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In the anomalous group velocity dispersion regime, under the influence of optical Kerr nonlinearity, the monomode

optical fiber supports stable propagation of an initial soliton pulse. In this paper, we present a singular perturbation

approach for the study of various perturbations acting on this initial soliton pulse, In contrast with the previous

perturbation theory for this subject, this approach gets rid of dependence on any tool of the sophisticated inverse

scattering transform.
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I. INTRODUCTION

Solitons in nonlinear monomode optical fibers
have attracted considerable attention in the past
decades not only for their potential application in re-
peaterless communication over transoceanic distances,
but also for their value of fundamental research.[!=2
The propagation of an initial pulse in the optical fiber
with anomalous group velocity dispersion (GVD) un-
der the influence of the optical Kerr effect is one of
the leading subjects in this area; it is governed by the

following equation
1
iUy + ikius — §k2Utt + o|ul*u = 0, (1)

where u(z,t) is the complex field envelope, x is the
propagation distance, t is the time, k; and ko are
GVD parameters, and o is the nonlinearity coefficient
For the sake

of mathematical convenience, Eq.(1) is usually stud-

responsible for self-phase modulation.

ied by transforming it into a frame moving with the
group velocity vy = ki ! (the so-called retarded time
frame), namely, to replace the time by retarded time
T =t—a/vy =t— kyz. Under this transformation,
Eq.(1) reduced tol’l

1
Uy — §k2uTT + olul*u = 0. (2)

In the case of anomalous GVD, i.e., k2 < 0, one usu-

ally normalizes Eq.(2)as

1
Z"LLEI + EUTTI + \u|2u =0. (3)

This form appears in the study of soliton in opti-

cal fiber, and is referred to as nonlinear Schrédinger

equation customarily. From the sense of mathemat-
ics, Eq.(3) is equivalent to the standard nonlinear
Schrodinger equation, analogously, it can support sta-

ble propagation of a single soliton in the form

usol(ml’ T’) = QUGXP[_QlfT,
—2i(¢2 — nH)a']sech2n(T" + 2¢x"). (4)

Actually, the propagation equation (1) must in-
clude some more effects in the optical fiber, such as
transmission loss in fibers, higher-order dispersion, de-
layed nonlinear response, etc., to describe the propa-
gation of a pulse in an optical fiber. If we just take
into account the presence of the self-steepening ef-
fect in Eq.(1), we are able to derive an exact solu-
tion of solitary wave for the so-called modified non-
linear schrédinger equation.!*—®! Except for this case,
other effects are extensively studied in the framework

s.6-91 Examining the existing

of perturbation theorie
theories for this study, we find that they are based
either directly on the sophisticated inverse scattering
transform, or indirectly on some knowledge of the in-
verse scattering transform. Another feature of these
perturbation theories is that they are performed in
the so-called retarded time frame, for the purpose of a
direct application of established perturbation theories
to the standard nonlinear Schédinger equation, but it
really brings some confusion in physical understand-
ing. Because of such drawbacks mentioned here, it is
helpful to develop a new simple theory. This is the

main purpose of the present paper.

*Project supported by the National Natural Science Foundation of China (Grant No. 59871044 and 19704100).
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II. THEORY

Now, in the anomalous GVD regime, we start
with the normalized propagation equation (1) under

the influence of perturbation

1
’L.’U,m + iut + §utt + |U‘2U = ZER[U] (5)

in the absence of perturbations. Equation(5) possesses
a single soliton solution in the form of Eq.(4) with

slightly different parameters, we write it as
u(®) = 2nexp(—i6)sechz. (6)

From the point of view of the classical perturba-
tion theroy, under the action of perturbation, the pa-
rameters of soliton will undergo a variation pertain-
ing to slow scales, and a linear dispersive wave will
Based
on these concepts, we introduce a slow space variable
z; = ez, and assume that z = 2n(t + e~ Ty +T1),0 =
(én~'z — e~y — 6,), they depend on z; through
&,m,To,T1,00,01. It is obvious that z has the sense of

space variable in the reference frame co-moving with

be generated as a correction to the soliton.

optical solition. In  — z reference frame, we seek for
the solution of Eq.(5) in the form

u(z, z1,2) = [2ng(2) + ev(z, z)]exp[—if(z1, 2)], (7)

where g(z)=sech(z). Inserting Eq.(7) into Eq.(5), set-
ting coefficients of ¢” and e! to zero, we obtain the
zeroth-order equation and the first-order equation for
v(z,z). The zeroth-order equation requires that the
parameters Ty, 0y and &,7n satisfy the following rela-
tions

TOJ:1 = (25 - 1)7 (8)

Oos, = 2(67 +777). (9)

By virtue of relations (8) and (9), the somewhat

tedious first-order equation is simplified to

vy + 2n%v,, + 8n2sech2zv
+ 4n?sech’®zv* — 2n%v
= iRe — 20,101 (2) + 40> Tz, 02(2)
— 285, 02(2) + 20(012, — 26T, )91(2), (10)

where v* denotes the complex conjugate of v, and we

have defined ¢1(z) = scehz, p2(z) = zsechz, ¢1(z) =

sechz(1 — ztanhz),ps(2z) = sechztanhz. Separating
the real and imaginary parts of Eq.(10) by setting
v = vy + vy yields

V1g + 202 Lyvy = Fi (2)
= Re(Re”) — 214, 1(2) + 47°Tio, 2(2), (11)

Vo — 212 Lovy = Fy(2)
= Im(Rew) — (610, — 2612, )P1(2)
+ 2, 02(2), (12)

where we have defined two self-adjoint operators L=
0,, + (QSeChZZ —1) and Lo=20., + (GSeChZZ —1).
Befroe we set to solving the real simultaneous
equations (11) and (12), we must handle their homo-
geneous counterpart, which yields the following gen-

eralized eigenvalue problem

Lig = Mg, (13)
Lag = Ae. (14)

The above eigenvalue problem is not Hermitian; us-
ing the operator L to act on both sides of Eq.(13)
will lead to f}2f)1¢ = A2¢, and the same action of
Ly on Eq.(14) yields LiLsp = A2¢p. Since L; and
f)g are all self-adjoint, IAqlAlz and ﬁzﬁl are a pair of
adjoint operators, thus, ¢ and ¢ are adjoint eigen-
states of each other. The eigenstates of operator Loly
consist of a continuous spectrum ¢(z, k) and two de-
generate discrete states ¢1(z) and ¢o(z) which are
defined as above. It is the same for the operator
L1 Lo, its eigenstates consist of ©(z,k) and ¢1(z) and
©2(z). Returning to the original eigenvalue problem
Eqgs.(13) and (14), we find that ¢2(z) and ¢4(z) do
not include in eigenstates, but they are necessary for
the closure of these states, and there exist relations
f/1¢2(z) = —2<p2(z),1i2<p1(z) = 2¢1(2). Analytic ex-
pressions of continuous spectrum ¢(z, k) and ¢(z,k)

are
1 .
k) = ————(1 — 2iktanhz — k?)e®*?,
(2, k) NI 1)( tktanhz )e
for A= —(k* +1); (15)

o(z, k) = (1 — 2sech®z

1
V2r(k? +1)
— 2iktanhz — k?)e**,
for A= —(k*+1). (16)

We have strictly proved that ¢ = {¢(z, k), #1(z),
$2(2)} and @ = {p(2,k), 01(2), 92(2)} constitute
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complete set of orthogonal adjoint base, which guar-

antees the following expansions.

+oo
vy (z, 2) :/ 01(z, k)p(z, k)dk

— 00

+ D11 (2)p1(2) + D12(z)p2(2),  (17)

+oo
va(z, 2) :/ o (z, k)P (z, k)dk

— 00

+ 021(2)P1(2) + V22(w)¢2(2).  (18)

Inserting expansions (17) and (18) into Egs.(11)
and (12), and after some analysis, we find that the dis-
crete states are directly related to the secular terms.
In order to eliminate these terms, the source Fi(z)
must be orthogonal to the discrete states ¢(z) and
¢2(z), and Fy(z) orthogonal to ¢1(z) and pa(2) as
well. These conditions will lead to four equations gov-

erning the parameters’ slow variation

1 [ ;
Nwy = 5/ Re(Re™)sechzdz, (19)
T, = 1/OOR(R“’) hedz,  (20)
=g | e(Re")zsechzdz,
L[ i
o, = -5 Im(Re")tanhzsechzdz, (21)

1 [ ;
015, = 26T, + o / Im(Re™)sechz(1— ztanhz)dz.
n
(22)

—00

Under the above conditions, the discrete states
have no contribution to the first-order correction,

thus, the firstorder correction turns out to be truly

dispersive wave

Au = v(z, z)e

_ o [T f2(k) o 27,2

=e 9/700 m{l — at(k)exp[i2n? (k? + 1)z]
—a~ (k)exp[—i2n? (k* + 1)z]}p(z, k)dk

—ie~ 1 /_Oo %{1 — BT (k)exp[i2n®(k* + 1)z]
— B~ (k)exp[—i2n*(k* 4 1)z]}é(2, k)dk, (23)

where

fi(k) = /°° Im(Reie)go*(z,k)dz, (24)

— 00

fa(k) = / - Re(Re'?)¢* (2, k)dz, (25)

and ot (k),a"(k), 8% (k), 37 (k) are to be determined
by appropriate solution-fixing conditions of the spe-

cific problem.
. CONCLUSION

In this paper, we have studied the propagation of
soliton in the monomode optical fiber. The dynamic
equation we considered is nonlinear Schrédinger equa-
tion in laboratory reference frame, but not in “re-
tarded time” frame. Relations of parameters’ slow
variation of optical soliton and the dispersive wave
radiating from it have been derived by a different ap-
proach from the existing theory,!® in which the com-
plicated construction of expansion space relies one the
tools of inverse scattering transform (IST). As the ap-
proach presented here totally gets rid of any depen-
dence on the sophisticated IST, we would rather in-
troduce it as an alternative way for the study of this

subject.

REFERENCES
[1] Yu. S. Kivshar and B. A. Malomed, Rev. Mod. Phys., 61
(1989),763.
[2] H. A. Haus and W. S. Wong, Rev. Mod. Phys., 68(1996),
423.

[3] G. P. Agrawal, Nonlinear Fiber Optics, San Diego, Aca-
demic Press, INC.(1989)

[4] D. Anderson and M. Lisak, Phys. Rev., A27(1983),1393.

[5] Z. Y. Chen and N. N. Huang, Phys. Rev., A41(1990),
4066.

[6] D. J. Kaup, Phys. Rev., A42(1990),5689.

[7] D. J. Kaup, Phys. Rev., A44(1991),4582.

[8] S. Burtsev and D. J. Kaup, J. Opt. Soc. Am., B14(1997),
627.

[9] J. N. Elgin, Phys. Rev., A47(1993),4331.



