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It is shown that photon-excitation state defined by |a, k)q = &Zk|a>q(k =1,2,3...) up to a normalization constant

can be produced in nonlinear processes in g-nonlinear cavities. The mathematical and quantum statistical properties of

this state are studied in detail. We show that this state, along with the number states absented in it, forms a complete

set. We also show by numerical method that this state exhibits quantum-squeezing for some values of |a| and always

reveals quantum-antibunching effect.
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It is well known that the quantum harmonic oscil-
lators (QHO) is one of the most fundamental objects
in quantum physics. In quantum optics the QHO de-
scribes, in particular, the signal mode of the quantized
cavity field. Owing to the fact that experimentally
prepared cavities generally have some degrees of an-
harmonicity, a g-deformation quantum harmonic os-
cillator (¢-QHO) modell!l described by Hamiltonian
ﬁq = (aqa) + aja,)/2 is introduced in the hope of
providing a better description of physical situation in-
volved, with the anharmonicity in the cavity potential
being parameterized by the deformation parameter g
2] where the g-analogue annihilation and creation op-
erators a, and d;, along with the g-number opera-
tor Ng, form the ¢g-deformed Heisenberg-Weyl algebra:
[Ng, 4] = —aq, [Ng,af] = af. In
the contraction limit ¢ — 1 this algebra reduces to the

&q&Z — qd;dq = qu,

usual Heisenberg-Weyl algebra. As a consequence, the
interaction Hamiltonian of atom-field system has the

form/[3!

i = g(6va,+o-al), 1)
where g is the coupling constant and o4 are two-level
atom operators. Let us consider the passage of the
excited atom through a g-nonlinear cavity in initial

g-analogue coherent state (g-CS)M:

ol = A) Y by, ate) = (3 1o,
©)

where a = |alexp(if) is a complex number and
{|n)g,n = 0,1,2,...} are the basis of ¢-Fock space.
The function [z] is defined as [z] = (¢ — ¢ %) /(¢ —
q™'), the g-factorial [n]! is given by the equation
[n]! = [n] - [n—1]---[2] - [1]. Note that [z] is in-
variant under g <> 1/¢. Since the coupling constant
g is generally small, the state of atom-field system at

time ¢ > 0 can be approximated by

[$())q = |a)gle) — iHt|a)gle)
= |a)yle) — igtalla)qlg), 3)

which is valid for interaction times such as gt < 1.
Therefore, if we send an excited atom through the g-
nonlinear cavity, the state of the g-nonlinear cavity
field is reduced to the state &g|a>q by detecting the
atom to be in the ground state |g). As a consequence,

in principle, the k—photon excitation state of ¢-CS:

o, +k)q = Crall|a),

_ CuA(a Z \/n—l—k'

Jar (4)

can be produced in the similar passage by sending the
excited atom through the cavity with the initial field
state &gk_1|a>q, where Cj with Cy = 1 is the nor-
malization constant. One can easily prove that the

state (4) is nothing but the eigenstate of the operator
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F, = d};k&qd:;_k with eigenvalue «, i.e.,
afFaqal=F|a, +k)q = ala, +k)q. (5)

Hence, the set {|a, +k)q, k = 1,2,3...} can be treated
as another family of the g-analogue photon-added co-
herent states besides the states {d;k\a>q, k=1,2,3...}
studied in Ref. [5], where a;' and a'~', defined by

the equations

&;1|n>q = n+ 1),

[n+ 1]

- 5n,O)L|n - 1>q’ (6)

Vil

are the generalized inverse of g-boson operators.!

&Zﬁl\nh = (1

5,6]

Like the various quantum states of the ¢-QHO
such as the ¢-CS,/*! the g-even(odd) coherent states,!”]
g-generalized coherent state ¥ and the orthogonalized
eigenstatel®! of ak(k > 3) etc.'3 the state (4) will be
interesting because of its mathematical and nonclas-
sical features, though it has not been realized exper-
imentally until now. At first, unlike the ¢-CS and
g-even(odd)CS, the state (4) cannot form a complete
set as the number states {|j)q,7 =0,1,2,...k — 1} are
absent in it. However, it, along with the number states
{l7)¢3 = 0,1,2,...k — 1}, does form a complete set.
By using Eq.(5), the completeness relation of g-CS!'°]

and the following relations

oy =l = 1
k—1

agkak = alral=h =1 - " 15)qq(il, (7)
=0

the corresponding completeness relation of the state

(4) can be expressed as
[ 6ot Bta +Hlka) " dn(a)

+ ) i)aqlil =1, (8)

1
with dqu(a):—equ(\a|2)equ(—|a|2)dq|a|2d0,

27
where [ is unit operator, the integral over df is a

normal integration but the integration over |a|? is a
g-integration.l'%] Therefore, the state (4), along with
the number states {|j)4,7 = 0,1,2..,k — 1} mathe-
matically form a complete Hilbert space. Secondly,
some information about the physical meaning of the
g-nonlinearity may be gained by comparing the quan-
tum statistical properties of the state (4) with those of
the photon-added coherent state for the usual cavity

field studied in Ref. [11]. In addition, this state can
reveal the g-dependent quantum-squeezing and thus
possess the latent application in optical communica-
tion and in precision and sensitive measurement.!*?
According to Ref.[9], the state is said to be quantum-

squeezed if

S = (A%, - {ag.l)) <0G =102, (9)
where operators X; = (aq + d;)/Q and X, = i(a; —
a,)/2 with commutation relation [X;, X5] = E[dq, al]
are the g-analogue quadrature operators. For the g¢-
CS, ie., |o,+k), with £ = 0, it is easily seen that
it does not exhibit the quantum-squeezing effect as
S1 = S5 = 0. By calculating the expectation values of
operators dg, &Z, dg, &22, d:g&q, and &:52613 in the state
|, +k)q, we find that for the state |a, +k)4, quantum-

squeezing in the quadrature X, exhibits whenever

COS(29) < Ck(qa |O[|)’
_ sz —Bka/|a\2
Ck(qa ‘O‘D - 7Vk2 +BkUk 3

(10)

with

ZIn+k+1), .,
V=2 [[n]![n+ 1]]! o™,

n

S

Mgl

k= )

AN (DE
i+ 2 1

=
I
(e

)
0

n

[n + k]' |a|2n
< ([n]h)?

[M]8

By, =

n

While quantum-squeezing in the quadrature X5 ex-

hibits whenever
cos(20) > —(r(q, |@])- (11)

Therefore, the |, +k)y shows

squeezing for some values of a and ¢ in which

state quantum-
[Ck(q, |a])| < 1 is satisfied. We see easily from Egs.
(10) and (11) that the state |, +k), shows quantum-

squeezing in X if

1 1
3 arccos{{x(q,|a|)} <0 <7 — 3 arccos{¢x(q, |a|)};
(12)
and in Xz if

f% arccos{—¢x (g, |a|)} <0 < %arccos{—fk(q, la])},
(13)
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where the angle 0 defined by o = |a|exp(i6) is lim-
ited to the interval from 0 to 7 or from —m/2 to 7/2.
We have plotted the regions of squeezing in X; and
X, in Fig. 1 for the state la, +k), with £ = 1,2,3
and 4. This figure clearly shows that for larger |
(about > 2.0) the quantum fluctuation of X is al-
ways squeezed in the region 45°<60<135°, while that
of X is always squeezed in the region —45° < 6 < 45°.
The regions of squeezing for smaller |a| are clearly in-
fluenced by the g- nonlinearity. It is also seen from
Fig. 1 that the |a| regions corresponding to quantum-
squeezing in X, and in X» may exist, are broaden with
the decrease of parameter g and the increase of k.
Similarly, we can determine the quantum-photon
number distribution in a g-nonlinear cavity field state

by calculating the second-order quantum-correlation

functionl®] (@ t2 2>
@) (g) = ‘% %/
9, (0) = ———. (14)
! (adag)?

The state is said to be of quantum-antibunching
(QAB) if g{?(0) < 1. For the ¢-CSi.e., state (4) with
k = 0, it is easily seen that it does not show QAB as
géz) (0) = 1. However, for the state (4) with k& # 0 the

second-order quantum-correlation function reads

_ Bp My
= Sz

[e @)

n+kln+k—1][n+ k|
M, = Z [ ][ ([n]')2 ][ ] ‘O[|2n. (15)
In Fig. 2 we have plotted the variation of g-dependent
second-order correlation function g(SQ) (0) versus |«
for the state (4) with £k = 1,2,3,4 and ¢ = 1.0,0.8
respectively.
sults that the states {|a, +k),} always show QAB ef-
fect.
for larger || values (about |a > 1.0). For smaller
|| it is seen that the feature of QAB for the state
|, +k), is strongly dependent on the excited num-
ber k. Especially, when |a| — 0 the QAB effect al-
This effect is not al-
ways strengthened with increasing k e.g. the QAB
for the state |o,+2), is stronger than that for the
states |a, +3),.
amplitude a, (k) of each Fock state |n), depends on

We conclude from these numerical re-

This effect is weakened by the g-nonlinearity

ways exist except for £k = 1.

The reason is that the probabilistic

the excited number k, ie., a, = 0 for n < k and
an = (@O /) ([ S5l ]!/ In— k]12)
for n > k. As a consequence, the QAB effect deduced
from the collective coherence of all number states
present in |a, +k), reveals complicated k—dependent

feature. This must be shown by numerical method.
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Regions showing quantum-squeezing in X

Fig.1.

(81 < 0) and X5 (S2 < 0) in (Ja],6 ) plane for the
states |a, +k)q with k =1,2,3, and 4.
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Fig.2. Plots of the second-order quantum-correlation
function g<(12)(0) versus |a| for the states |a, +k), with
k=1,2,3,4 and ¢ = 1.0, 0.8.

In summary, we have studied the k-photon excita-
tion states of the ¢-CS by the repeated application of
g-boson creation operator @' to the g-CS. These states,
another family of g-analogue photon-added coherent
states besides the states {dq_k|a>q,k: =1,2,...} stud-
ied in Ref. [4], can be produced in nonlinear process in
g-nonlinear cavities. It is shown that each of the states
{la, +k)q,k = 1,2,...}, along with the number states
{17)¢:3 = 0,1,2,..k — 1}, does form a complete set.
We have shown by the numerical method that these
states reveal quantum-antibunching effects for any «,

q and exhibit g-dependent quantum-squeezing effects
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in X or in X5 for some values of a. The || region cor-  for larger |a| values.

responding to quantum-squeezing may exist, is broad-
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nonlinearity weakens the quantum-antibunching effect
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