Vol 17 No 1, January 2008
1674-1056/2008/17(01) /0017-06

Chinese Physics B

© 2008 Chin. Phys. Soc.
and IOP Publishing Ltd

Structure equation and Mei conserved quantity
for Mei symmetry of Appell equation®

Jia Li-Qun(ZIAIEE)T,  Xie Jia-Fang(f#in75)®), and Zheng Shi-Wang (3 tHHE)®)

a) School of Science, Jiangnan University, Wuxi 214122, China
b) Department of Mechanics, Beijing Institute of Technology, Beijing 100081, China

) Department of Physics and Information Engineering, Shangqiu Teachers College, Shangqiu 476000, China

(Received 6 January 2007; revised manuscript received 7 February 2007)

This paper investigates structure equation and Mei conserved quantity of Mei symmetry of Appell equations for

non-Chetaev nonholonomic systems. Appell equations and differential equations of motion for non-Chetaev nonholo-

nomic mechanical systems are established. A new expression of the total derivative of the function with respect to time

t along the trajectory of a curve of the system is obtained, the definition and the criterion of Mei symmetry of Appell

equations under the infinitesimal transformations of groups are also given. The expressions of the structure equation

and the Mei conserved quantity of Mei symmetry in the Appell function are obtained. An example is given to illustrate

the application of the results.
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1. Introduction

Gibbs found a new method to study the motion
of mechanical system in 1899.[1] In the same year, this
method is developed by Appell, a famous mathemati-
cian in France, and Appell equations are obtained.!?
Now, Appell equations have become one of three im-
portant mechanic systems including Lagrange system,
Nielsen system and Appell system in the theories of

analytical mechanics.[?!

In 1918, Noether, a Germanic woman scientist,
revealed the potential relation between the symme-
try and the conserved quantity.[¥ However, the value
of Noether theory was not found until in 1970s in
the 20th century. In 1978, Vujanovi¢ B first studied
the conservation law of a mechanical system accord-
ing to differential-variational principles.[ The next
year, Lutzky transplanted the Lie method to the me-
chanical system, and first put forward the concept
of Lie symmetry which can keep differential equa-
tions of mechanical system invariant,® and further
gained non-Noether conserved quantity called Lutzky
conserved quantity deduced by point symmetry of
Lagrange system.[”~9 From then on, the study on
both symmetry and conserved quantity is flourished

and therefore plentiful and substantial outcomes are

achieved.[10—30]

However, the study on both symmetry and con-
served quantity in Appell style is very slow. In order
to seek the methods of solving Appell equations, first,
Mei Feng-Xiang used the theory[!? given by Santilli
so that the Appell equation can be expressed as a La-
grange equation; next, he gave a Noether conserved
quantity deduced indirectly by using the Noether
symmetry according to form invariance, namely Mei
symmetry.[?!l In the same way, the conserved quanti-
ties of variable mass holonomic systems are obtained
by Li et all®® As a result of Noether symmetry
and Lie symmetry from form invariance respectively,
the conserved quantity of Appell equations for holo-
nomic systems of rotational relativity was achieved by
Luo Shao-Kai and he also acquired knowledge of the
conserved quantity about general holonomic systems

through Lie symmetry.[33:34]

Though Refs.[31-34] provided a new idea to look
for Mei conserved quantity of Appell equation, it is
still a great pity. That is to say, there is no structure
equation and the expression of Mei conserved quantity
which can be denoted as Appell function. Therefore,
it is not dissolved to the core about the problem of
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Mei conserved quantity of Appell equation.

The study of this paper made up shortages in the
Refs.[31-34]. First, Appell equation for nonholonomic
systems of non-Chetaev type and the differential equa-
tions of motion are established. Second, a new expres-
sion of the total derivative of function with respective
to t along the curve of motion of the system is given,
and the definitions of Mei symmetry, loose Mei sym-
metry, strict Mei symmetry of Appell equation un-
der the infinitesimal transformations of groups are ob-
tained, and the criterion equations corresponding to
three kinds of symmetries are also gained. Third, the
structure equation of Mei symmetry and the expres-
sion of Mei conserved quantity in the Appell function
are achieved. Finally, an example is given to illustrate
the application of the results and the conclusions in
this paper are discussed.

2. Appell equation for nonholo-

nomic systems of non-Chetaev
type

Suppose that the nonholonomic system of non-
Chetaev’s type consists of N particles with masses m;
and its position vector r;, and let the position of the
system be determined by n generalized coordinates
gs(s = 1,2,...,n), it is subjected to the g ideal non-
holonomic constraints of non-Chetaev type

fﬁ(t7q5q):0’ (/8:1)2779)7 (1)

and if the restriction for which constraint Eq.(1) im-
poses on virtual displacements is

fﬁs(SQS :Ov (6:1725"'79)7 (2)

in which and in the following text, we use the Einstein
summation convention. Generally speaking, there is
no relation between fgs and Jfg/0¢s. Especially if
they are equivalent, the constraints of non-Chetaev
type will be ones of Chetaev type. In this way, the
energy of acceleration for the system is expressed as

R S
S = S(t7 q,4, q) = §miri27 (3)

and Appell equations are written in the form

oS
e Qs + Mg fps = Q)+ QU + Ngfss

=Q.+Q!+TI,, (s=1,2,...,n), (4)

where
FS - FS (taqvq) = Aﬁfﬁsv
Qs =Q,+QY,

Ap is a constraint multiplicator corresponding to the
!

s /517 QS - Qs (t, q, q) are gener-
alized constrained force, generalized potential force,

(s=1,2,...,n), (5)

(s=1,2,...,n), (6)

[ constraint, I,

generalized non-potential force and generalized force
respectively corresponding to the s generalized coor-
dinate ¢s. Before integrating the differential equations
of motion of system, we can figure out Ag = Ag (¢, q, q)
by Eqgs.(1) and (4). Let

As:AS(taqvtj):Q{s—i_Qg—i_Fsa (521,27...,71),
(7)

where Ay is called generalized composition of forces.
So Eq.(4) becomes

05
dijs

AS’ (521’27"'7n)’ (8)

which is intituled Appell equation of holonomic sys-
tem opposite to nonholonomic system of non-Chetaev
type expressed as Eqs.(1) and (4). If initial condi-
tion of system satisfies Eq.(1), solution of Eq.(8) will
give the orbit of motion of system above. By virtue
of Eq.(8), we can solve all generalized accelerations
that are the differential equations of motion of sys-

tem. Namely

('is:Oés(t,(Lq)a (821727"'7n)' (9)

3. Mei symmetry of Appell equa-
tion

Introduce the infinitesimal transformations of
time and generalized coordinates as

tr=t+ At, ¢ (") = qs () + Ags,

(s=1,2,...,n), (10)
or

t'=t+¢eé(t,q,9),
qs (t") = qs (t) + €& (t,q.9),
(s=1,2,...,n), (11)

where ¢ is an infinitesimal parameter and &, {5 are in-
finitesimal generators. Similarly, we introduce vector
of infinitesimal generators again

B B
(0) = _ _
X Sog; T 558%, (12)
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as well as its expansions

T _ x4 (dfs L d50> 9

dt 7 dt ) ag,’
- . d /d¢e, . dg . d&l o
x®@ — xM - — 2 ) — G — 1
Hlala % a ) b e 1Y)

where the total derivative with respect to ¢ along the
curve of a function determined by the motion of sys-
tem can be written as follows:

d 0 0 0 0

— = 4 — s + CGg—. 14

dt 8t+q8qs+a 8qs+a 0ds 14
From Eq.(11), then we obtain
dgg _ dgs +edgs
dt*  dt +ed&

d2qr . e s )
d#*2 =qs+ E[(gs - QSgO) - qs§o] + O(E ) (15)

Let dynamic functions S, A5, fg of system be S*, A%,

=(s + E(és - stéo) + 0(52)7

f3 under the infinitesimal transformations Eq.(11).
According to Eq.(8), taking the Taylor expansion of
S*, A3, f5 with respect to (t,q,4, ), one can easily

obtain
S _S<t q s dt*v dt*2) _S(tvqaqvq)
oS oS aS ,; g
+ 5{550 + a—qsfs + a—qs(gs — ¢so)
as . N
+ GF [(55 _QS§0) _QSé-O]} +O(52)7
qs
that is
5" =5(t.9,4,4) +eXP(5) + O] (16)
As _As(t g s dt*)
= 4(t,q,4) + =X (4,) + O(?),
(s=1,2,...,n), (17)

. _ « o dq”
fﬁ_fﬁ(tvqudt*)
dg (1) 2
= fs t,q,E + XYW (fg) + O(e7),

(B=1,2,...,9). (18)

Definition 1
form invariant when dynamic functions S, A are sub-
stituted by the functions S*, A% under the infinitesi-
mal transformations Eq.(11), namely

%Z,’S = A%, (s=1,2,...,n), (19)

If Appell equation (8) keeps its

then the invariance is called Mei symmetry of Eq.(8)

for the holonomic system of non-Chetaev type.
Definition 2

straint equation (1) keep their forms invariant when

If Appell equation (8) and con-

dynamic functions S, A4 are substituted by the func-
tions S*, A% under the infinitesimal transformations
Eq.(11), namely

*

fi=tfo(ra GE) =0 =120, 20)
and Eq.(8) both come into existence, then the invari-
ance is called loosely Mei symmetry of Eq.(8) for holo-
nomic system of non-Chetaev type.

It can be easily proved that restriction equation
(2) for which constraint equation (1) imposes on vir-

tual displacements can be rewritten in the form

fﬁs(gs - QSgO) =0,
(/8:172,"'79; S:]‘,27"'7n)’ (21)

which is called additional restriction equation.
Definition 3
straint equation (1) keep their forms invariant and in-

If Appell equation (8) and con-

finitesimal generators &, &5 satisfy Eq.(21) when dy-
namic functions S, As are substituted by the func-
tions S*, A% under the infinitesimal transformations
Eq.(11), then the invariance is called strictly Mei sym-
metry of Eq.(8) for holonomic system of non-Chetaev

type.

4. Criterion of Mei symmetry

Substituting Eqs.(17) and (18) into Eq.(20) and
neglecting terms that are O(g?) or higher, by using
Eq.(8), we obtain

SXO(S) - XO(4) =0, (22)
9qs

here Eq.(22) is called discriminant equation of Mei

symmetry of Appell equation. From Eq.(19), we can

see that the invariance of Eq.(1) under the infinites-

imal transformations Eq.(11) can come down to the

following constraint equation

XD [fs(t,q,q)] = 0. (23)

Hence, we have

Criterion 1 For Appell equation (8), if infinites-
imal generators &y, s make Eq.(22) come into exis-
tence, then the invariance of Eq.(8) under the infinites-
imal transformations Eq.(11) is called Mei symmetry
of Eq.(8).
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Criterion 2 For Appell equation (8), if infinites-
imal generators &y, & make Egs.(22-23) come into ex-
istence, then the invariance of Eq.(8) under the in-
finitesimal transformations Eq.(11) is called loosely
Mei symmetry of Eq.(8).

Criterion 3 For Appell equation (8), if infinites-
imal generators £y, & make Egs.(21-23) come into ex-
istence, then the invariance of Eq.(8) under the in-
finitesimal transformations Eq.(11) is called strictly

Mei symmetry of Eq.(8).

5. Structure equation and Mei

conserved quantity

Proposition If the infinitesimal generators &g,
&s and the gauge function Gy = Gum(t, g, q) of Mei
symmetry, loosely Mei symmetry, strictly Mei sym-

metry of Eq.(8) satisfy

KOS L ROEO(S)] 16 — 1&0) B XA (S)] + X)) o+ SN _g (2
then the system possesses Mei conserved quantity deduced by these symmetries as follows:
. 0X@ (s
Iv = foX@) (S) + T()(fs - qsfo) + G\ = const. (25)
Proof:
dlyi  [0X®(S) . 0XP)(S) dX@(S)  9X®?)(S) day =) o 40
T‘[ o T t% e T en a0ty
d 9X@(S) 0X2)(8) /dé, d&\  dGum
.  a- s .S - a-. - S - .S_ 5, 2
[dt - ](5 o) + (dt st th)+ “ (26)
Note that - 2) -2 _ _ =)
~ ~ 0X2)(S) 0X\2(9) dés . d&o\ 0X\(9)
Mrx@) - LU Betali )
X [X (S)] 50 ot +€s 8(]5 dt ds dt 8(]5 )
therefore, Eq.(26) becomes
dhv _ )5 gy ¢ OXPS) | 0XO(S)  0XE(S) das | ) g Ak
TR Gl Rt e e T M et vt PR S C e
d 9X@(9) : dGu
[& T] (6 = dubo) + =5~
) 0X2)(S) X (S)da, d¢
— xMx® — (€4 — s s x(2)(9)=%0
XS] = (6 — ) 5 + 60 g g + XO(8) G
d 9X®@(9) : dGu
[& T] (6 = debo) =5
Taking into account discriminant equation (22) and structure equation (24), we obtain
dly _ ()@ . 5o (2) OX®P)(S)das ) d&%  dGum
do, [0XP(S)
=H— | =/ XM, | =o. 2
O { 4. ( )] 0 (27)
|
6. Example ergy of acceleration, constraint equation and restric-

As an example, we study Mei symmetry and Mei
conserved quantity of Appell system, of which the en-

tion condition imposed on virtual displacements are
respectively
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No. 1
1. ..
§ = 5@ +d), (28)
[ =G —t4, =0, (29)
dq1 — 6g2 =0, (30)

potential generalized force and non-potential general-

ized force are

Q,=Q'5,=0, T=-1, Qy=0. (31)

Comparing expansion of Eq.(2) with Eq.(30), we can
easily have

Ju=1 fi2=-1 (32)

Considering Eqgs.(5, 7, 8, 31, 32), we obtain
Gr+1=11=M\, (33)
Go = I'y = — ). (34)

Clearly, from Eq.(29), we can easily obtain
Go — ¢1 —td; = 0. (35)

Similarly, considering Eqs.(7, 33, 34, 35), we have

A= 1+t’ (36)
AL=1In= t1—+q't17 (37)
Ay =15 = _tl——’—(j(t17 (38)
i= -2, (39)
@ = qllj: tt (40)
Using Eqgs.(39) and (40), we achieve
Gr+G+1=0. (41)

By Eq.(22), we obtain

l+¢ & —dqi%

&1 —260(241 + 1) — &odr = —&o 1+ 1) 1+t

. . (42)
I+q1 | & —qido
. (43
(1+1)2 1+t (43)
Taking notice of Eq.(41), we can take the infinitesimal

&a — 4o — Eoda = &o

generators &y, & as follows:

=0, &i=q+g¢g+t &§&=0. (44)

By virtue of Eq.(23), we can obtain

XW(f) = —€odr — (&1 —dio)t+ (&2 — d2€o) = 0. (45)

In the same way, through Eq.(21), we can obtain
(&1 — ¢1€0) — (&2 — 42&0) = 0. (46)

According to Propositions above, the infinitesimal
generators in Eq.(44) admit Eq.(45), but do not sat-
isfy Eq.(46), thus the system possesses Mei symmetry
and loosely Mei symmetry.

In the end, we investigate Mei conserved quantity
of the system. Through calculation we obtain

XP(9) =XV (A) = XD (Ay)=0.  (47)

From Eq.(24), if Eq.(41) is taken into account, we ob-

tain

Gu=¢@+¢+t=0, (48)

then using Eq.(25), Mei conserved quantity is achieved

Int = G1 + ¢o +t = const. (49)

7. Conclusions

In the following, we describe the steps for study-
ing Mei symmetry and Mei conserved quantity of
Appell equation for nonholonomic systems of non-
Chetaev type. Firstly, we give a new expression
Eq.(14) of the total derivative of function with re-
spective to t along the curve of motion of the system.
Secondly, we obtain three definitions and correspond-
ing discriminant equations of Mei symmetry of Appell
equation. Thirdly, we obtain structure equation (24)
of Mei symmetry in Appell function. Finally, we ob-
tain the expression Eq.(25) of Mei conserved quantity
in Appell function. So it has solved the problem of
Mei symmetry.

In addition, if non-potential generalized force
Q" = 0 in this paper, the problem of Appell equation
for nonholonomic system of non-Chetaev type will be
one of Appell equation for nonholonomic conservative
system of non-Chetaev type. If fg, = 0f3/04s, it will
be the problem of Appell equation for nonholonomic
system of Chetaev type. If QY =0, fz = fs(t,q) =0,
it will be the problem of Appell equation of conserva-
tive system subjected to holonomic constraint. Obvi-
ously, the conclusions in this paper are still applicable.
Thus these conclusions have universal significance.
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