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In this paper, we obtain a supersymmetric generalization for the classical Boussinesq equation. We show that the
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1. Introduction

Solitons and integrable systems have been studied
extensively during the last 40 years and many differen-
tial or difference equations in physics and engineering
have been found to be integrable.[!l It is interesting to
note that the whole theory originated from the study
of a single equation, namely the celebrated Korteweg—
de Vries (KdV) equation.

The KdV equation has many interesting exten-
sions. Among them, super-extensions have attracted
much attention. The first example was constructed
by Kupershmidt in 1984.2 Then Manin and Radul,
in their study of the supersymmetric Kadomtsev—
Petviashvili (KP) hierarchy, presented a second can-
didate for the super KdV equation. It was Mathieu
who pointed out that while Kupershmidt’s super KdV
equation is a fermionic extension, Manin and Radul
did construct a truly supersymmetric KdV (sKdV)
equation.!¥ Since then, many properties have been es-
tablished for the sKdV equation.[=10l

Apart from the KdV equation, the classical
Boussinesq (CB) equation is another important equa-
tion. It is a dispersive generalization of the classi-
cal dispersiveless long wave equation and was derived
from the theory of water waves by Broer and indepen-

dently by Kaup,!"

so it is also called the dispersive
water wave equation or Broer—Kaup equation. The
above three names are not only ones coined for the

classical Boussinesq equation. Indeed, the system ap-

pears in many different (but equivalent) forms and
there are other names for it such as Jaulent-Modik
system!™ or the two-boson system.!' Now the re-
ports on this equation are rich and many properties
For instance, the CB
system is known to have various solutions including

have been established for it.

standard solitons,['!] fusion and fission solutions,*
explode-decay solitary wave solutions.'® Also, it is
the first equation having three local Hamiltonian
structures'® and it can be rewritten in so-called tri-
linear form!'”) and Bécklund (Darboux) transforma-
tions are constructed.'®'9 For (2 + 1)-dimensional
and high-order Broer—Kaup equation, some proper-
ties have been presented t00.[2%21 Interestingly, the
CB hierarchy embodies many equations as particular
examples. Kupershmidt called this system “the rich-
est integrable system known to date”.

The CB system may be formulated in the follow-
ing form (among others):

Up + Uy + Wy = 0, (la)
Wi + Ugge + (vw), = 0. (1b)

It is interesting that this system enjoys two different
bilinearizations (see Ref.[22] for example). That is, on
the one hand, we take the following dependent vari-
able transformations:

u=2 (ln (g))m , w=2(In(07)) sz,

T
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then the CB system (1a) and (1b) is converted into

(Dy + D2)or =0, (2a)
(D.D; + D)ot = 0. (2b)
On the other hand, we may use
u=2 (ln (E)) , w=142(In(07))zx,
T x
then the CB system is converted into
(D; + D?)oT = 0, (3a)
(DyDy + Dy + D)ot = 0. (3b)

As pointed out in Ref.[23], while calculating the stan-
dard soliton based on Egs.(3a, 3b), one may derive the
fusion and fission solutions from Egs.(2a, 2b). There-
fore, two different forms take different responsibilities
for the appearance of different solutions.

[24,25]

Recently, Brunelli and Das proposed a su-

persymmetric generalization for the CB or two-boson

0 a\"
SDrD2f 9= 0n - 20) (5~ 52 ) (

ot; Ot

Based on this bilinearization and the standard Hirota
perturbation method, we have found for Egs.(4a, 4b)
a class of solutions which is analogous to the fission
and fusion solutions of the CB system. Furthermore, a
bilinear Bécklund transformation is also constructed.

It is interesting to remark that our bilineariza-
tion for the supersymmetric CB system (4a, 4b) can
be considered as a generalization of Egs.(2a, 2b). In
this paper, we will construct a new supersymmetric
CB system by proposing a supersymmetric version for
Egs.(3a, 3b). Converting the bilinear form into non-
linear one, we will show that our system does reduce
to the CB system.

This paper is organized as follows: in the next sec-
tion, we will derive new equations from Egs.(6a, 6b).
In Section 3, we will perform a Painlevé analysis for
the new equations and show that the equations pass
the Painlevé test. In Section 4, using Hirota’s bilin-
ear method, we will calculate one-soliton, two-soliton
solutions to the new equations. The last section sum-

0 0

Oz, Oy

system. It reads

Py = —(D D) + (D(DPy)?) +2(D*dy), (4a)
P14 = (D*dy) +2(D*((Ddy) &), (4b)

where @y = Py(x,t,0) and ¢ = P4 (x,t,60) are Grass-
mann odd variables depending on super spatial vari-

ables z, # and usual temporal variable t. D is the

0 0

super derivative defined as D = 2 + Oa—x.

Like the CB system, its supersymmetric counter-
part (4a, 4b) has many interesting properties.[29]
More recently, Liu and Yang[?! have proposed the

following dependent variable transformation

by =D (ln2> , = (DlDTz)z,

1

and shown that the system (4a, 4b) is bilinearized as
(D¢ + D3)1i12 = 0, (5a)

(SDt + SD%)Tng = O,

where the Hirota derivative is defined as

) f(z1,t1,01)g(x2, 2, 02) 1=

1=t2
91 :02

marizes the results briefly.

2. New equation

We start with the following equations in bilinear
form:

(Dy + D2)1y - 79 = 0, (6a)
(SDt + S+ SD?C)Tl -9 =0,

which can be considered as a supersymmetric exten-
sion for the Hirota bilinear equations (3a, 3b). We
now consider the bilinear equations (6a, 6b) as a new
system and convert them into nonlinear evolution ver-

sion. To this end, we define new variables m,n as

m =1In <E) , n=Inm.
1
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Then our bilinear equations (6a), (6b) can be refor-  equations reduce to

mulated as up = (2w + u® — ug) g, (13a)
—m2 = = 1

(Dm)my — (Dmy) + 2(Dny) — (Dmyy)
+ (Dm)(—2n4z + Myz —m?2 — 1)
— 4(Dny)my + 2my(Dmy,) = 0. (7b)

Substituting Eq.(7a) into Eq.(7b), we eliminate my
and obtain

1
(Dny) — (Dngy) — 5(’Dm) —2m,(Dn,) =0. (8)
Then differentiating Eqs.(7a) and (8), we obtain

Mgt = 2MyMaz + 2Nape — Maza, (98“)
1
(Dngt) = (Dnggs) + §(sz)

+ 2my.(Dng) + 2my (Dngs ). (9b)

Now we introduce new variables M = mg,, A =

(Dny). Then Eqs.(9a) and (9b) yield

M, = 2MM, + 2(DA,) — Myy, (10a)

Ay = Agy + %(DM) +2(MA),. (10b)

The above system is our supersymmetric candidate
for the CB system. To compare it with the version of
Brunelli and Das, we rewrite the system (4a, 4b) as

Moy = 2MoMo » + 2(D 1 ) — Mo 2,
D1t = D1 gx + 2(MoD1)s,

(11a)
(11b)

where My = D®y. We see that while the first equa-
tion of the above system is the same as Eq.(10a), the
second one is different from Eq.(10b). Indeed, this
second equation is an exact derivative with respect to
2 but Eq.(10b) is not.

To show that our system is indeed a supersym-
metric extension of the CB system, we take M =
u+ 08 A= ¢+ 60w. Then Egs.(10a) and (10b) in
components read

up = (2w + u* — ug)s, (12a)
wy = (ww + %u + 2uw + 254) , (12b)
& = (=& + 2ué + 2¢o)a, ) (12c)
G = Gou o €+ 2(uC) (124)

It is easy to see that when the fermionic fields van-
ish, Eqgs.(12¢)—(12d) hold identically and the other two

which are nothing but the CB system up to a simple
invertible change of dependent variables.

3. Painlevé analysis

A natural question about our sCB system pro-
posed in the last section is wether it is integrable
or not. To this end, we appeal to Painlevé analy-
sis, which has been a very useful method to deal with
the classical soliton equations.!’27=3% Indeed, such an
analysis often leads to many interesting results such
as Bécklund transformations, Hirota’s bilinear form or
even Lax representations for a given system. Painlevé
analysis has been extended into super integrable sys-
tems by Mathieul® and applied to some super systems
by others.[3! In this section, we will perform such an
analysis for our sCB system (12a—12d).

We start with the following series expansions for
the field variables:

w= S ud, w=¢® S w0,
=0 =0

E=07> &M, (=6 G)e', (14)
j=0 7=0

where we assume the singularity surface of the solu-
tions to have the form

o =z+g(t), (15)

that is, we are using Kruskal’s ansatz to simplify the
analysis. We further assume that the zeroth order co-
efficients in the expansions do not vanish, namely,

ug #0, wo#0, & #0, (o#0.

In passing, we point out that while the coefficients
uj(t) and wj;(t) are bosonic, &;(t) and (;(t) are
fermionic.

Substituting

E~ &8, (~ G
into Eqgs.(12a)-(12d) and using the leading term anal-

uNu0¢aa w Nwo(bﬁv

ysis give the following possibilities for «, 3,7, A:
=0,
p=0,

Case (i): a = -1, y=1, A=2,

Case (ii): = —1, v=1, A=3,
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Case (iii): a=-1, =0, y=2, A=2, The lower order coefficients read
Case (iv): a=-1, =0, y=1, A=1, 1
UOZ—l, wOZ_Za 5024-07
Case (v): a=-1, g=-2, y=1, A=3, 1
up = _¢t7 51 = Cl = 07
Case (vi): a=-1, B=-2, y=2, A=A, 2
€2 = =G0 — ualo + G
= —— — U —_ 5
Case (vil): a=-1, g=-2, v=1, A=1 2 9>’ 20T R0t

To show that our sCB system passes the Painlevé
test, we should work case by case. Since calculations
involved here are tedious, we will give the details only
for the Case (i) in the Appendix. For all the seven
cases, we next list their resonances, and show the com-
patibility for the corresponding «, 3,y and A.

For Case (i), the resonances arise at

j=-3-1,-1,0,0,1,2,2.

It is known that j = —1 corresponds to the arbitrari-
The

other five non-negative resonance values correspond

ness in the location of the singularity surface.

exactly five arbitrary functions
€0, Go, W1, Uz, W23

and the other lower order coefficients are given by

1 1
ug = —1, wo = =7, U1=§¢t, &1 = Co,
1 3 2 1
(1= —1507 &= —Eﬁo + gu2§0 - 1—050,157
1 1
G2 = _ECO —u2Go + ECO,t'
For Case (ii), the resonances arise at
j = _17 _17 _27 _37 07 17 27 27
and there are four arbitrary functions
<07w17u27w2'
The other lower order coefficients read
1 L g = 4G L
Uy = — Wy = —— = — Ul = —
0 ) 0 47 0 0, 1 2 Ty
6
L=0=0, &= gCo - UzCo + Co £
1 3 1
Cz——2—OC U2C0+ 15C

For Case (iii), we find that the resonances occur

at

j = _15 _15 _15 _4507 15 2727

and the arbitrary functions are

<07w17u27w2-

1 1
(2= _ECO — u2Gp + gCo,t-

For Case (iv) we have
j = _17 _37 07 07 17 17 27 27
and the arbitrary functions are

&0, Co, w1, &1, u2, wo.

Then the low order coefficients read

1

1
=1, wo= —p wm= §¢t, G

3 2 12
S = —1—050 + gu2§o - guzCo -

1 1
Co = —150 — 2uao + §C0,t'
For Case (v), we obtain

j = _17 _27 _57 07 17 27 3747

and the arbitrary functions are

507 517 Uz, U3, U4q.
Then the low order coefficients read
Ug = 1, wo = —1,
1

1
’U}l—O, Cl__%é—lu ’U}Q—Ug—z,

1
Co= —2—0507 up =

=&,

1 3
1—050,1: + gCo,m

1

§¢t7

ggl,tv

3 1
& = ——50 + 2u28o + ¢i&1 — 550 ¢
G = by —unfy — i +
2= 560 07 401250 T pg Yt 140 0t
1
—¢tt, §3 = —§§1 + u2é1 + uzéo —
1
(3= %fl 251 + 2051,:5,
1
Wy = —§U2 + ol + 7u2t
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1 1 1
54 = —Esbttfl ¢t§1 t— Uz tfo - §U2§0 t
41 19
+%€O,t + ﬂfo,tt — %uzfo — @@51
1 2 4 2 2
+%§o + —U2¢t§1 + —U§§2 + §u3§1 + —U4§07
1 1
G = _6048 283550 et 7gguzto T 9072(‘5‘551
2268¢tt§1 + 2268¢t§1 ¢+ = 11340 u2,:6o
1
378 uzéo,t — 9072050 tt — 2268U2¢t§1
43
5704360 T o5 ubo-
For Case (vi), we obtain
j = _17 _17 _37 _67 07 27 3747
and the arbitrary functions are
507 Uz, U3,Usq.
The low order coefficients read
—1, wo=-1, C=——fy, w =10
Uup = 1, wo = ) 0 — 3607 U1—2 1y
1
wy =& =( =0, w2 =uz — 7,
1 1
& = ——50 + u2bo — 650’“
1 1 1
G2 = %ﬁo - —u2§0 + %ﬁo,t, w3 = Z¢tt,
2 1
& = gusﬁo, (=0, wy= —§U§ +guat Juy,
1 2 7
& = 12050 tt— 0 ug,:&o — U2§0,t + %fo,t
13 1 1
180 u28o t3 50 t3 ugo + uzﬁo,
1 31
G4 = T4 uso + —== 1680 u280,t — muzfo
1 1
1200250 ~ 3590004 T 350042450
1 1
~20160°% ~ 33600

For the last case, Case (vii), we have

j = _17 _370507 15 273547

and the arbitrary functions are

€0, Co, &1, u2, u3, ug.

The low order coefficients read

UO:L w():—l, U1:§¢t,
=601 =Y, wW2=1u2 1’
3 12 1 3
& = ——50 + 2U2§0 — —u2Go — =&o,t + =Co,ts
5 2 5
1
G2 :——50 U2C0+ COt, w3:z¢tt,
€=~ +ust —fuc sty — o€
3= "5 380 = guslo 261 ~ 581
11 1, 1
(3= —%51 - §U3§07 Wy = —§U2 + §U4 + Zuz,ta
1 1 1 16
& = —6u2,t§0 — §u2§0,t + ﬂgo,tt + muz,téb
16 41 4 19
+gu2<0,t + mfo,t — Wco.tt — —0u2§0
1 1 1 128 ,
+?U2C0 + %50 - %Co,t 105 u5Co
20 4 2 2
—ﬁMCo + u2§0 + u3§1 + U4§07
G = —mounid i Gou+ Tpou + 5356
4 = 70 u2,t60 7U2 0,t 0,t 0,tt
3 3 3
140”250 + U2§0 + %50 280<
4 2
35U2§0 7U4Co-

From the above result, we know that Egs.(12a—
12d) pass the Painlevé test. Therefore, the sCB sys-
tem is a candidate for the integrable supersymmetric
equation.

4. Soliton solutions

Since our sCB system (10a, 10b) has Eqgs.(6a, 6b)
as its Hirota’s bilinear form, we may adopt the stan-
dard perturbation method to find possible soliton-like
solutions. By tedious but straightforward calculation,
we find one-soliton and two-soliton solutions, which
are listed in the following.

e One-soliton:

1 + en+9£7
Ty = 14 entoetm

T1

where ) = kx—wt+c, w? = k24+k* and e™ =

e Two-soliton:
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o= 1+e771+951 +eU2+952
Fn240(61+€2)+A
JeMmtm (&1+4€2) 12
Ty = 1 4 emt0&+mi 4 gn2+082-+m2

Jemtm +0(&1+E&2)+mi+ma+Ars
)

where 7; = k;x — wit + ci,wf = kf + kf, and e =
w; — k2

! 5,1 = 1,2. The coupling constant A;z is given
Wy + ki
by

Aqs _ kl — kQ k%WQ — k%wl
k1 + ko k%WQ + k%wl ’

Ars (klU)Q — k2w1)2 — k%k%(kﬁl — k2)2

© - (klU)Q — k2w1)2 — k%k%(kﬁl —+ k2)2 ’

These two expressions will coincide with the help of
the relations between w; and k;.

5. Discussions

In this paper, we have constructed a supersym-
metric extension for the CB system. We have shown

G=DG=2u; =2 D (0= Dumun + -4+ (G — 2)(druj1 — 2w;—2) =0,

m+n=j

1, . L .
5(] —Duj+4(G —Dw; +2 Z (5 — Dumwy, —wj—a; +2

m-+tn=j

=2 Y jumén =25+ DG+ 50+ D&+ &oa + i1 =0,

m+n=j

(.7 + 1)(.7 + 2)<j + %@'71 - <j72,t + 2 Z (J + 1)um<n - (J + 1)¢t<j71 =0.

m-+n=j

When j = 0, from the relations (A2-A5), we obtain

1
UOZ—l, wOZ_Za

&y = arbitrary, (o = arbitrary. (A6)

For the purpose of resonance analysis, we substitute
Eq.(A6) into Eqgs.(A2-A5) and rewrite Eqs.(A2-A5)
in a more convenient form
G+ —2u; = F,
(=D — 2w, = F,

Fur-
thermore, we have also calculated the one-soliton and

that our system has passed the Painlevé test.

two-soliton solutions. This evidence suggests that our
system is integrable. It would be interesting to find
other integrability properties of this system, such as
Béacklund transformation and Lax representation.

Appendix The Painlevé analysis
of the system (10a, 10b) for Case
(i)

A leading order singularity analysis yields
A=2.

Oé:—l, 6207 7:17

Then, from Eq.(14), we have

w=>ut)p "t w=Y wit)e,
§=0 §=0

&=

J=0

GO, =Gt (A1)
j=0

Substituting Eqs.(15) and (Al) into Egs.(12a-12d).
‘We obtain the recursion relations

(A2)

> G = Démbn — (= Drwj—1 =0, (A3)

m+n=j—4
(A4)
(A5)
2j&ou; — j(j + 3)&; = Fs, (A9)
JG+ DG +2( + 1)Couy = Fuy, (A10)

where Fy, F5, F3 and F; are functions independent of
uj, w;, & and ;. From the above Eqs.(A7-A10), the
resonances are found to arise at

j=-3-1,-1,0,0,1,2,2.

The compatibility conditions at resonances have been
verified in Section 3.
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