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The Painlevé property for a (2+1)-dimensional Korteweg—de Vries (KdV) extension, the combined KP3 (Kadomtsev—
Petviashvili) and KP4 (cKP3-4), is proved by using Kruskal’s simplification. The truncated Painlevé expansion is used to
find the Schwartz form, the Béacklund/Levi transformations, and the residual nonlocal symmetry. The residual symmetry is
localized to find its finite Backlund transformation. The local point symmetries of the model constitute a centerless Kac—
Moody—Virasoro algebra. The local point symmetries are used to find the related group-invariant reductions including a new
Lax integrable model with a fourth-order spectral problem. The finite transformation theorem or the Lie point symmetry

group is obtained by using a direct method.
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symmetry reductions, Kac-Moody—Virasoro algebra, (2+1)-dimensional KdV equation
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1. Introduction

Recently,
Vries (KdV) extension, the combined KP3 (Kadomtsev—
Petviashvilli) and KP4 (cKP3-4) equation

a novel (2+1)-dimensional Korteweg—de

Uy = af(Outty + Urer)x — Sty
+ b (2vit 4 Vior +duty)  — bvyy,

Uy = vy (1)
is proposed by one of the present authors (Lou).!'! The
KdV equation!?! and its (2+1)-dimensional extensions, such
as the KP equation,?! the Nizhnik—-Novikov—Veselov (NNV)
equation,*%! the asymmetric NNV equation (ANNV),[7-]

and the Ito equation are fundamental nonlinear integrable

models in mathematical physics.[!"]

The Lax integrability of the cKP3-4 equation is guaran-
teed by the existence of the Lax pairl!! (w, = v))

Yy = i(Yu+uy), i=v-l, (2
Wy = 2ibWixnr + 4aWixy + Hbuyy + 2(3au+ 2ibuy + bv) y,
fi(Sav+bw—2bu2 + 3aiu, — 2buy, + ibvy) Y, 3)

and the dual Lax pair

oy = *i(¢xx+u¢)v “4)
Or = —2ibrrce + 4a@ure — dibudns +2(3au — 2ibuy + bv)x
+i(3av+bw — 2bu® — 3aiu, — 2buy, — ibv,) 9. (5)

In Ref. [1], the multiple solitons of the model (1) are ob-
tained by using Hirota’s bilinear approach. Applying the ve-

DOI: 10.1088/1674-1056/abaeda

locity resonant mechanism!!'~13] to the multiple soliton so-
lutions, the soliton molecules with arbitrary number of soli-
tons are also found in Ref [1]. It is further discovered that the
model permits the existence of the arbitrary D’ Alembert-type
waves which implies that there are one special type of solitons
and soliton molecules with arbitrary shapes but fixed model-
dependent velocity.

In this paper, we investigate other significant properties
such as the Painlevé property (PP), Schwartz form, Béaclund
transformations, infinitely many local and nonlocal sym-
metries, Kac—-Moody—Virasoro symmetry algebras, group-
invariant solutions, and symmetry reductions for the cKP3-4
equation (1). To study the PP of a nonlinear partial differ-
ential equation system, there are some equivalent ways such
as the Weiss—Tabor—Carnevale (WTC) approach,'*! Kruskal’s
simplification, Conte’s invariant form,">! and Lou’s extended
method. 6]

The rest of the present article is arranged as follows. In
Section 2, the PP of Eq. (1) is tested by using the Kruskal’s
simplification. Using the truncated Panlevé expansion, one
can find many interesting results for integrable systems includ-
ing the Bicklund/Levi transformation, Schwarz form, bilin-
earization, and Lax pair. In Ref. [17], it is found that the non-
local symmetries, the residual symmetries can also be directly
obtained from the truncated Painlevé expansion. The residual
symmetries can be used to find Dabourx transformations!'$1°]
and the interaction solutions between a soliton and another

nonlinear wave such as a cnoidal wave and/or a Painlevé
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wave.[?%211 Tn Section 3, the nonlocal symmetry (the resid-
ual symmetry) is localized by introducing a prolonged system.
Whence a nonlocal symmetry is localized, it is straightfor-
ward to find its finite transformation which is equivalent to the
Biacklund/Levi transformation. In Section 4, it is found that
similar to the usual KP equation, the general Lie point symme-
tries of the cKP3-4 equation possess also three arbitrary func-
tions of the time 7 and constitute a centerless Kac—Moody—
Virasoro symmetry algebra. Using the general Lie point sym-
metries, two special types of symmetry reductions are found.
The first type of (1+1)-dimensional reduction equation is Lax-
integrable with the fourth-order spectral problem. The second
type of the symmetry reduction equation is just the usual KdV
equation. In Section 5, we study the finite transformation the-
orem of the general Lie point symmetries via a simple direct
method instead of the traditional complicated method by solv-
ing an initial value problem. The last section includes a short

summary and discussion.

( (J ilé)fy —(jJ—IZZ)fx ) < Z,] )

where

Jn=(=50-6)[4bffy—alj+ 1) —4f].
To==bj(j—=3)(j—5)(i—6)f

Fy and F; are dependent only on ug, uy,...,u;_1,V0,V1,--.,Vj—1,

and the derivatives of ¢ with respect to x, y, and ¢. The deter-

minant of the matrix J reads
det/ = f2(j+1)(j =2) (i =4)(j = 5)(j —6)(afi +bfy). (9)
From Egs. (8) and (9), we have
uip\ _ 1 h
()="(%)
for j # —1, 2, 4, 5, and 6.

j=-—1, 2, 4, 5, and 6, five arbitrary functions,

{9, ua, us, us, ug}, can be included in the formal solution (6)

(10)

At the resonance points

say,

if all the resonant conditions from Eq. (8) are satisfied. To
verify these resonant conditions, one can use the Kruskal’s
simplification for the singular manifold ¢ ~ O replaced by
¢ ~x+y(y, t) ~0. Under the Kruskal’s simplification, it
is straightforward to find

1

up = 727 Vo = 72%7 Uy =vi = Oa uz = 75",’}1)‘?

7 uj\ _ Fi(uo, up, ...
Vj Fz(u(}7 ui, ...

2. Painlevé property, Backlund transformation,
and Schwartz form of cKP3-4 equation

if the

model (1) is Painlevé-integrable, all the possible solutions of

According to the standard WTC approach,

the model can be written as

u=Y ujp’"% v=Y vipi P, (6)
J=0 Jj=0
with four arbitrary functions among u; and v; in addition to
the fifth arbitrary function, the arbitrary singular manifold ¢,
where a and 8 should be positive integers. In other words, all
the solutions of the model are single-valued about the arbitrary
movable singular manifold ¢.

To fix the constants & and 3, one may use the standard
leading order analysis. Substituting u ~ up¢~% and v ~ vo(])’ﬂ
into Eq. (1), and comparing the leading terms for ¢ ~ 0, we get
the only possible branch with

=207, vo=-20:0,, a=p=2. (7

Substituting Eq. (6) with Eq. (7) into Eq. (1) yields the recur-
sion relation on the functions {u;, v;}

y Uj—1, V0O, V1, -+, Vj*l) 8
: : ; (®)
I u]flv v07 V], ] V]fl)

| 3a

1
vy = Zb(w 2uz)+ v, — 2u2 ¥y + 5 Vi,

1
V3 = 5 Yoy Wy iy,

V4:”4‘Vy*z%yyv Vs :“5‘/’y+§”4y7
1
V6:u6lVy+Zu5y7 (In

while v, uy, u4, us, and ug are arbitrary functions of y and
t. Thus the model (1) is not only Lax-integrable but also
Painlevé-integrable.

Because the cKP3-4 equation (1) is Painlevé-integrable,
we can use the truncated Painelevé expansion

u=-o 4 L buy, v= +1 L,

¢2¢ ¢2¢

to find other interesting properties of the cKP3-4 equation (1).

(12)

It is known that using the relations (12) with up = v, =0,
the cKP3-4 equation can be bilinearized!!!

[DiD:+a(3D} —DY)] f- f =0,
[a(2bD}Dy —3D\D, +3DyDz) +bDyD;| f - f =0

13)
(14)

with help of the auxiliary variable 7, where the Hirota’s bilin-

ear operators D, z =x, y, t, T are defined by

D!f-g= (9. —d:)"f(2)e(?)],_. - (15)
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After introducing the Mobious transformation (¢ —  and substituting Eq. (12) with upv, # 0 into Eq. (1), one can

(co+c19)/(bo+b19) with coby # c1bp) invariants, directly obtain the auto and/or non-auto Bécklund transforma-
o by O 3 0% tion (BT) theorem and the residual symmetry theorem.
§= o h= 0 §= ¢ 292 Theorem 1 Bicklund transformation theorem
w = a(Sy — 3hy — 3hhy) — g, (16) If ¢ is a solution of the Schwartz cKP3-4 equation

h,%x (h;xl Wx)x =b [Sx(3hxhxxx - Sh,%x) + Sxx(hhxxx - 4hxhxx) - hhxxSxxx - hxxhxxxxx + hxxxhxxxx

— (Bhchy + My + hyy Ve + Shyh + hoe (ST + by + )], (17)
\
then both equation (1). In other words, the solution (20) solves the sym-
2o oaw 2 metry equations, the linearized equations of Eq. (1)
Ug=—+———§— X
4 4bhxx ¢X2 u u u u u
oy, = a[(66"u, +6ucy + oy, ). — 30|
3hy Sy + hSyx + hyxr — By — hyy + 3hhy, ’
- an , + b (2v0{ +20"u, + Oy, +40"uy + 4uocy) — oy,
o )
(18) Gu _ O.V (21)
g+bh? +3ak> 2 3a+2bh y = Ox-
Va= Ty —E(a+bh)5—7b Uy
3 ool h From Eq. (17), one can find that when b = 0, the Schwartz
— Iy — (a +¢2 )i _ ’f"x, cKP3-4 is reduced back to the following usual Schwartz KP
* * equation
202 2 w=0.
Up = Ug — ¢¢; + %a
(19) The Bécklund transformation (18) is a non-auto-BT because
Vp = Vg — % + %, it changes a solution of the Schwartz cKP3-4 equation (17) to
¢ 0 that of the usual cKP3-4 equation (1). The Béicklund transfor-
are solutions of the cKP3-4 equation (1). mation (19) may be considered as a non-auto-BT if u, and v,
Theorem 2 Residual symmetry theorem are replaced by Eq. (18). The Bicklund transformation (19)
If ¢ is a solution of the Schwartz cKP3-4 equation (17),  may also be considered as an auto-BT which changes one so-
and the fields {u, v} = {ua, v,} are related to the singular  Jution {ug, vq} to another {uy, vp} for the same equation (1).
manifold ¢ by Eq. (18), then From the auto-Bicklund transformation (19) and the triv-
(6", 6"} = (200, 20} 20) ial seed solution {u, = 0, v, = 0}, one can obtain some in-

teresting exact solutions. Substituting {u, = 0, v, = 0} into

is a nonlocal symmetry (residual symmetry) of the CKP3—4‘ Eq. (18), we have

2 aw, S 02 3hySy+ hSy + hxer — hhyy — hyy + 3hyhy —o

n g P 22
7" Qoh,, 92 A ) (22)
g+bh3+3an?> 2 3(a+bh)d2  hedu

e Z(a+bh)S—hy — — : 23

After solving the over-determined system Eqgs. (17), (22), and (23), one can find various exact solutions from the BT (19) with
{ug =0, v, = 0}. Here, we discuss only for the travelling wave solutions of the system Egs. (17), (22), and (23). For the
travelling wave, ¢ = ®(kx+ py+ t), the Schwartz equation (17) becomes an identity while equations (22) and (23) become as

the following equations

3 2 2 2 4
(ak-+ bp) | Pygges @2 — (Sygeg Pg +4bly; ) B3+ 175 DFp bygg —9Le| =0 4

(3akp? +bp +K20) @F — K (ak + bp) (4P Dez — 30 ) =0, (25)

Here we list three special solution examples of the cKP3-4 equation (1) related to Egs. (24) and (25).
Example 1 D’Alembert-type arbitrary travelling waves moving in one direction with a fixed model-dependent veloc-

ity
D =d(&), &=bx—2at—aby, p=—ak/b, ©=-2ka’/b’, u=—bv/a=2b"[In(P), (26)
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where @ is an arbitrary function of & = b%x — 2a’t — aby.
Because of the arbitrariness of <&, the localized
excitations with special fixed model-dependent velocity
{—2a3/b*, —2a®/b} possess rich structures including kink
shapes, plateau shapes, molecule forms, few cycle forms, pe-
riodic solitons, etc. in addition to the usual sech? form. !

Example 2 Rational wave

D =kx+py —p2k72(3ak+bp)t + &,

kv 2Kk6
u="__ 27)
P (Bakp?t +bp3t — k3x — kK2 py — Egk?)?

with arbitrary constants k, p, and &.
Example 3 Soliton solution

® = 1+exp(£),
1
E=kx+py— 2 (—ak5 —bk4p+3akp2+bp3)t+§o,
k K
= ;V = = sech’ (i) (28)

with arbitrary constants k, p, and &.
Different from the D’ Alembert wave (26), the soliton so-
lution (28) possesses arbitrary velocity {—p/k, —ak* — bkp +

du(e) dv(e)

3ak2p? +bp3k 3} but fixed sech? shape.

3. Localization of nonlocal symmetry (20)

(211 and the supersym-

Similar to the usual KP equation
metric KdV equation,!'”! the nonlocal symmetry (residual
symmetry) (20) can be localized by introducing auxiliary vari-

ables
01 =0r, 02 =0y, O3 = P11, 91 = Py. (29)

It is straightforward to verify that the nonlocal symmetry of
the cKP3-4 equation (1) becomes a local one for the prolonged
system Eqgs. (1), (17), (18) with {u, = u, v, = v} and Eq. (29).
The vector form of the localized symmetry of the prolonged

system can be written as

V = 2030, + 2040, — 979y — 20910y,
200205, —2(97 + 03)9p; —2(9102+ 094) 9, (30)

According to the closed prolongation structure (30), one can
readily obtain the finite transformation (auto-Backlund trans-
formation) theorem by solving the initial value problem

doi(e)

de =2¢3(¢), de =2¢u(e), de = _(P(e)zv de =-2¢(¢)91(e),
1) 2gtepmie). 1B~ apgier +oteosie). 2 = o e)a(e) +o(e)aute)
{M(E)a V(S)a (P(S), o1 (8), ¢2(8)7 ¢3(£)’ ¢4(8)}|8:0 = {ua v, ¢, 91, 62, 93, ¢4} (3D

Theorem 3 Auto-Bicklund transformation theorem

If {u, v, ¢, &1, ¢, @3, ¢4} is a solution of the prolonged system Egs. (1), (17), and (18) with {u, = u, v, = v} and Eq. (29),

sois {u(e), v(e), @(e), 9i(€), P2(€), $3(€), ¢a(e)} with

_ _ . ®
¢(3)—m7 ‘Pl(g)—m» @(@-m»

s 2eq ¢ 2e019n
B Teer " Treer MO T Whegr  reo)” oy
u(e)=u+ 2693 282(])'2 v(e)=v+ 204 26°014; (33)

1+ep (1+£¢)>

I+ep  (1+€9)?

Comparing Theorem 2 and Theorem 3, one can find that for the cKP3-4 equation (1), the transformation (33) is equivalent to

Eq. (19) by using the transformation 1 +&¢ — ¢.

4. Symmetry reductions of the cKP3-4 equation

Using the standard Lie point symmetry method or the formal series symmetry approach!

22231 to the cKP3-4 equation, it is

straightforward to find the general Lie point symmetry solutions of Eq. (21) are generated by the following three generators,

au
o x
<6v>:K0(a): a +i 5
T

o’ 3a
:BVy - @ﬁt

(3)=rip) - Pugh )

(34)

(35)
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9 1 3a?
Ou, + ﬁ(ay+bx)ux+ 56 )y + 8—22@ + 8y799”
K= 6 1 by, bx—2 93 |’ o
au+ by x—2a a
Ov, + ﬁ(ay—l—bx)vx— Ee,(yv)_,;+ b 6, + 5 ye,, - SFGI
where @, B3, and 6 are arbitrary functions of 7. b= V(& n) _ au(§, n) n (2ay — bx)p;
The symmetries Ko(ot), Ki(f), and Ko(0) constitute a p’? bp? 2b%p

special Kac—Moody—Virasoro algebra with the nonzero com- n 77613 _ po 3ap B (40)

mutators

[K2(0), Ko(a)] = Ko(Oau),
[K2(0), Ki(B)] =Ki(6p),
[K2(61), K2(62)] = K2(60162 — 61,62), (37

where the commutator [F, G] with

F= (Fl (“7 v),Fz(u, V))T’
G = (Gi(u, v).Galu, V)",

in which the superscript T means the transposition of matrixes,
is defined by

! ! ! U
Foal= (g ) o (G g )
F2u F2v G2u G2v

! !/ ! ! ! U
and Flu’ Flv’ F2u7 FZv’

\w» Gh,» Gh,» and G} are partial lin-

earized operators, say,

d
F{,,,Gl = EF](M+8G1, V)

e=0

From Eq. (37), we know that Ky and K; constitute the usual
Kac-Moody algebra and K, constitutes the Virasoro algebra
if we fix the arbitrary functions «, B, and 0 as special ex-
ponential functions exp(mt) or polynomial functions #” for
m=0, £1, £2, ....

Applying the Lie point symmetries Ko(@), Ki(p), and
Ko(0) to the cKP3-4 equation (1), we can get two nontrivial
symmetry reductions.

Reduction1 6 #0

For 6 # 0, we rewrite the arbitrary functions in the form
0=p*#0, a=p’ou, p=p°Bu, Ou=pPu.  (38)
Under the new definitions (38), the group-invariant condition
Ko(e) +Ki(B) +Kx(8) = 0

yields the first type of group invariant solutions in the form

(39)

4p3 2b 4p?

where U(E, n) =U and V(E, ) =V are group-invariant
functions of the group-invariant variables & and 1 with

X ay a6, y
= — — — — _— = — — . 41
3 o bp Ut M= 5 B (41)

Substituting Eqgs. (39) and (40) into Eq. (1), we can find the
group-invariant reduction equations for the group-invariant

functions U and V/,

Un :Vg,
Vi = (Vggg +4UV; +2VU5)§. 42)

It is interesting that the reduction system (42) is Lax-integrable
with the fourth-order spectral problem

AW = 2?’5555 —|—4U‘P€§ —|—2(2U§ — iV)lPé
- (/Vndé—ZUz—ZUg,g—i—ng)‘P, 43)
W = i(%e +UP). (44)

Reduction2 8 #0

For the case of 8 # 0, the group-invariant condition
Ko(a)+Ki(B)=0

and vy = u, yield the usual KdV reduction

I [«
(Ur +Uxxx +6UUx)x =0, X = 7 (y_x> ,

B
T— /B’S/z(aﬁ —ba)d 45)
with
_UX,T) By , a*(3ap —ba)
B 4bB " 6B*(aB—ba)’ o
_—aUX,T) Bx  [Bap+ba)B o
BT B gz 2p)”
a’(3aB —ba)
" 6B (af—ba)’ “7)
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5. Finite transformation theorem of Ky(o)+ K (f) + K»(0) via direct method

The finit transformation of Ko (o) + K () + K> (8) may be obtained by solving the initial value problem ({x', y/, ', u’, v'} =

{x'(e), ¥'(e), '(e), u'(e), v(e)}, {a', B, 0"} = {a(t"),

B(t), 6()}).

dr’ dy dy’ 1

&2y o~ — o'+ —0 (ay + by 48
=0 = (B o) o= o i), @)
diulf,iﬁ’,l”,i 4 ’,ﬁ ! (49)
de  4prr T M T gy T gt

dv/ 1, 3 943 —bx'

—_— = —— ; - *9/ 79// — 5 Iy

de Zba’+4b2ﬁ’ V5 o+ 8b Ve

1'(0) =1,y (0) =y, x/(o) =X, M/(O) =u, V(0)=v. (50)

However, the exact solution of the initial value problem Egs. (48)—(50) is very complicated and quite awkward even for the pure

KP (a = 0) case.!**! An alternative simple method is to find symmetry group via a direct method>>~28] by using a priori ansatz

u=A+BUX,y 1),

to determine the functions {A, B, A, By, Bz, ¥, ¥/,
{U, V'} are solutions of the cKP3-4 equation (1).

t/} = {Aa B7 A17 Bh B2a x/a y/7

V:Al +B1U(xla y/v t/)+B2V(x/a }/7 t/)7 (51)

'}(x, y, t) such that both {u, v} and

Substituting the ansatz Eq. (51) into Eq. (1) and requiring U and V satisfying the same cKP3-4 equation (1) but with different

variables {x’, y', t'}, one can readily determine all the undetermined functions {A, B, Ay, By, B2, ¥, y', '}. The final result

can be summarized to the following finite transformation theorem.

Theorem 4 Finite transformation theorem

If{U, V}={U(x, y, t), V(x, y, t)} is a solution of Eq. (1), so is {u, v} with

Tty Yot 3a?

_ UK. V. ¢ 24 (ST —1), 5
a7, o 4 3o oy, Tu(bx—2ay) bxo, — ayo ayo
= -1HU t \% t _ 7-3 44 — 53
o= L O )+ RV ) B (s afr ) a5y
a
¥ = ux— (V= Vu)y+xo, ¥ = Vay £y, ' =7, (54
\
where xg = x0(t), yo = yo(t), and T = 7(t) are three arbitrary  § = bJ/7 (bx—ay)+ § (58)

functions of ¢.

To verify the correctness one can directly substitute
Egs. (52)—(54) into Eq. (1). In fact, one can take the arbitrary
functions xg, yo, and 7 in the forms

T=1+€60, xp =€, yo=€P, (55)
where 0, a, and f are arbitrary functions of 7. Substituting
Eq. (55) into Eqgs. (52) and (53) yields

v

(u) B (l‘;> +£[K2(6) +Ko() + K1 (B)] + O(€?), (56)

which means Theorem 4 is just the finite transformation theo-
rem of the symmetry K, (60) + Ko(o) + K1 (B).
Applying Theorem 4 to the D’ Alembert wave Eq. (26),

we get a new solution

3 2
u=2b*/7 [In(®)], + ) Yo 4 1), (57)

8bt, | byt | 4D (V-

with 7, yo, and {y being arbitrary functions of  and @ being
an arbitrary function of §.

6. Conclusion and discussion

In summary, the cKP3-4 equation (1) is a significant
(2+1)-dimensional KdV extension with various interesting in-
tegrable properties. In this paper, the Painlevé property, auto-
and non-auto-Béicklund transformations, local and nonlocal
symmetries, Kac-Moody—Virasoro symmetry algebra, finite
transformations related to the local and nonlocal symmetries,
and the Kac—Moody—Virasoro group-invariant reductions are
investigated.

Usually, starting from the trivial vacuum solution (u = 0),
the Bécklund transformation will lead to one soliton solution.
However, for the cKP3-4 equation (1), the trivial vacuum solu-

tion and Béacklund transformations will lead to abundant solu-
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tions including rational solutions, arbitrary D’ Alembert-type

waves, solitons with a fixed form (sech? form) and arbitrary

velocity, and solitons and soliton molecules with fixed veloc-

ity but arbitrary shapes (special D’ Alembert waves).

There are two important (1+1)-dimensional symmetry re-

ductions of the cKP3-4 equation (1). The first type of the re-
duction equation is Lax-integrable with the fourth-order spec-

tral problem. The second reduction is just the KdV equation.

The more about the cKP3-4 equation (1) and its special reduc-

tion (42) will be reported in our future studies.
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