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By using the bosonization and renormalization group methods, we have studied the low energy physical properties

in the one-dimensional dimerized Hubbard model. The formation of charge and spin gaps is investigated both for the

half-filled electron band and away from the half-filled band. The scaling laws of the charge and spin gaps with the

dimerization parameter A and the repulsive interaction strength U are obtained.
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I. INTRODUCTION

Quasi-one-dimensional organic conductors, such
as TTF-TCNQ or Bechgard salts (TMTSF),X and
(TMTTF)2X, have attracted much research atten-
tion during last two decades.[!! Due to their vari-
ous broken symmetry ground states at low temper-
ature and unusual electronic properties of the normal
states, they are under intensive research both in exper-
iments and theories, and some problems still remain

controversial.[2—4]

It is believed that the interaction between elec-
trons plays an important role in the physical prop-
erties of those low-dimensional systems.?! As is well
known, the one-dimensional (1D) interacting fermion
systems show non-Fermi liquid behaviors, the collec-
tive low energy excitations are spin and charge den-
sity waves, and they are described by the Luttinger
liquid theory which gives more distinct physical prop-
erties than that of the normal Fermi liquid,®:% and the
quasi-one-dimensional organic conductors give con-

crete examples of the Luttinger liquid.

As the coupling with the periodic lattice is in-
volved, 1D metal exhibits Peierls instability, the lat-
tice shows periodic distortion with the wave vector
equal to twice the Fermi wave vector 2k, and it opens
an energy gap in the electronic spectrum at the Fermi
surface.l”) The Umklapp scattering process caused by
interaction between electrons can also generate an en-

ergy gap in the excitations of charge density wave.

In this paper we shall study the spin gap and
charge gap formation in those quasi-one-dimensional

systems. Based on the dimerized Hubbard model,

which takes into account both the dimerization of the
lattice and the on-site Coulomb repulsive interaction
between electrons, we investigate the scale relations of
charge gap(m,) and spin gap(m, ) with the dimeriza-
tion parameter A and the on-site interaction strength

U.

I. THE DIMERIZED HUBBARD MODEL
AND ITS BOSONIZD FORM

In the adiabatic approximation, the effective
Hamiltonian of 1D interacting electron system coupled
to a crystal lattice can be described by the dimerized
Hubbard model with the Hamiltonian!4

H =Y t(1+8)[c}citio + hocl

+UZnZTnll+§2512’ (1)

where ¢;,(cf) denote annihilation(creation) opera-
tors for electrons at site i, §; are local lattice dis-
tortions induced by Peierls transition, K the lattice
elastic constant and U is the on-site repulsive inter-
action strength. At half filling, the lattice distortion
§; = (—1)' with the parameter § being a constant for
the dimerized chain. The constant term of the elastic
energy density 1/2 K4? will be omitted in the follow-
ing consideration. We shall approach this Hamiltonian
by Abelian bosonization method.®9! In the continuum
limit, the effective Hamiltonian in terms of boson fields

is given asl!0-11]

H=H,+ H, + Hyim, (2)
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H, :vp/dx§ [Kpni(m) + Fp(azqﬁp)z}

+ Uum /da:cos(\/87r¢p—|—qm),

2m2e2

(3)

Ho =, [[aog [Kal ) + - @0?| (@

(e

Hgim = A4 /dxcosv27r¢pCOS\/ 2o (5)

Te
where ¢,(z), ¢, (z) are boson fields for the charge
and spin degrees of freedom of electrons, respectively;
II,(z),11,(z) are their conjugate momentums. The
coupling term Hgin, of charge and spin fields is caused
by the dimerization, with A = 4¢§. The U,y —term

is the Umklapp term of electron-electron interaction,

from the half-filling case. The Tomonaga-Luttinger
parameters K, and K, determine the long distance

properties of the system, and their initial values are

. and K, = 1, with
V1+2U/7up

vp = 2tsin(mn/2), where n is filling factor.'®! The

given by K, =

values of charge and spin density wave velocity are

v, = vpy/1 4+ 2U/mvp and v, = vpy/1 — 2U/mvp re-

spectively.

m. AT HALF-FILLED BAND OF ELEC-
TRONS

We first consider the half-filling case with krp =
m/2a, hence the parameter ¢ = 0. To derive the renor-
malization group(RG) equations for various coupling
constants of the effective Hamiltonian, we utilize the
operator product expansion(OPE) technique of the
conformal quantum field theory. The charge field ¢,
and the spin field ¢, satisfy the following OPE of U(1)

Guassian model[12:13]

the initial values of Uy, = U, and the parameter
defined by ¢ = 4kp — 27 measures the deviation
iag, (z,7) ,—iag,(0,0) _, o
€ € |Z‘a2K,,/27r—2
1

<8z¢u(07 0) + 65¢V(07 0))
2

(e

+ |z[o2 Ko /27 -

a2

- 2|Z‘o¢2K,,/27r (Z

with v = p,0; and 2 = z +1v,7,2 =  — 1,7 for the
charge field ¢,, and z = = + tv,T,Z =  — fv, T for the
spin field ¢,. By using the above OPE formulae, we

can derive the RG equations

dA
9 (2K 2A, ()
dUurn _
uh — (2-2K,)Uum , (8)
dK, K?, 2 2, (Vo
——r___"P A 2o
dlnb v/g) [Uum + f2(Up )] I (9)
dK, K2 v
I = T A% (L 10
dlnb ,Ug- fl(va )’ ( )
with
i do
= , 11
Aw) /0 (cos26 4 p? sin? 9)K»/2 (11)

’T dé
= . 12
f2 (I’L) A (COS20 + u2 sin2 0)K0/2 ( )

Now we will discuss the charge and spin gaps in

different cases of the interaction strength U of elec-

troms.

e arad:0u(0,0)9:6,(0,0

2(82‘;51/)2 + 22(82¢u)2) + -

(a) U=0, and K,(0) = K,(0) =1

In the absence of Coulomb interaction of elec-
trons, the Hamiltonian of the model is exactly solv-
able. The charge gap m, and the spin gap m, are
given by

(13)

my s < A

for small A. This result can also be obtained from the

scaling equation(7)

(14)

The energy difference between the dimerized system
(A # 0)and the system with no lattice distortion
(A = 0) can also be calculated exactly

AES =ES(A) — ES(0)
A? 16t A2
2t A 64dnt’

(15)

where the logarithmic correction is due to the non-

We see

linear dispersion of elementary excitation.
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that the electronic part energy of the ground state
decreases by dimerization. In the adiabatic approxi-
mation, the elastic energy increases with dimerization,
AEg!2H oc A2, Thus the total amount of change of
ground state energy AEy = AES! + AES°e < 0 for
small dimerization parameter A, implying the ground
state of the system is a dimerized state in the case of
U=0.

(b) U >0, and K,(0) < 1,K,(0) =1

When the electrons have on-site repulsive inter-
action (U > 0), there are two mechanisms for gen-
erating charge gap, one is the Umklapp scattering
from electron-electron interaction with strength Uy,
the other is the dimerization term. In the following,
we will consider the charge gap and spin gap in the
two limit cases of the interaction strength U and the
dimerization parameter A.

HU> A

In this case the charge gap due to U,,,-term opens
prior to the spin gap formation. After the charge gap
formation, K, = 0 and K, = 1. The scaling equation

(7) becomes

dA 3
dmp 22 (16)

Thus the spin gap for small A is given as

my o< A2/3 (17)

It is well known that in the spin-Peierls transition sys-
tems the spin gap scales with the dimerization pa-
rameter as A2/3 by the Cross-Fisher theory,"* which
is based on the anti-ferromagnetic Heisenberg chain
model. Since the Hubbard model can be mapped to
the Heisenberg chain model in the large U limit, our
result is consistent with that of the Cross-Fisher the-
ory. The charge gap m, of this system is given by the
Mott-Hubbard gap of 1D Hubbard model.[!%]

The energy of interacting electrons with dimeriza-
tion is lowered compared with that of no dimerization
system, with AE§ —A*/3_ Hence AE§+ AEgsstic <
0 for small A, the dimerized ground state is favored.

iUk A

In this case , the A—term is a relevant interaction
with scaling dimension K,/2 + 1/2. This dimension
is smaller than that of the Umklapp term, which has
the scaling dimension 2K ,, hence the interaction A
increases more rapidly than U, under RG transfor-
mation. The charge gap is dominantly determined by
the A— term. Thus the Umklapp interaction term is
negligible. From the scaling equation(7) and the ini-

tial value K, = 1, we obtain the spin and charge gaps

as follows
2
My o < AZKp | (18)
The electronic energy

where K, = S —
V142U /7op

AE§ o< —AYG=K,) Since 1/2 < K, < 1 for repul-
sive interaction, 1% it follows that AES+AEg!ste < 0.
The ground state is a dimerized state.

It should be noted that the charge gap formation
is due to Umklapp scattering term and the dimer-
ization term, while the spin gap is only contributed
from the dimerization term. As the on-site interaction
strength U increases from the limit U< A to U> A,
the charge gap initially depends on A and finally on
U, this is a kind of cross-over phenomena. The spin
gap is mainly dependent on the parameter A in all the

cases.
IV. AWAY FROM HALF-FILLED BAND

We now discuss the spin gap and charge gap for-
mation in the system with the electronic band away
from half-filling. In this case, the Umklapp interaction
term will be absent in the low energy effective Hamil-
tonian. Hence the RG equations of various coupling

constants reduce to

dA
dK, _ Kﬁ 2, (Vo
dK, K2 .. v,
o5 A, (21)

where K, is a function of the interaction strength U
and the filling factor n, and can be calculated as in

Ref.[10]. The scaling equation(19) can be written as
dA
—=3/2-K,/2)A . 22
The charge and spin gaps for small A are

Mp o X AT (23)

The energy of interacting electrons AE;
—AY/G=kp) " Since 1/2 < K, < 1 for the 1D Hub-
bard model with repulsive interaction away from half-
filling, we see that the total amount of energy changed
by dimerizing effect in the ground state is AE, < 0.
The ground state is dimerized.

V. CONCLUSIONS

In this paper we have studied the charge and

spin gaps formation in 1D dimerized Hubbard model
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by bosonization and renormalization group technique.
The dimerizing effect will introduce coupling between
the charge and spin degrees of freedom in this interact-
ing electron system, and contribute to the formation
of charge and spin gaps. The charge gap can also be
generated by Umklapp scattering of electrons at half-
filling. We have obtained the scaling relations of the

charge and spin gaps with the dimerization parameter
A and the interaction strength U, and found that in
the adiabatic approximation of the lattice vibration,
the system is always in a dimerized state both for the
half-filled electron band or away from the half-filled
band. In further work, it seems important to consider

the quantum lattice fluctuation effects in this system.
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