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theory with Lorenz-Mie theory. The linear and nonlinear problems of the microsphere lasing are dealt with in the
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I. INTRODUCTION

The optical resonances of a dielectric micro-
sphere are termed morphology-dependent resonances
(MDR’s)!l to emphasize the fact that the resonance
frequencies depend on the structure (size, shape
and refractive index) of the microsphere, and also
termed the whispering-gallery modes (WGM’s) be-
cause of the similarity to whispering-gallery acoustic
waves. WGM’s have been studied extensively[? for
some reasons, for example, WGM’s have extremely
high Q value, lead to decreased thresholds for lasing
and several types of nonlinear optical processes, give
rise to the effect of cavity quantum electrodynamics
(QED), and have important applications in photonics

or optoelectronics.[&‘”

The lasing from microspheres occurring at dis-
crete wavelengths corresponding to WGM’s is re-
ferred to as whispering-gallery-mode microsphere
laser. WGM laser was observed first in a spher-
ical millimetric crystal sample of CaF2:Sm™" by
Garrett, Kaiser and Bond.®) Later, in the past
decades, there have been a number of experimen-
tal papers on WGM laser from liquid or solid mi-
crospheres, such as ethanal 30-pm-radius droplets
doped with rhodamine,l5~8 dye-doped polystyrene
solid spheres with diameters ranging from 10 to 92
pm® and 40-8004m,M%) microdroplets seeded fluores-

cent sol™l or undoped polystyrene latex spheres!!?

or nanoparticles,'® or highly scattering intralipid, 4

double-layered dye doping microdroplet consisting of
a spherical dye-doped solid inner core covered with
a dyedoped liquid-solution outer shell,l!?! three-dye
mixed doped liquid microspheres,['%! microdroplets
containing an absorber of concentration change,'”)
Nd: YAG spheres!!'®l with about 200 pm-diameter,
Nd: glass sphere with a radius of 40-60um,!?! pure
silica sphere of 25-50 pm-radius,?”! and so on. In
these experiments, observations of threshold behavior,
emission wavelength dependence and spatial distribu-
tion of emission have provided strong evidence for the
presence of laser emission linked with high-Q WGM’s.
An important result is that the threshold pump level
of the laser in the microsphere is much lower than that
for a conventional laser.

From the theoretical viewpoint, WGM lasers can
operate in a manner analogous to the conventional
linear Fabry-Perot cavity lasers except that the cavity
modes provided by the mirror cavity of a linear cavity
laser are replaced by WGM’s. The gain of lasing is
provided by the feedback coming from microspheres.
Therefore, several authors have directly applied one-
dimensional laser theory in many laser texts(?1:22 to
the WGM laser. For example, Lin et al.23 have ex-
amined the effect of spatial hole burning on the las-
ing of 15.3-um-diameter R6G-water solution droplets,
and indicated that although the lasing gain in R6G is
nominally homogeneously broadened on a nanosecond
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time scale, the presence of spatial hole burning per-
mits multimode oscillations simultaneously on many
spherical cavity mode resonances. Mazumder al et.['7!
have used the standard dye-laser theory?¥ to explain
the absorption-dependent blue shift of dye lasing in
microdroplets. However, although there is an analogy
between WGM laser and usual linear cavity laser, a
detailed comparison of WGM laser experiments and
theory requires a complete WGM laser theory which
combines usual laser theory with the Lorenz-Mie the-
ory. Such a WGM laser theory, to our knowledge, has
not been made to date, in spite of several related ba-
sic work appeared.[?5=27 This is just the motivation
of our study.

The purpose of this paper is to develop a semi-
classical theory of WGM laser and apply it to the re-
lated experiments. Our work is the extension of the
traditional laser theory of Haken?8) and Lamb[??! and
the one-dimensional output coupling laser theory of
Ujiharal?9-31 and Baseia,l®? and emphasize the las-
ing action associated with WGM in the microsphere.
There are some differences between the two theories:
In Haken’s and Lamb’s theory, an ideally reflecting
optical cavity is assumed, i.e., no leakage cavity, an
ohmic loss homogeneously distributed over the cavity
is introduced, and a set of discrete spectrum mode
is used in the ideal mode picture. In Ujihara’s and
Basiea’s theory, the practical cavity is a part of the
whole cavity, the coupling loss can be naturally con-
sidered, derived automatically and no loss term is phe-
nomenologically added to the field equation. The con-
tinuous spectrum is used in the universal mode pic-
ture. In the present work, the microsphere is regarded
as complete homogeneous and symmetrical, so Mie
formalism is entirely adequate for an analysis of the
field and Q value of WGM’s which give rise to lasing,
and the three-dimensional cavity (spherical cavity) is
of one-dimensional simplicity. Our study is also done
in the universal mode picture similar to Ujihara’s and
Baseia’s theory, but a main difference is that a multi-
mode WGM lasing theory can be formed based on the
linear and nonlinear lasing theory of the single mode
WGM laser.

This paper is structured as follows: In Sec. II,
we give the Maxwell-Bloch equations of microsphere
III and Sec. IV, we deal with the
linear and nonlinear laser problems respectively, and

cavity. In Sec.

obtain the threshold and the average amplitude of the
laser field. The comparison between theory and ex-
perimental results is also performed. In this paper we

do not consider the linewidth of lasing mode and the
fluctuation effect of the laser field, as done in usual
semiclassical laser theory. In Sec. V, we give the con-
clusions.

I. MAXWELL-BLOTCH EQUATION

We consider the system consisting of a uniform
dielectric microsphere of radius a and dielectric con-
stant n? placed inside a large concentric hollow ideally
conducting sphere of radius A(A — oo eventually).

From Maxwell equations (c.g.s.), the electric field
E(r, t) and the macroscopic polarization P(r, t) sat-
isfy
1 d? 47 d?
zalr)="am

In this universal mode picture, E(r,t) and P(r,t)

— 2 E(r,t) + P(r,t). (1)

can be decomposed into eigenfunctions e (r) of the
microsphere cavity:

E(r,t) =Y Ei(t)es(r), (2)
P(r.t)=> Pu(t)es(r), (3)

where e, (r) satisfies2’]

w2
VRV xe ) = Snimer). (@)

Here n%(r) equals the constant n? inside the micro-
sphere and unity outside the microsphere.
We choose in this paper

/ dBrn?(r)e,(r) - ey (r) = drhw s . (5)
(r<4)

From Egs. (1), (2) (3) and (4) we easily obtain
d? d?
dt? Tae

The polarization P(r,t) can also be decomposed

Ey(t) + w?n?(r)Ey(t) = —4 P,(t).  (6)

into single atom contributions,

P(r,t) =) 6(r—r,)p,(), (7)

where the summation runs over the laser-active atoms
(for simplicity, we use “atoms” as a general term for
practical atoms or molecules or ions).

Assuming e (r), E(r,t) and p,(t) are parallel to
one another, we obtain from Egs. (2) and (5)

1 2 —

o) ) =6 =) (®)
and

Pt = Y g Jenrpad). (9)
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Then Eq.(6) can be written as

d2 2 2
T Ba() + w20 (1)B(t) =
d2

_his ;nz(’l‘u)es(ru)@pu(t) (10)

Next, we only consider the negative frequency
part £ (t) and p, (t) of Es(t) and p,(t). We take

rotating wave approximation and slowly varying am-
2 2

. . . d* ~ d - d° -
plitude approximation (@Es < wS&ES, @Ps <
w“_tps < wiﬁs, where W), is the transition frequency

of the laser atom p), and from Eq. (10) we obtain

2ws§E; () + n*(r) = U2E; () = -
S Bl r Oeli@, — )i, ()

where

B () = exp(—iw, ) B (1),

Py (t) = exp(=iw, t)p,, (t)- (12)
Thus we finally obtain the field equation

d__ o i
ES (t) = iwE (t)—m

E s
)P, (1), (13)

Zn

1
S+ 2o,
On the other hand, according to the density ma-

where wis defined as W), =

trix theory?®! and adopting twolevel model, with up-
per level a and lower b, we can derive the Bloch equa-

tions.
d _ 1
&pba = (Zw# - ’YL)pba + EE(rﬂat)ebad‘uu (14)
d
&du =—(d, —d,o)

2 %
+ %E(rwt)(ﬁabpab — Opapas), (15)

where 0,, and 60, are the atomic dipole moment ma-

trix elements (6qp = 6,); d, is the population prob-

w

ability difference between level a and level b (d, =

Paa — Pbb); the nondiagonal density matrix elements
pab and ppe (Pap = p,) stand for, respectively, the

positive frequency part and negative freqency part of

_Pabeme; (t) =
—pPbabab; duo is the population inversion probability

the polarization p,,(t), with p}(t) =

without coherent interaction, only determined by the
pumping and relaxation processes; v and - are the
decay constants of the atom, representing the trans-
verse relaxation and longitudinal relaxation behavior,
respectively.

Under rotating approximation, Eqgs.(14) and (15)
become

(1) = (i3, — 1 )py (1)

82,3 B (ear, ), (16)
%du =—(d, —d, o) + %
(B (e oy (1) — By (e, (r,)pf (0], (17)

where we have assumed that 0up,p,,(t) and E(r,,t)
are parallel.

Equations 13, (16) and (17) are Maxwell-Bloch
equations of the system, the basic equations for solv-
ing WGM laser problems in the next sections.

Im. LINEAR THEORY

We assume that the population inversion proba-
bility d,

approximation.

is kept constant, that is, we make a linear

Letting ¢t=0, the atoms are coupled to the field.
From Egs. 13 and (16), noting Eq.(2), we obtain

ZE
Ze

x/ exp(—iu/t)i2

xzn W@es(r,)p

7)exp(iwlt)

7)exp(iwit)

L ()dt, (18)

I (t) =p, (O)exp(zw -y )t+ 9abexp(zw — L)t

x / expl(—iw, — v )E(r,,t')d,dt(19)
0
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Substituting Eq.(19) into Eq. (18

), then it becomes

Z E; r)exp(iwit) — ;—h e (r)exp(iwit)
2 2 — exp[ ( w W;) - FYL]t -1
w_z Z n (’l" )w € (’I’#)p# (O) ’L(wu _ wé) _—

252 Z Z Ban” (7
/ exp(iwy — 1)t
0

which is the basic equation of the laser field.

In the following, we consider (i) yit >1, i.e. ne-
glecting the term of p (0) in Eq. (20); (ii) adiabatic
hypothesis, that is v, > +, here v is the decay rate
of the field.

We assume that the slowly varying amplitude of

ZE

eXp[ .(ws -

w2

rd, 2% [ explisd(t — 1)

—t"ey(r,)E (r,,t")dt"dt’, (20)

the field is

E~(r,t) = exp(—if2t)E~(r, t), (21)

where {2 is the frequency of the laser field. Substitut-
ing Eq.(21) into Eq.(20), we finally obtain

¢ ~ expli(wl, —
/0 ) B, ) R

By Laplace transform, Eq.(22) becomes

_ 1
= ZS: E, (@%(ﬂm

~ 1

‘ h2 Z Z abn s(r,u)d,u
! 2h2 Z Z (,d abn s(ru)du
: (23)

x E7(r,,p)

In Eq.(23), letting r =7,
E(r,t) is the field inside the microsphere), we obtain

3 > ES (0)e,(r)lp —i(wy — )] "

i(Q—w#)—i—%_p—i(wg—Q)'

, then replacing r,, by r, (that is, now 7 represents the region of the atoms and

E~(r,p) =

Next we only account for TE mode, since there

is a similar discussion for TM mode. According to

Ref.[25], e (r) can be expressed as

e (r) = Bii(nkr) X (0, 9), r <a,

= OB ) + A0 )] X i (0, ), 7> a
(25)

and the local density of states p(ws, ) can be written

as

1
4rhw,
O(ws — wgr ). (26)

plws,r) x e(ws, ) =

Z les/ (1)

—2

— oy 2 X B e, (1) P, 5 [i(2 = 3,) + ] — i) — )]

(24)

S

Here wse(ws, r) is near narrow Lorentzian with width
2
—, centered at w, therefore we assume

(warr) = 2 bl Fwm)P?
RS QT
(27)

where
@) = kn) Xm0, 9)2 (28)

3

w
and —— is the value of we(w) for a vacuum of infinite
c

extent, K is the cavity enhancement factor of e(ws, r)

in resonant peak w; = w.
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We note that

Zﬁzzﬁﬁ/m, (29)

ws Im

where w, labels radial quantum numbers, the sum over

I and m is dropped due to considering the single mode

3 > BT (0)e, (r)p —iws — )]

E~(r,p) =

with fixed [ and m. Thus we can express |e,r)|? as

()2

e
ex(r) = KW’ 2| fw,m)P, (30)
(ws = w)? + (5)?
where K’ = ﬂK

e
Hence from Eqs.(24) and (30), we obtain

2 o _ ~y '
1‘%““”£ﬁ%ﬂwﬂwwﬂMPWMﬂﬂ”P+5—Mw—m}

1+ n? , 1+n?
= w

v,w
Now we discuss the case of homogeneously broad-

where v/ =

ened atomic line. We assume that 9§b are the same
for atoms. In this case the lasing transition frequency
w,, does not depend on the index p, i.e., W, =w. The
sum over the random atomic position r, can be per-
formed by an integration, i.e., Z# — pf(T<a) dV, here
p is the density of active atoms.

Equation (31) has two poles. One is i(w), — £2),
the other is

S AT S
po = 2+z(w Q)—‘_i(w—D)—i-Wl’ (32)

. (31)

/

where

7Tn2 2 1—2 2
A= Wﬁawa wp | [f(w,r)]7dudV, (33)

and d,, usually depends on spatial position, so next we
assume that the average population inversion proba-
bility is approximately expressed as

T J1f(w,r)?d,dV

E~(r,t) =Ayexp(pot) Y B (0)es(r)[po — i(w] — Q)] 7 i =) +71] "

+) " E; (0)eq(r)expli(w), — 2)1]

. 34
T r)Eav 349
Then using the residue technique, we obtain
,_Y/
T i - w)
= 35
i@ = )= po (%)

Letting pp=0, we obtain the threshold condition of laser oscillation. The threshold population in version

probability is

- (1+n2)h2%_ Ww—w o,
dy = 1 . 36
! ™22, wK'@%p [ |f(w,r)]2dV * (7_' " ) (36)
9 VL
The frequency at the threshold is given by (1) di x K~'. The order of enhancement fac-

!
%w + v
AN (37)

5 T

which is similar to the expression of frequency in one-

_Q:

dimensional usual laser, and means that there exists
a frequency pulling effect, that is, the laser frequency
{2 is shifted from the cavity mode w to the center fre-
quency w of the atoms.

According to Eq.(36), we can see the following
main features of the threshold d;:

DQMN3

3

where D
T
is degeneracy, @ is the quality factor, and V is the

tor K can be evaluated[? as K ~

volume of the microsphere. For optical wavelengths,
A =0.5um, Q = 10% a = 1—100um, the typical values
would be K ~ 10*-10. Therefore, we see that WGM
laser has a very low threshold due to the larger en-
hancement factor compared to the ordinary laser. For
example, the threshold reported in the experiment2%!
of Nd-doped silica microspheres are smaller than that

for conventional Nd-doped fiber lasers by more than
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three orders of magnitude.

(2) dy is increased as (w' — )2, where (W' — @)
stands for the difference between the cavity mode and
the atomic center line. In addition, d; o p, and

dy < Q7. These agree with the ordinary lasing case.

IV.NONLINEAR THEORY

In nonlinear theory of laser, the population in-
version is not constant, we will take into account the
saturation of the population inversion and give the av-
erage field amplitude in steady state and analyze the
effect of frequency.

We assume that the inversion d, o is established

Py (t) = P(t) :—de#OZE
DI
exp(i£2t)

Jes(ru)E

by the pumping and by relaxation processes, and that
the laser field with frequency {2 is

EI(t) = BT (t)exp(if2t). (38)

S

In Eq.(16), letting d# = d, 0 (zeroth approxima-

tion) and considering | P,(t)] < [7LP.(t)], we ob-

tain the first order polarlzatlon PL(L )(t), then substi-
tute it into Eq.(17), and get the first order popula-
(1) m

tion inversion d,; ’, again in Eq.(16) putting d,, = dj,
we finally derive the polarization under the third or-
der approximation, i.e., the second order polarization
P t):
exp(i£2t)
(Q wu) + 7L

5 (Des (ru) B (tesr (ry)

21
? 3bdu-,0

Y [E(2 — W) + i

( 1 n 1
(_u - Q) — 7L i(Q _wu)

— 71 ) ’ (39)

where the slowly varying amplitude E; (t) of the field can be given by Eq.(13) as

d -~
de

and by integrating this equation, we obtain

Eg (t) = E; (0)expli(ws

BL(t) = i)~ Q)7 (6) — 525 S nd ) @hes(r,)i (), (40)

-~ - / expli(2 — W)t~ )] 25 S n(r, ) Thes(r )iy ()t (41)

Substituting Eq.(41) into Eq.(40), making a summation ) es(r,) in Eq.(40), using Eq.(30), and defining

calculation sign

[u]:—— K’Wzn ) f (w, ), (42)

we can derive the following equation

/

Z B Mes(ru) = {—%I +i(w' — Q)] /Ot dt' [, (t')exp [_% i — _Q):| (t—t')

p () + ) [i(ws — 2B

We express Eq.(30) as |es(r)|? = M2|f(w,r)|?
M? = KW

E (0)es(rp)expli(wf — 2)t]. (43)

, where M2 is written as

T2
@) "

(e —w)?+(5)*

2

so that we can define a collective variable A(t), as done in Ref.[32], that is
=D EC(t)M,, (45)

which stands for the amplitude associated with a single quasimode, thus from Egs. (39) and (43), we obtain

/

d
dt

/

A= |-J+iw-ol [ " at s (¢ exp -3+ - o) -0

+ (1B (1) + D _li(w, — 2)]E7 (0)Maexpli(w, — 2)1]. (46)
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and
By (1) = @A) + BIA@) [P At). (47)
Here, for simplicity,  and 3 are defined as
i 1
=—0*d, 0o——"-—— 48
TR e = E,) L (48)

1

B = hg 93bd#,0|f(w, 7"#)|2

< 1 n 1
V(2 =) + v i@y — 2) =y (2 —p)

-1 > ' (49)

By mathematical transformation for Eq.(46), we finally have

A0 = [=F 4 - )] 40 + bl + BlAOP Aw)

+Z[ il —w)]E (0) Myexpli(!, — 21, (50)

which is the expression of the laser field in nonlinear
case. In comparison with the linear case, in Eq.(50)
there is a saturation term (proportional to |A(t)|?),
when |A(t)|?=0, from Eq.(50) we can give the result
in linear case, i.e., Eq.(35). This can be checked easily.

In Eq.(50), the last term depends on the initial
value £ (0) and stands for the fluctuation contribut-
ing to the fluctuation of the laser field. In this paper
we do not discuss the fluctuation effects and will study
the problem in other paper. We now take account of
the average amplitude A of the field in the steady state
and the frequency 2 of the field. From Eq.(50), A and
{2 satisfy, respectively, the following equations:

—%/ + Relula + Re[,u]ﬂz2 =0, (51)

and

2

2 = W' + Im[p)a + Im[u) BA”. (52)

In Eq.(51), the first term presents loss, the second
one is gain and the third one is saturation. Equations
(51) and (52) are similar to Lamb laser equations.?"]
Next, we use these equations to discuss lasing action
in homogeneously broadened atomic line case (avail-
able for liquid and solid microspheres in experiments
reported).

Equation (42) and (48)—(52) can give the follow-
ing results:

(1) Gain for small signal

G = Re[ula = A0772 , (53)

where

Ag = 4h29 ywK'Gp / |f(w,m)|?duodV.  (54)

The expression of Ag has the similar form to Eq.(33)
except that d,, is replaced by d, . We note that d, o
generally depends on spatial position, but for simplic-
ity we assume that there is a spatially homogeneous
pumping, i.e., d, 0 = do (constant). We see that

(i) G x K, that is, the gain is proportional to the
enhancement factor of the microsphere;

(ii) G  dg, here dy stands for the pumping level;

(2) Average photon number 1(7 = 22) in station-

ary state
2 P
ﬁ:%vm” 14 (H)Q
ab l +fyl
2
u (1 _ %) _ (55)
[ 1f(w,m)[rdV do

This means that (i) the average lasing intensity in-
creases as pumping level dy in certain region is
above threshold, which has been proved by many
experimental results, such as those in Refs.[6], [13]
and [14];
with increasing size parameter z for the fixed las-

(ii) the average lasing intensity decreases

ing mode, higher @ value and pumping level near
the threshold. The reason is that,
pendix A, [f | (w, ) 2AV][[ | (w, r)|*dV] !
:vé/3][xal/3 — Y371 when d; o 2°/3 ~ dp, then
Eq.(55) shows that 7
which agrees with the result of the experiment de-
scribed in Ref.[18].

(3) The frequency shift in stationary state

from Ap-
~ [x4/3 —

will decrease as x increases,

N-u=—"=>2—w-u), (56)

7
2”M

+ ol



No. 8

Linear and Nonlinear Semiclassical Theory of Whispering-... 597

which is consistent with the formula of frequency at
the threshold. This equation can be used to explain
the wavelength shifts of dye lasing in microdroplets.”]
In the experiment, the lasing spectra of dyes, such as
Rhodamine B, are blue shifted as the Nigroson ab-
sorption is increased. In fact, the decay rate of the
field v can be regarded as consisting of output loss
Generally, Yabs < Yout
When the concentration of

Yout and absorption loss Yaps.
if there is no absorber.
the absorber is increased, i.e., Yapbs increased, the fre-
quency shift (2-w’) is increased, that is, the lasing
spectra is blue shifted. But for the lasing spectra of
dye DCM, the blue shift is very small, because for
DCM in ethanol there is a small overlap between the
spectra of the absorption and emission, corresponding
to the case that vaps is very small, thus no apparent
wavelength shift is observed as the absorber concen-
tration is increased. In addition, the red shift of las-
ing spectra as the lasing dye concentration increases
can be understood using Eq.(56). The reason is that,
when the dye concentration is increased, that is, the
decay rate of the atom dipole moment 7, increases,
the lasing frequency shift ({2 — ') is decreased, i.e.,
the red shift appears.
(4) The frequency in nonstationary state is

N-w 462 Y1
.Q A ab L
0772 +w-m)?2 A
[ 1f(w,7) |4dv 2-T
A A", (57
PV 02+ w67

where the second term on the right side stands for fre-
quency pulling and the third term leads to frequency
pushing. In Lamb’s book, ! these two terms are, re-
spectively, expressed by the frequency pulling coeffi-
cient and frequency pushing coefficient.

V. CONCLUSION

We have developed a semiclassical theory of
WGM microsphere laser based on traditional laser
theory. We have solved many lasing problems in mi-
crospheres, such as the threshold, the average ampli-
tude and the frequency shift. The theoretical formulas
can be used to explain lasing actions in liquid and solid
microspheres. In our theory, light field is assumed
to consist of a set of WGM’s which have Lorentzian
linewidth, one-dimensional output coupling laser the-
ory is extended to microsphere cavity. From this semi-
classical theory a complete quantum theory and a
mulitimode theory of WGM microsphere laser will be
easily established and the linewidth and multimode
problems of WGM lasing can be solved, which will be

discussed in other papers.

APPENDIX A

From Eq (28), we now evaluate the ratio in
Eq.(53), ie., [[|f(w,7)2dV][[ | f(w,r)[*dV]?
From
1
Xim(0, ) = ——=—==LYin (6, p), Al
nl0.9) = s Win(00), (A1
/Xl,m, ©) X 1m0, p)sinddodp = 6 dmm’, (A.2)
we get
[1srav = [PlimbnRan, (4
where
. T
Jqi(z) = 1/%Jl+%(x), x = nkr. (A4)

The lasing modes observed in experiments usually cor-
respond to large [ values, so we only concern the region
x = nkr ~ [, that is, r € (ro,a), here a — r¢ implies
the radial depth of the whispering gallery field distri-
bution. Using the asymptotic expression!®3! of Jip 1(a)
for larger [ and = and = ~ [, we obtain

o)~ 2o [ )
and
/T: 2ji(nkr) Pdr ~ Tsng
P — ) wk) P (A6)
Similarly,
[1srtav = [ ligk)ar
/|le(6‘ ©)|*sinfdfde. (A.7)
We derive that
/a r2|jl(nk7°)|4dr ~ 3C*
(rg 1% = a=V/3) (nk) 1073, (A.8)
where 1
\/?—sin r(3)(5)° 173, (A.9)
Finally we obtain
[ 15@mPav] [ 15ty
A e (4.10)
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