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After a Lagrangian system is constrained by nonholonomic constraints, the determining equations , the structure

equation and the form of conserved quantities corresponding to the Lie symmetries will change. Some symmetries vanish

and under certain conditions some Lie symmetries still remain.
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I. INTRODUCTION

Studies on symmetry and conserved quantities
not only have mathematical significance, but also are
more important in the physical field. Noether sym-
metry and Lie symmetry are two of those impor-
tant symmetries. There have been significant pro-
gresses about the research on Noether symmetry.!t?]
Monographs®—2! about Lie symmetry from the math-
ematical point of view have also come forth. Since
Lutzky and others introduced Lie’s invariance theory
of the differential equations under the infinitesimal
transformations into the studies on mechanical sys-
tems in 1970’s, researches on Lie symmetries of me-

[678] HOW'

chanical system have made great progress.
ever, after nonholonomic constraints are imposed on
a Lagrangian system, how Lie symmetries and con-
served quantities of the system change is still not clear.
So in this paper, we will study the effects of nonholo-
nomic constraints on Lie symmetries and conserved

quantities of Lagrangian systems.

II. EQUATIONS OF MOTION OF THE SYS-
TEM

The equations of motion of a Lagrangian system

can be expressed in the form

d 0L 0L
il — -0 =1.--. 1
N CE SRR N6

where L = L(t,q,q) is the Lagrangian of the sys-

tem, g5 are generalized coordinates. Suppose that it
is subjected to the g ideal nonholonomic constraints

of Chetaev’s type

fﬁ(tvqaq)zov (/8:11"'79)7 (2)

then the equations of motion can be expressed in
Routh form

d oL 9L _, 9fs

el _ — —1..--.n). 3
dtdq, ~0q, ~ o, G=hom ()

Suppose that the system is not singular, i.e.
%L >
A= det ~ ~ # 0, 4
<3%3% ( )
then we can obtain all generalized accelerations from

Egs. (1)
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where A is the algebraic complement of the (I, s) el-
ement of A, [k, m; l] is the Christoffel symbol of first

kind as follows:

1 <8Akl 8Aml B aAkm> (6)

k,mil]l = =
[ ] 2\ 9gm aqs, dq

where Aps are the coefficients of quadratic forms of
velocity in the kinetic energy, B, are the coefficients
of linear forms of velocity in the kinetic energy, Ty are
the terms without ¢, in the kinetic energy. Similarly,

Eq.(2) can also be expressed explicitly
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Differentiating the constraint equations (2) with re-

spect to t and substituting Eqgs. (7) into it, we obtain

algebraic equations of multipliers )\E)]
A 0f0fp | 0Fy,
A 9 94, " dq
fy | 0fy Aa

0B, 0B, . 0B, 0Ty, O0Ars. | _ 0
dq.  0qr )T ot T oq, ot FfT 7
(/8:1’"'79)' (8)
From Eqs. (8) we can solve Ag as functions of ¢,q, ¢
Ag = )‘ﬂ(t’ q,9) (9)
then we have generalized nonholonomic constraint
forces a1
Ay =Ag =2, 10
N (10)
Equations(5) and (7) can be written simply as
ds:gS(t)qaq)) (5:1)"'7n); (11)
(js :hS(taqaq)a (5:17"'7n)' (12)

Equations. (12) are called equations of motion of the
corresponding holonomic system of nonholonomic sys-
tem (2), (3). Apparently,

Als
hs = gs Ay 13
9s + A (13)

m. INFINITESIMAL TRANSFORMATIONS
AND DETERMINING EQUATIONS

Choose the infinitesimal transformations of time

and coordinates as

t* =t+ At,

qr(t*) = qs(t) + Ags, (s=1,---,n), (14)

or their expanded forms

t* = t+ Efo(t, qvé):

q:(t*) ZQS+5§s(t7q7Q)7 (5: 17"'7”)7 (15)

where ¢ is the infinitesimal parameter and &g, &, are
the generators of infinitesimal transformations. Then
we introduce the generator vector of infinitesimal

transformations

0 0
0) — ¢ — 46, — 16
X 60 ot gs 8(] ( )

and its first extended form

+ (55 - q.séo) 0

x = x(0) )
94

(17)

According to Lie’s invariance theory of ordinary differ-
ential equations under infinitesimal transformations,
the invariances of Eqs.(11) and (12) under the in-
finitesimal transformations (15) lead up to the satis-
faction of the following determining equations respec-

tively

€5 — 450 — 26095 = XV (g,), (s=1,---,n), (18)

é:s 74350*2‘50}% :X(l)(hs)a (S: 17"'7”)' (19)
The invariance of constraint equations (2) under the
infinitesimal transformations (15) can be expressed as

following restriction equations:

XD (fa(t,q,q)) =0, (B=1,--",9). (20)

We hereinafter give the definition of Lie symme-
try.

Definition 1 If generators &g, &5 satisfy the deter-
mining equations (18), then the corresponding sym-
metries are called Lie symmetries of Lagrangian sys-
tem (1).

Definition 2 If generators &, &, satisfy the de-
termining equations (19), then the corresponding sym-
metries are called Lie symmetries of the corresponding
holonomic system of nonholonomic system (2), (3).

Definition 3 If generators &g, &, satisfy the deter-
mining equations (19) and restriction equations (20),
then the corresponding symmetries are called Lie sym-
metries of the nonholonomic system (2), (3).

From the definitions 2 and 3, we have

Proposition 1 Lie symmetries of the nonholo-
nomic system (2), (3) must be Lie symmetries of its
corresponding holonomic system (12), but the inverse
does not always hold.

When nonholonomic constraints are exerted on
the Lagrangian systems, some Lie symmetries still re-
main. We have

Proposition 2 If infinitesimal generators &, &

and generalized constraint forces A; satisfy

'As As
—2£OL(AZ=X(1><AZA1>, (s=1,--,m), (21)

then Lie symmetries of the Lagrangian system
(11) are also Lie symmetries of system (12).

Proof. Substituting Egs.(13) into the determin-
ing equations Egs.(18) and taking note the relation
(21), we obtain Eq.(19).

Proposition 3 If infinitesimal generators &g, &,

are corresponding to Lie symmetries of the Lagrangian
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system (11) and satisfy Eqgs. (20), (21), then these
symmetries are also Lie symmetries of nonholonomic
system (2), (3).

IV.STRUCTURE EQUATION AND CON-
SERVED QUANTITIES

Lie symmetries do not always generate conserved
quantities. The subsequent propositions give the con-
dition under which Lie symmetries generate conserved
quantities and the form of conserved quantities.

Proposition 4/71  For those infinitesimal gener-
ators o, &, satisfying Eqgs.(18), if there is a gauge func-
tion G = G(t,q, q) satisfying the following structure
equation

Léo+ XV(L)+ G =0, (22)

then the Lagrangian system (11) has conserved quan-

tities as follows

oL
I =L+

aa. (& — ds€o) + G = const. (23)

Proposition 58/  For those infinitesimal gener-
ators &g, & satisfying Eqgs.(19), if there is a gauge func-
tion G = G(t,q,q) satisfying the following structure

equation:
Léo+ XM(L) + A,(& — 4:&0) + G =0,  (24)

then the corresponding holonomic system (12) of the
nonholonomic system (2), (3) has conserved quantities
as Eq.(23).
Proposition 68  For those infinitesimal gener-
ators &, & satisfying both Egs.(19) and (20), if there
is a gauge function G = G(t, q, q) satisfying the struc-
ture equation Eq.(24), then the nonholonomic system
(2), (3) has the same conserved quantities as Eq.(23).
Proposition 7 If the Lagrangian system (11)
and the corresponding holonomic system (12) of non-
holonomic system (2), (3) have the same Lie symme-

tries, and the condition

AS(ES - q.sgl)) =0 (25)

is satisfied, then these two systems have the same con-
served quantities.

Proposition 8 If the lagrangian system (11)
and the nonholonomic system (2) (3) have the same
Lie symmetries and the condition (25) is satisfied, then

these two systems have the same conserved quantities.
V.ILLUSTRATIVE EXAMPLE

Suppose that a Lagrangian system is given by

1 g .
L= 5m(di + 45 + 43) — mgas, (26)

and a nonholonomic constraint is exerted on system
(26)

f=di+d—di=0. (27)
We make a study on Lie symmetries and conserved

quantities of these two systems.

The equations of motion of the Lagrangian system

are

mijl = 07
mgs = —mg,

and the equations of motion of the nonholonomic sys-

tem are

mgy = 2)qs,
mds + mg = —2Ags.

From Egs. (27) and (29), we obtain

A =22\, = — 90
2q3
. mgqs
Ay = 20gy = — 992 30
9 2 26 (30)

1
Ay = —2X\g1 = 2mg

The conditions (21) give

o (99 _ (991

2&)( 243>_X < 43>’

o (992 _ y) (_9%

zgo( 243)_)( ( q) (31)
—2¢ <—%g> =0.

The determining equations (18) give

&1 — di1éo =0,

€2 — 4oty = 0, (32)
€3 — gso — 2€0(—g) = 0.

The determining equations (19) give

& — i1éo — 260 <ﬂ> _x™ <_g> 7
243 243
Y- _@ g <_@>
2 ) =X =), (33
b~ oo — 260 (~52) gi) (g

€5 — ga€o — 250(—%9) =0.
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Equations (32) have following solutions
fo=1=8=§=0, (34)
§1=18=8=§=0, 35

=18 =6=E§=0,

=1 =L=8=0,

(35)
(36)
(37)
i=t8 =8 =8 =0, (38)
(39)
(40)

37
L=t =6 =E§=0, 39
&=t = =8 =0.

Equations (34)-(40) are corresponding to Lie symme-

40

tries of the Lagrangian system (26). Equations(34)-
(37) also satisfy conditions (31). By proposition 2,
they are also Lie symmetries of the corresponding

holonomic system of the nonholonomic system.

The restriction equations (20) give
g1 (&1 — d1€0) + d2(&2 — 4260) — d3(&s — 43&0) = 0. (41)

Equations (34)-(37) satisfy the condition (41), so they
are also corresponding to Lie symmetries of the non-
holonomic system.

The condition (25) gives

—%[41 (§1—d160) +G2(2 — G260) — 43(€3 — g3€0)] = 0.

(42)
The solution (34) satisfies the condition (42), so when
the solution (34) is chosen as generators of infinitesi-
mal transformations, by proposition 8 these two sys-

tems have the same conserved quantity

1
I=1L1L- 9. = —gm((ﬁ + 42 + ¢3) — mgqs = const.
(43)
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