〉 = α|00〉 + β|11〉, (1)

where α is real number and β is a complex num-

ber with |α|2 + |β|2 = 1. We suppose that Alice

knows about α and β completely, but either Bob or

Charlie does not know about them at all. We also

suppose that the quantum channel is composed of a

non-maximally entangled two-qubit state and a non-

maximally entangled three-qubit state as follows:

|Ψ〉12 = (a|00〉 + b|11〉)12, (2)

|Ψ〉345 = (c|000〉 + d|111〉)345, (3)

where the real coefficients a and b satisfy |a|2+|b|2 = 1

and |b| ≤ |a|; the real coefficients c and d satisfy

|c|2 + |d|2 = 1 and |d| ≤ |c|. Particles (1, 3) are in

the possession of Alice, but particle 2 only belongs to

one of receivers, Bob or Charlie, while particles (4, 5)

belong to the receivers Bob and Charlie, respectively.

Figure 1 shows the schematic diagram for RSP of the

entangled two-qubit state with three parties.

Fig.1. A sketch of the RSP of an entangled two-qubit

state with three parties. A partially entangled two-qubit

state (particles 1 and 2) and a partially entangled three-

qubit state (particles 3, 4 and 5) are used as a quantum

channel. Particles (1, 3) are in the possession of Alice,

but particle 2 only belongs to one of receivers, Bob, while

particles (4, 5) belong to the receivers Bob and Char-

lie, respectively. “SM” stands for separate measurement,

which is on particle 5 and must be carried out by Charlie,

whereas “UT” stands for unitary transformation, which

Bob must perform in order to retrieve the original state,

and CC stands for classical communication.

In order to help Bob or Charlie remotely prepare

the entangled two-qubit state of Eq.(1), Alice must

perform a projective measurement on particles (1, 3).

The measurement basis chosen by Alice is a set of mu-

tually orthogonal basis vectors {|ϕ〉, |ϕ⊥〉, |ψ〉, |ψ⊥〉},
which are related to the computation basis vectors

{|00〉, |01〉, |10〉, |11〉} by the following relations:

|ϕ〉13 = (α|00〉 + β|11〉)13, (4a)

|ϕ⊥〉13 = (β∗|00〉 − α|11〉)13, (4b)

|ψ〉13 = (α|01〉 + β|10〉)13, (4c)

|ψ⊥〉13 = (β∗|01〉 − α|10〉)13. (4d)

Therefore, without loss of generality, we have

|Ψ〉12 ⊗ |Ψ〉345
=|ϕ〉13(acα|000〉 + bdβ∗|111〉)245

+ |ϕ⊥〉13(acβ|000〉 − bdα|111〉)245
+ |ψ〉13(adα|011〉 + bcβ∗|100〉)245
+ |ψ⊥〉13(adβ|011〉 − bcα|100〉)245. (5)

Then Alice measures particles (1, 3). For example, if

her von Neumann measurement result is |ϕ⊥〉13, the

state of particles (2, 4, 5), as shown by Eq.(5), will

collapse into

(acβ|000〉 − bdα|111〉)245. (6)

Now, we see how the original state described in

Eq.(1) can be prepared remotely from the state in

Eq.(6). Firstly, Alice informs the receivers Bob and

Charlie of her measurement outcomes via a classical

communication. If Bob wants to receive the origi-

nal state of Eq.(1), particle 2 belongs to the receiver

Bob. Bob can ask Charlie to perform the following

Hadamard operation on particle 5:

H |0〉 =
1√
2
(|0〉 + |1〉), (7a)

H |1〉 =
1√
2
(|0〉 − |1〉), (7b)

then in basis {|0〉, |1〉} we have

1√
2
(acβ|00〉 − bdα|11〉)24|0〉5

+
1√
2
(acβ|00〉 + bdα|11〉)24|1〉5. (8)

Charlie measures particle 5. If Charlie obtains the

result of |0〉5, then the state of particles (2, 4) will

become
1√
2
(acβ|00〉 − bdα|11〉)24. (9)
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Otherwise, if the result is |1〉5, the state of particles

(2, 4) will be projected to

1√
2
(acβ|00〉 + bdα|11〉)24. (10)

After his measuring, Charlie informs Bob of his mea-

surement outcomes via a classical communication.

Secondly, Bob needs to establish a correspondence

such that coefficients α and β can correspond to |00〉24
and |11〉24, respectively. According to Alice’s and

Charlie’s measurement results, Bob carries out the fol-

lowing unitary transformation U1 on particles (2, 4)

of Eq.(9):

U1 = (|1〉〈0| − |0〉〈1|)2 ⊗ (|1〉〈0| + |0〉〈1|)4. (11)

That is, unitary transformation U1 in Eq.(11) will

transform the state described in Eq.(9) into

|Ψ〉24 =
1√
2
(bdα|00〉 + acβ|11〉)24. (12)

Then, Bob introduces an auxiliary two-level particle

A with initial state |0〉A and performs another uni-

tary transformation U2 on particles 2, 4 and A under

basis {|00〉24|0〉A, |11〉24|0〉A, |00〉24|1〉A, |11〉24|1〉A}.
Unitary transformation U2 may take the form of the

following 4 × 4 matrices:

U2 =

(

A1 A2

A2 −A1

)

, (13)

where Ai (i=1, 2), a kind of 2 × 2 matrices, may be

written as

A1 = diag(a1, a2), (14a)

A2 = diag(
√

1 − a2
1,

√

1 − a2
2) (14b)

with ai(i = 1, 2 ) ( |ai| ≤ 1) depending on the state of

particles 2 and 4. Namely, after Bob has introduced

an auxiliary particle A with its initial state |0〉A, the

state described in Eq.(12) will become

|Ψ〉24 ⊗|0〉A =
1√
2
(bdα|00〉+acβ|11〉)24 ⊗|0〉A, (15)

if we choose

(a1, a2) =

(

1,
bd

ac

)

. (16)

Unitary transformation U2 will transform the state in

Eq.(15) into

1√
2
bd(α|00〉 + β|11〉)24 ⊗ |0〉A

+
1√
2

√

(ac)2 − (bd)2β|11〉24 ⊗ |1〉A. (17)

Finally, Bob measures the state of auxiliary par-

ticle A. If his measurement result is |1〉A, the remote

preparation of the original state fails. If the result

|0〉Ais measured, the remote preparation of an entan-

gled two-qubit state is successfully realized and the

successful probability is
(bd)2

2
.

Similarly, from Eq.(5), if Alice’s measurement re-

sult on particles (1, 3) is |ψ⊥〉13, the state of particles

2, 4 and 5 will become

(adβ|011〉 − bcα|100〉)245. (18)

After Charlie has performed the Hadamard operations

in Eq.(7) on particle 5 in basis {|0〉, |1〉} and measures

them, for states shown in Eq.(18), Bob will obtain the

same successful probability of RSP from the state of

Eq.(18) through the above steps.

Based on Eq.(5), we find that if Alice’s mea-

surement outcomes on the particles 1 and 3 are

|ϕ〉13 and |ψ〉13, respectively, the state of particles

(2, 4, 5) described by Eq.(5) will become (acα|000〉 +

bdβ∗|111〉)245 and (adα|011〉 + bcβ∗|100〉)245, respec-

tively. Since Bob and Charlie have no knowledge of

these states, they cannot unitarily convert them into

the original state |φ〉, thus the remote state prepara-

tion fails.

From the above analysis, after Charlie has per-

formed the Hadamard operations in Eq.(7) on parti-

cle 5 in basis {|0〉, |1〉} and measures them, for states

shown in Eq.(5), Bob can obtain 4 kinds of states in

all. It can be easily proven that the 4 kinds of states

have the same results for Bob, therefore the total prob-

ability of successful RSP is 2(bd)2. Table 1 shows all

possible unitary transformationsU1 and coefficients a1

and a2 for unitary transformations U2 performed by

Bob on the states of particles (2, 4), where symbol ±5

in the angular brackets with a subscript 4 corresponds

to the measurement results |0〉5 and |1〉5 on particle 5

after Charlie has performed the Hadamard operation

on particle 5.
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Table 1. All unitary transformations U1 and coefficients a1 and a2 for unitary

transformations U2 performed by Bob.

Alice’s von Neumann measurement results U1 a1 a2

|ϕ⊥〉13 in Eq.(5) (|1〉〈0| − |0〉〈1|)2 ⊗ (|1〉〈0| ±5 |0〉〈1|)4 1
bd

ac

|ψ⊥〉13 in Eq.(5) (|1〉〈0| − |0〉〈1|)2 ⊗ (|0〉〈0| ±5 |1〉〈1|)4
d

c

b

a

If |a| = |b| = 1/
√

2, |c| = |d| = 1/
√

2, i.e. the

quantum channel consists of an EPR pair and a max-

imally entangled tripartite GHZ state, the total prob-

ability of successful RSP is 50%. Clearly, in this case,

the unitary transformation made by Bob is only the

unitary transformation U1 operated on the particles

(2, 4) only, in which the auxiliary particle A and

unitary transformation U2 do not need introducing.

Therefore, the probabilistic RSP of a entangled two-

qubit state with three parties becomes the usual stan-

dard RSP with three parties via a maximally entan-

gled channel.

3. Probabilistic remote prepara-

tion of a two-qubit state with

three parties for two particular

cases

For states shown in Eq.(1), however, if α and β

are real numbers, and if the Alice’s measurement out-

comes are |ϕ〉13 or |ψ〉13, Bob can prepare remotely

the original two-qubit state |φ〉 via a unitary opera-

tion and certain classical communication. All possible

unitary transformations U1 and the coefficients a1 and

a2 for unitary transformations U2 performed by Bob

on the states of particles (2, 4) are given in Table 2,

Table 2. All unitary transformations U1 and coefficients a1 and a2 for unitary transforma-

tions U2 performed by Bob.

Alice’s von Neumann measurement results U1 a1 a2

|ϕ⊥〉13 in Eq.(5) (|1〉〈0| − |0〉〈1|)2 ⊗ (|1〉〈0| ±5 |0〉〈1|)4 1
bd

ac

|ψ⊥〉13 in Eq.(5) (|1〉〈0| − |0〉〈1|)2 ⊗ (|0〉〈0| ±5 |1〉〈1|)4
d

c

b

a

|ϕ〉13 in Eq.(5) I2 ⊗ (|0〉〈0| ±5 |1〉〈1|)4
bd

ac
1

|ψ〉13 in Eq.(5) I2 ⊗ (|1〉〈0| ±5 |0〉〈1|)4
b

a

d

c

where symbol ±5 in the angular brackets with a sub-

script 4 corresponds to the measurement results |0〉5
and |1〉5 after Charlie has performed the Hadamard

operation on particle 5, and I2 is the identity matrix.

Thus, for a particular case in which α and β are real

numbers, the total probability of successful RSP be-

comes 4(bd)2.

As for the particular case in which the two-qubit

state are

|φ〉 = (1/
√

2)(|00〉 + eiφ0 |11〉), (19)

namely the state chosen from the equatorial line on

Bloch sphere, we may realize successfully its remote

preparation. In this case, the measurement basis cho-

sen by Alice will become a set of mutually orthogonal

basis vectors {|ϕ〉, |ϕ⊥〉, |ψ〉, |ψ⊥〉} as follows:

|ϕ〉13 =
1√
2
|00〉13 +

1√
2
e−iφ0 |11〉13, (20a)

|ϕ⊥〉13 =
1√
2
|00〉13 −

1√
2
e−iφ0 |11〉13, (20b)

|ψ〉13 =
1√
2
|01〉13 +

1√
2
e−iφ0 |10〉13, (20c)

|ψ⊥〉13 =
1√
2
|01〉13 −

1√
2
e−iφ0 |10〉13. (20d)

For the quantum channel given by Eqs.(2) and (3), we

can obtain

|Ψ〉12 ⊗ |Ψ〉345

= |ϕ〉13
(

1√
2
ac|000〉 +

1√
2
bdeiφ0 |111〉

)

245
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+ |ϕ⊥〉13
(

1√
2
ac|000〉 − 1√

2
bdeiφ0 |111〉

)

245

+ |ψ〉13
(

1√
2
ad|011〉 +

1√
2
bceiφ0|100〉

)

245

+ |ψ⊥〉13
(

1√
2
ad|011〉 − 1√

2
bceiφ0|100〉

)

245

. (21)

Similarly, if Bob wants to receive the original en-

tangled two-qubit state shown in Eq.(19), particle 2

belongs to the receiver Bob. By using the above

mentioned method, after Charlie has performed the

Hadamard operations in Eq.(7) on particle 5 in ba-

sis {|0〉, |1〉} and measured them, for states shown in

Eq.(21), Bob can obtain 8 kinds of states in all. It

can easily be proven that the 8 kinds of states have

the same results for Bob, thus the total probability of

successful RSP is 4(bd)2. Table 3 presents all possi-

ble unitary transformations U1 and coefficients a1 and

a2 for unitary transformations U2 performed by Bob

on the states of particles (2, 4), where symbol ±5 in

the angular brackets with a subscript 4 corresponds

to the measurement results |0〉5 and |1〉5 on particle 5

after Charlie has performed the Hadamard operation

on particle 5.

Table 3. All unitary transformations U1 and coefficients a1 and a2 for unitary transforma-

tions U2 performed by Bob, where I2 is the identity matrix.

Alice’s von Neumann measurement results U1 a1 a2

|ϕ〉13 in Eq.(21) I2 ⊗ (|0〉〈0| ±5 |1〉〈1|)4
bd

ac
1

|ϕ⊥〉13 in Eq.(21) I2 ⊗ (|0〉〈0| − (±5)|1〉〈1|)4
bd

ac
1

|ψ〉13 in Eq.(21) I2 ⊗ (|1〉〈0| ±5 |0〉〈1|)4
b

a

d

c

|ψ⊥〉13 in Eq.(21) I2 ⊗ (−|1〉〈0| ±5 |0〉〈1|)4
b

a

d

c

Thus for the case in which α and β are real num-

bers or state |φ〉 = (1/
√

2)(|00〉 + eiθ|11〉), the total

probability of successful RSP for a maximally entan-

gled channel equals 100%.

4. Classical communication cost

The classical message plays an important role in

the RSP process. How many bits of classical informa-

tion are needed in the RSP process with three parties

by a partially entangled quantum channel?

For convenience, we divide this classical informa-

tion into two transmitted processes. One is that the

classical information is sent from the sender Alice to

the receiver Bob, in which Alice performs a projective

measurement on particles (1, 3) and informs him of her

measurement result. The other is that the classical in-

formation is sent from Alice to Charlie and then from

Charlie to the receiver Bob. That is, it includes the

classical information in which Alice performs a projec-

tive measurement on particles (1, 3) and informs him

of her measurement results, and one in which Char-

lie makes the Hadamard operation on particle 5, then

measures particle 5, and informs Bob of his measure-

ment outcome§as well as one in which Bob introduces

an auxiliary two-level particle A with initial state |0〉A
and measures the auxiliary particle A.

We first consider the classical information from

the sender Alice to the receiver Bob. After projective

measurement on particles (1, 3), Alice can obtain four

outcomes |ϕ〉13, |ϕ⊥〉13, |ψ〉13 and |ψ⊥〉13 with the fol-

lowing probabilities:

p1 = a2c2α2 + b2d2|β|2, (22a)

p2 = b2d2α2 + a2c2|β|2, (22b)

p3 = a2d2α2 + b2c2|β|2, (22c)

p4 = b2c2α2 + a2d2|β|2, (22d)

respectively. Without loss of generality, the classical

information in this process from the sender Alice to

receiver Bob requires

SAB = −p2 log2 p2 − p4 log2 p4

= −(b2d2α2 + a2c2|β|2)lb(b2d2α2 + a2c2|β|2)

− (b2c2α2 + a2d2|β|2)

× log2(b
2c2α2 + a2d2|β|2) bits, (23)

while the classical information in this process from

the sender Alice to Charlie and from Charlie to the

receiver Bob needs

SACB = 2(bd)2lb

[

2

(bd)2

]

bits. (24)
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Therefore, without loss of generality, the total

classical communication for this reliable probabilistic

remote preparation of an entangled two-qubit state

with three parties require

S =SAB + SACB

= − (b2d2α2 + a2c2|β|2)lb(b2d2α2 + a2c2|β|2)
− (b2c2α2 + a2d2|β|2)lb(b2c2α2 + a2d2|β|2)

− 2(bd)2lb

[

(bd)2

2

]

bits. (25)

If the quantum channel consists of an EPR pair and

a maximally entangled tripartite GHZ state, the clas-

sical information will consume 2.5 bits in total.

However, for two particular cases in which α and

β are real numbers or state |φ〉 = (1/
√

2)(|00〉 +

eiθ|11〉), the total classical communication cost re-

quired in this RSP scheme with three parties will be

S = −
4

∑

i=1

pi log2 pi − 4(bd)2lb

[

(bd)2

2

]

bits. (26)

where pi (i=1, 2, 3, 4) are determined by Eq.(22). For

the maximally entangled channel, the classical infor-

mation will require 5 bits in total.

5. Conclusion

In summary, we present a scheme for the prob-

abilistic RSP of an entangled two-qubit state with

three parties. A partially entangled two-qubit state

and a partially entangled three-qubit state are consid-

ered as a quantum channel. We have calculated the

total successful probability of the probabilistic RSP

scheme in a general case and two particular cases, re-

spectively. We have also obtained the total classical

communication cost of probabilistic RSP scheme with

three parties in a general quantum state and two par-

ticular states, respectively. It is shown that the to-

tal successful probability of such a RSP scheme for a

general state is only 50% and total classical commu-

nication will consume 2.5 bits for a maximally entan-

gled quantum channel. While the remote preparation

of the two-qubit state for two particular states has a

successful probability of 100% and requires 5 bits of

classical communication cost for a maximally entan-

gled channel. We must point out that this scheme

can be directly generalized to the remote preparation

of an entangled k-qubit state from a sender to either

of two receivers by using a non-maximally k particle

entangled state and a non-maximally tripartite GHZ

state as a quantum channel. Similarly, this scheme

can be directly generalized to the remote preparation

of the two-qubit state from a sender to any of (k − 1)

receivers by a non-maximally partial EPR pair and

a non-maximally k particle entangled state. Compar-

ing with the previous RSP schemes,[1,3−25] the present

one has the following advantages. First, our protocol

has investigated the probabilistic RSP of a two-qubit

state with three parties from a sender to either of two

receivers, while the previous RSP schemes considered

only the RSP with two parties from a sender to a re-

ceiver. Second, the quantum channels are different in

form. In our present scheme, a partially entangled

two-qubit state and a partially entangled three-qubit

state are used as a quantum channel, whereas the

quantum channel in the previous schemes was com-

posed of either the EPR pairs or GHZ state. Third, we

have calculated total classical communication of prob-

abilistic RSP scheme with three parties, which not

only involves the transmitted communication from a

sender to the receivers, but also contains one between

two receivers, while the earlier RSP schemes just con-

sidered the classical communication cost for a maxi-

mally quantum channel, which is related to the trans-

mitted communication from a sender to a receiver

only. Nowadays, three-photon entanglement has been

observed and used to verify quantum nonlocality,[26,27]

and a number of feasible protocols for generating GHZ

states have been proposed.[28,29] Thus we believe that

the present scheme may be realized in the near fu-

ture, and useful not only in understanding the essence

of the classical communication in a multi-party RSP

process, but also in expanding the application field of

classical information science.
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and Wootters W K 1993 Phys. Rev. Lett. 70 1895

[3] Pati A K 2001 Phys. Rev. A 63 014302

[4] Bennett C H, DiVincenzo D P, Shor P W, Smolin J A,

Terhal B M and Wootters W K 2001 Phys. Rev. Lett. 87

077902

[5] Devetak I and Berger T 2001 Phys. Rev. Lett. 87 177901

[6] Zeng B and Zhang P 2002 Phys. Rev. A 65 022316



No. 1 Remote preparation of an entangled two-qubit state with three parties 33

[7] Berry D W and Sanders B C 2003 Phys. Rev. Lett. 90

027901

[8] Hayashi A, Hashimoto T and Horibe M 2003 Phys. Rev.

A 67 052302

[9] Abeyesinghe A and Hayden P 2003 Phys. Rev. A 68

062319

[10] Leung D W and Shor P W 2003 Phys. Rev. Lett. 90 127905

[11] Ye M Y, Zhang Y S and Guo G C 2004 Phys. Rev. A 69

022310

[12] Paris M G A, Cola M and Bonifacio R 2003 J. Opt. B 5

S360

[13] Yu Y F, Feng J and Zhan M S 2003 Phys. Lett. A 310

319

[14] Babichev S A, Brezger B and Lvovsky A I 2004 Phys. Rev.

Lett. 92 047903

[15] Liu J M, Han J R and Wang Y Z 2004 Commun. Theor.

Phys. 42 211

[16] Berry D W 2004 Phys. Rev. A 70 062306

[17] Liu J M and Wang Y Z 2003 Phys. Lett. A 316 159

[18] Shi B S and Tomita A 2002 J. Opt. B 4 380

[19] Dai H Y, Chen P X, Liang L M and Li C Z 2006 Phys.

Lett. A 355 285

[20] Liu J M and Wang Y Z 2004 Chin. Phys. 13 147

[21] Zhan Y B 2005 Commun. Theor. Phys. 43 637

[22] Yu C S, Song H S and Wang Y H 2006 Phys. Rev. A 73

022340

[23] Tan J and Fang M F 2006 Chin. Phys. 15 2514

[24] Peng X, Zhu X, Fang X, Feng M, Liu M and Gao K 2003

Phys. Lett. A 306 271

[25] Xiang G Y, Li J, Bo Y and Guo G C 2005 Phys. Rev. A

72 012315

[26] Bouwmeester D, Pan J W, Daniell M, Weinfurter H and

Zeilinger A 1999 Phys. Rev. Lett. 82 1345

[27] Pan J W, Bouwmeester D, Daniell M, Weinfurter H and

Zeilinger A 2000 Nature 403 515

[28] Zheng S B 2001 Phys. Rev. Lett. 87 230404

[29] Solano E, Agarwal D S and Walther H 2003 Phys. Rev.

Lett. 90 027903


