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For multiphoton Jaynes-Cummings(JC) model Hamiltonian, we find its supersymmetric structure. Based on this,

we introduce a supersymmetric unitary transformation to diagonalize the JC Hamiltonian, in so doing, its eigenvalues

and eigenfunctions are obtained. The transition process is also calculated.

Keywords: jaynes-cummings model, supersymmetric unitary transformation, transition probability

PACC: 0365, 1130, 3280

I. INTRODUCTION

The JC modell') of a two-level atom interact-
ing with a quantized single-model electromagnetic
field plays an important role in quantum optics.
It is perhaps the simplest solvable model that de-
scribes the essential physics of radiation-matter inter-
action. Many interesting quantum effects, like col-
lapses and revivals,l?l squeezing,!®! etc. are shown
in this model. Several generalized JC models have
been proposed* 9! since Jaynes and Cummings pre-
sented this model in 1963. These JC models have
been also studied in detail. On the other hand, we
find that in some JC models there exists a supersym-
metry. Based on this, in supersymmetric quantum
mechanics viewpoint, we have obtained the exact so-
lution for super JC model by using a supersymmetric
unitary transformation.[” In this paper, we will fur-
ther use the method to study the JC model for multi-
photon process. The result will once again show that
the method can play an important role in supersym-
metric mechanics.

In the multiphoton process, its Hamiltonian!®!

(rotating wave approximation) reads (let A=1)
H=wata+ %Jz +g[(a)ro_ +d¥oy], (1)

where a™ (a) is the creation (annihilation) operator for
the radiation field, and obey the commutation relation
[a,a™]=1, while the two-level atom is described by the
Pauli operators o4 and o, which satisfy the commu-
tation relation [0,,04] = +204, g is the coupling con-
stant and k is the photon number in each atom transi-
tion process; wy and w are respectively, the transition

frequency and the model frequency. In the following

discussion, we show how to solve the Hamiltonian (1)

by a supersymmetric unitary transformation.

I. SUPERSYMMETRIC UNITARY TRANS-
FORMATION

To construct the supersymmetric unitary trans-

formation operator we first define the supersymmetric

transformation generators as follows:
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It is easy to see that (N, N',Q,Q%) form super-
symmetric generators and have supersymmetric Lie

algebra properties, i.e.,

Q?=Q" =0 [Q*,Q]=N'o.

[N,N']=0 [N,Q]=Q

[N,Q*=-Qt {Qt,Q}=N" ;, (5
{Q,0.} ={Q*,0.} =0

(T -Q)?=-N
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where { } denotes the anticommutation bracket. With
the help of Eqs(2)—(4), Eq.(1) can be rewritten as

w—0

H =wN + Uz+g(Q+Q+)—%, (6)

where § = kw — wy is a detuning quantity.

Now, by the aid of supersymmetric transforma-
tion generators mentioned above, we construct the su-
persymmetric unitary transformation operator so that
the Hamiltonian in Eq.(6) can be diagonalized. The
supersymmitric unitary transformation operator is de-

fined as the following
0 ., 1, .
r=epl - INEQ -l @

. . _1.
in which N'~z is

! 0

N3 = a*(at) .
0 -
(a+)kak

Using the formula af(a*a) = f(aTa + 1)a,a™ f(aa™)
= f(ata)a™, one can easily verify the following com-

mutation relation

[N'"5,Ql = [N'"5,QY] =0, (8)

Therefore, from Eqs(5) and (8), Eq.(7) can be ex-
panded to the following form:

0 6 1
T = cos — — sin —

2 2 /N’

Based on quantum transformation,® 11 we take

QT - Q). (9)

the following supersymmetric unitary transformation
H' =T 'HT.

From Eqs(5),(8) and (9), we obtain the following re-

sult

0
TINT =N + %sine (QT + Q) + sin? 0%

1
VN
T QT + Q)T =cos(QT + Q)
EEe

1
/N

+ sinf

T Y6, T = cosfo, —sinf

QT +Q).

Therefore, we have

w 0 sinf
H' =T HT =wN -3 [5%+9C059](Q++Q)

[QF, Q]

1 w 6 0 0 1
+ W(E—icos ) + gsin oD

If we let

1 2
h_ 2

th =73 (10)

(Note that Eq.(10) should be understood in the sense
of eigenvalue and eigenvalue equation for the operator
N'), we can obtain the diagonalized Hamiltonian as

follows

5
H =T 'HT =wN - 2 + (¥ _ . (11
v 2+<2 2c0s0 ) (11)

The corresponding eigenstates of H' read

1
- tgh=-= t
When \/Zn FpRTy g 5 we ge
)
cosf = — Y h (13)
[492 T + 52]

Thus the eigenvalues and eigenstates in Eq.(1) are,

respectively, given by

_ k L/ 2
En—[w(n+§):}:§ wi + 62,

where w; = 2g[(n + k)!/n!]# is Rabi frequency.

(14)

0 0
| W1 n) =T W{m) = cos —|n, 1) 4 sin 5|n +k,—1),
0
| W2n) =T|¥;,) = cos §|n + k,—1) —sin §|n, 1)
(15)

It should be pointed out that state |¥s,) = |n,—1)
(n < k — 1), which is not included in Eqs(15), is an-
other eigenstate of H.
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. THE ATOM-FIELD WAVE FUNCTION

Now, we can use the eigenstates of H,|¥;,),
|P5,,) and |¥;,), to calculate the atom-field wave
function | ¥(¢)).

Assuming that the system at ¢ = 0 is in |¥(2)),

which is an arbitrary initial state, we write down the

solution of the Schrédinger equation
|w(t)) = e (0)). (16)

Using the completeness condition of the whole space

(o]

Z(| Wl,n>< Wl,n| + ‘ W2,n>< WZ,nD
k—1
+Z|W3,n><w3,n| =1, (17)
n=0
and
k

H| W 5) = [(n+ J)w + Anp]| P1,n)
H| W) = [(n+ 2)w = Al P2n) 05 (18)
H|¥s) = [(n = 5w+ 50 B,

1
where A\, 1, = 5\/(4)% + 62, we have

o0

) ) 0 .
| W(t)) = Z expz[(n+§k)w]t{ [an cos Eeszn,kt

n=0

0
— B sin 56“‘"'“] |n, 1)

6 . 6 .
+ {an sin 56_1)‘"’” + 3, cos 56”‘"*“] |n + &, —1)}

k—1
+ 3 nexp A= Det 3l ) (19)
n=0
where
o = (V1| ¥(0))
Yn = (¥3,,| ¥(0))

When |#(0)) = |z,—1) (i.e. the field mode and the

atom are initially in a coherent state |z) and a ground

Vol. 9
state | — 1), respectively), the wave function is
|@(1)) = exp(—2/2) )
n=0
Zn+k

Wexp{ —i(n+ %k)wt} X

{ —ig[(n+ k)!/n!]
)‘n,k

sin(An, xt)|n, 1)

—id
+ [cos( A, kt) — 2; .

k=1,
+ep(-|:F/2) 3 ﬁp{ ~iltn

_ %k)w + %5}t}|n, —1). (21)

sin(A, xt)]|n + E, 1>}

Similarly, if ¥(0)) = |n,1) (i.e. the field mode
and the atom are initially in a Fock state |n) and an

exited state |1), respectively), then

1w(t) = Y expl—i(n + %k)wt]{ [cos(An,kt)
n=0

W
Do sm(/\mkt)}

sl + k)!/nl]?
An,k

+ I, 1)

n+k,—1>}. (22)

Obviously, it is easy to calculate the probability
at which the system can be in state |n,1) or state

|n + k,—1),

o 4g%(n+k)!/nlcos? Ay, it + 62

(m 1 2] e e
[(n+ &, —1[ ()" =1 — |(n, 1] &(2))*
:g2(n + k)!/n!sin® (A, xt) . (24)

2
/\n,k

In summary, we have obtained the exact solution
for the multiphoton JC model by supersymmetric uni-
tary transformation. As we have discussed above, we
can see the universality and advantages of the method.
It is worth pointing out that this method can also
be applied to the study of parasupersymmetric quan-

(12]

tum mechanics"“ and orthosupersymmetric quantum

mechanic.[13]
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