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It is shown that for the ideal internal kink mode of tokamak plasma, there exists a critical magnetic shear s
0c

for

its excitation when the finite ion Larmor radius effect is considered in the mode singular layer. This can be related

to the sudden onset of the sawtooth and also to the stabilization of the sawtooth by the trapped hot ions observed

experimentally. The alpha particle effect on this mode is revisited and some new results are reported.
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I. INTRODUCTION

The tokamak internal kink mode has long been

a subject of theoretical and experimental studies. It

has been shown that the linear behavior of the ideal

internal kink,[1] the resistive internal kink[2] and the

fishbone[3,4] can be described by an unified dispersion

relation[5−7] in the small Larmor radius limit where

the singular layer physics is governed by the magne-

tohydrodynamic (MHD) equations (the fluid descrip-

tion). Using this unified dispersion relation, the saw-

tooth stabilization and the fishbone excitation can be

attributed to the action of different parts of the ener-

getic ion response. The linear stabilization of the ideal

internal kink mode or the resistive internal kink mode

which then leads to the sawtooth-free discharge with

q0 < 1, is due to the so-called zero-frequency response

while the fishbone excitation is due to the non-zero fre-

quency part of this response. So far, most of the anal-

yses are restricted to this fluid description. However,

it has already been noted that the fluid description

is not adequate for high temperature plasmas where

the ion thermal Larmor radius can be larger than the

width of the mode singular layer. In many medium

size and large size tokamak machines and in future

tokamak reactors plasma parameters drop in the ion

kinetic regime so that the finite ion Larmor radius ef-

fect should be taken into account in the layer physics.

To include it, the ion gyro-kinetic equation should be

used to describe the ion physics while for the electrons,

an adiabatic response from the drift kinetic equation

is an adequate one.[8,9]

Physically, the ion kinetic regime is characterized

by the parameter criterion

ρi > δ, (1)

where ρi is the thermal ion Larmor radius while δ is

the width of the singular layer. More adequately, as

can be seen from present analysis, the parameter char-

acterizing the finite Larmor radius effect is

ξ =

(

ωA

ω∗i

)

s0

(

ρi

r1

)

, (2)

where ωA, ω
∗i, s0 and r1 are the Alfven frequency, the

ion diamagnetic frequency, the magnetic shear, and

the radius of the q = 1 surface, respectively. All pa-

rameters are evaluated at the q = 1 surface. If ξ has

a value of the order of unity, the finite Larmor radius

effect will be very significant. The stability domain for

the fishbone mode changes much in this case.[10] In the

present paper, we indicate that the stability domain

of the ideal internal kink mode both with and without

energetic ions is quite different from that obtained by

the fluid theory. A profound feature is the presence

of some critical shear value, the mode becomes unsta-

ble only when the realistic shear surpasses this value.

This means that only when the q0 becomes lower than

a critical one, q0c, the ideal kink mode then suddenly

onsets. If during the whole heating phase, the real

q0 cannot be lower than this value, the mode remains

stable and the sawtooth is stabilized. This seems to

be closely related with some recent experimental ob-

servations that during the whole sawtooth period, the

central q value was always lower than unity (typically,

0.8–0.9).
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II. DISPERSION RELATION, STABLE DO-

MAIN, AND MODE GROWTH RATE

To make easy comparison, the dispersion relation

used in this paper will be written in the same form as

in related literatures[9,11]

F (ν)[ω(ω − ω∗i)]
1/2 = iωA(λh + λK), (3)

where

F (ν) = 4
(2ν − 1)1/2

Γ
2(5/4 + ν/2)

(2ν + 1)3/2Γ 2(3/4 + ν/2)
, (4)

ν2 =
1

4
− (ω − ω

∗i)(ω − ω
∗e)

(1 + τ)(ρi/r1)
2s2

0ω
2
A

, (5)

with τ = Te/Ti. In the following we assume a

parabolic q-profile within the q = 1 surface as

q = q0 + (1 − q0)x
2, x = r/r1. (6)

This leads to a simple relation between the magnetic

shear and the q on the magnetic axis

s0 =

(

r

q

dq

dr

)

r
1

= 2(1 − q0). (7)

On the right hand side of Eq.(3), the quantity λh

= ωAγmhd measures the energy variation of the in-

terior part, where γmhd is defined as

γmhd = ωA

3π

2

(r1

R

)2

[β̂2
p − β̂2

pc], (8)

with β̂2
pc = 13/144 for the choice of the q-profile of

Eq.(6),[1] while

β̂p = − 8π

B2
p(r1)

1
∫

0

dxx2 dp

dx
. (9)

Without loss of generality, we assume that the plasma

pressure has a parabolic profile as well within the

q = 1 surface

p(x) = p0(1 − cpx2), (10)

then we have β̂p =
cp

2
β0

(

R

r

)2

, where β0 is the

toroidal beta value of the plasma. According to the

internal kink mode theory in the fluid limit, the ideal

internal kink mode becomes unstable when

γmhd >
ω
∗i

2
, (11)

while for γmhd < 0, the resistive internal kink mode is

the main candidate for the sawtooth oscillation. We

now consider just the intermediate region that

ω
∗i

2
> γmhd > 0, (12)

and indicate that the stability depends on the mag-

netic shear value.

A. Stable domain without energetic ions

(λK = 0)

Consider the marginal stable state so that ω is

real and so are the value ν and the function F (ν).

The imaginary part of Eq.(3) gives

F (ν)[ω(ω∗i − ω)]1/2 = γmhd. (13)

For ω = ω
∗i/2, we obtain the marginal state and we

have

γmhd = F (νc)
ω
∗i

2
(14)

with

νc =
1

2

√

1 +
(2τ + 1)

(1 + τ)ξ2
, (15)

where ξ is given in Eq.(2). The result is plotted in

Fig.1. A profound feature is that within the param-

eter window given by Eq.(12), there exists a critical

Fig.1. Marginal stability curve for the ideal internal kink

mode (IIK) in the (γ
mhd

, ξ) plane for different τ -values. Be-

low the curves is the stable regime and above them is the

unstable regime. To follow a sawtooth period, a curve C is

drawn, corresponding to the evolution of relevant parame-

ters.

shear s0c and the mode becomes unstable only when

the realistic shear surpasses the critical one. Consider

the evolution of plasma parameters during heating,

we find that of all parameters relevant to the internal

kink mode, the most changeable one is the shear, other

parameters involved also vary but in relatively slower

way. A typical trajectory curve C in this figure is

then drawn to follow a sawtooth period. The electron

heating increases the electron temperature and cor-

respondingly the central current density, this leads to

the drop of q0 and the increase in s0 and ξ, the increase
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in the plasma pressure gradient raises the value γmhd,

finally, the trajectory enters into the unstable region,

and the ideal internal kink mode develops suddenly.

This is also shown in Fig.2 where the mode frequency

and the growth rate are plotted against γmhd. Figure

3 shows the growth rate versus γmhd for different ξ.

Fig.2. The mode frequency and the growth rate of IIK ver-

sus γ
mhd

for τ = 1.5, ξ = 0.5. For the selected parameters,

the mode becomes unstable when γ
mhd

/ω
∗i

> 0.4403.

Fig.3. The growth rate versus γ
mhd

for different ξ’s. From

the left to the right the ξ-values are 0.5, 0.8, 1.0, and 1.2,

respectively, ω
∗i

= 1.0; τ = 1.5.

III.ENERGETIC ION EFFECT

The zero-frequency response to the internal mode

displacement functions was analyzed for a highly

anisotropic pressure case (most of the hot ions were

assumed to be trapped) to describe the ICRF heating

produced energetic ions[12] and results in the following

expression for λK:

λK(0) =
4π3

B2
ps0

(r1

R

)

(

2

mh

)3/2
1

∫

0

dxx

·
1+ε
∫

1−ε

dΛΛIb

IcId − I2
q

Id

∞
∫

0

dEE3/2 ∂Fh

∂x
.(16)

The definitions of all relevant quantities are referred to

Refs.[12,13]. We only indicate that the dependence of

this term on the shear s0 is mainly due to the explicit

part, i.e., λK(0) ∝ 1

s0

, other part appearing implicitly

in the integral gives a weak relation with the shear. If

we write

λK(0) =
βph

s0

(r1

R

)

Λ(0), (17)

then we can approximately write

ΛK(0) = b0 + b1s0, (18)

with b0 and b1 being functions of rh/r1, the scale

length of the heating region to that of the q=1 sur-

face, and the anisotropy parameter p//h(0)/p
⊥h(0).

Accordingly, the marginal stability condition is deter-

mined by

F (νc)

(

ω∗i

2ωA

)

= λ̄ = λh + λK(0). (19)

The function λ̄ versus s0 is then similar with that of

γmhd versus ξ shown in Fig.1. Keep this in mind, the

stable regime for plasma beta value is determined by

λh = λ̄ − λK(0). (20)

For typical experimental parameters, for example,

of the JET, λh has a value of 10−2, while the value of

function ΛK(0), being a function of q0 or s0, is ussually

negative and depends on the heating deposition and

the degree of anisotropy. It is seen from Eq.(17) that

for small s0, the λK(0) term can be very large so that a

small fraction of trapped hot ions can make the mode

stable. For medium s0, say s0 = 0.5 i.e., q0 = 0.75,

for rh/r1 = 0.6 to 0.7, and highly anisotropy (cases

d, f in Fig.7 of Ref.[13]), ΛK(0) would be around 0.4–

0.5; if the hot ion’s poloidal beta arrives a value of

the order of 10−1, the stabilizing effect would be very

significant.

IV. SAWTOOTH-FREE OPERATION OF

D,T BURNING PLASMA

The fusion alpha effect on the internal kink mode

has been analyzed by many authors.[6,13,14] The alpha
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particles have an isotropic distribution so that their re-

sponse to the internal kink mode is somewhat different

from the ICRF heating produced energetic ions.[6] One

of these differences is that the adiabatic part of the re-

sponse function is negligible and the stabilization part

of this response (the zero-frequency response) can be

written as follows[6]:

λK(0) = −
√

2

2s0

(r1

R

)3/2

β̂pα, (21)

with

β̂pα = − 8π

B2
p(r1)

1
∫

0

dxx3/2Iβ(x, q0)
dpα

dx
,

Iβ(x, q0) =
3πR

8r1x

1+r
1
/R

∫

1−r
1
/R

dΛ
I2
qI0

Ic + sId
.

(22)

All symbols used here are the same as in Refs.[6,8].

In the following, only the simplest tokamak configu-

ration of concentric magnetic surfaces is considered

though an extension to the non-circular cross-section

calculation was available.[14]

Fig.4. Function IZ(q
0
) in Eq.(24) versus q

0
.

We assume the alpha particle pressure has also a

parabolic form

pα(x) = pα0(1 − bαx2), x ≤ 1. (23)

The parameter bα is relevant with alpha particle trans-

port and the radius of the q = 1 surface. In this case,

we have

β̂pα =
3π

2
bαβpα(0)Iz(q0) (24)

and the function Iz(q0) is shown in Fig.4. Further-

more, the alpha particle parameters should be deter-

mined from its transport processes that are rather in-

volved so that we carry out only the simplest analysis

here to estimate the relevant quantities. We assume

local deposition of the alphas particle and its pressure

is determined only by the thermalization process. In

this case we have

βpα(0) =
16πnT

B2

(

R

r1

)2

Cα(T ),

Cα(T ) =4.51 × 1014 < σν >DT

·{1 − T/5 + 0.37(T/5)7/4}, (25)

where the electron and ion temperatures were assumed

to be equal and measured in 10 keV. Cα(T ) will in-

crease with T abruptly and is plotted in Fig.5.

Fig.5. Function Cα(T ) versus T . This D, T fusion reac-

tion rate related quantity appears in Eq.(25) in the text.

Substitute all relevant quantities into Eq.(21), we

finally obtain

λK(0) = −3
√

2

4
πbαβth(0)

(

R

r1

)1/2

(Iz(q0)/s0), (26)

and

bα = 1 − (1 − bth)Cα(r1)

Cα(0)
, (27)

bth = 1 − p(r1)/p(0). (28)

A similar discussion as the above can be carried out

for the stabilization condition of the ideal internal kink

mode with the alpha particle effect. Firstly, we can

define the parameter region

ω
∗i

2ωA

≥ (λh + λK(0)) ≥ 0 (29)

in the (T0, s0) plane. Note that the ratio of the ion

diamagnetic drift frequency to the Alfven frequency is

also a function of the ion temperature

ωA

ω
∗i

= 40
(r1

R

) r1B
2

bth

√
ne0T

. (30)
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For given plasma density profile and device pa-

rameters (R, B, r1,) as well as the pressure profile

(bth and then bα), the solution of the dispersion re-

lation will depend on the two parameters: s0 and T .

Marginal stabilization region on the s0, T0 plane can

be determined from the solution of the followin equa-

tion:

F (νc) =
2ωA

ω
∗i

(λh + λK(0)). (31)

Fig.6. The marginal stability curve for IIK for the D, T

burning plasma with the alpha particle stabilization (the

solid curve). Also shown are the curve δ of λ̄ = 0 (dashed)

and λ̄ = ω
∗i

/2ω
A

(dotted).

Either Eq.(30) or Eq.(31) is a function of the ion tem-

perature T and the shear s0 (or the central safety fac-

tor q0). We can then derive the sawtooth free regime

in the (T0, s0) plane for the ignited D,T plasma. These

are shown in Figs.6 and 7, respectively.

Fig.7. Sawtooth-free (St-free) window for the D, T burning

tokamak plasma in the (T0, s
0
) plane with and without the

alpha particle stabilization. The solid curve is for the case

with the alpha effect and the dashed one is for the case with-

out such effect. Below the dashed curve is the regime for the

resistive internal kink mode (RIK) that we have not analyzed

in this paper. The regime above the solid curve is the ideal

internal kink mode (IIK) unstable regime. β
th

= 0.2.

V. CONCLUSION

For large and reactor tokamaks, the main unsta-

ble mode responsible for the sawtooth process should

be the ideal internal kink mode. A suitable descrip-

tion for this mode should rely on the FLR theory. The

dispersion relation is analyzed and is found that there

exists some critical shear, and only when the realistic

shear surpasses it the ideal internal kink mode be-

comes unstable. Due to the zero-frequency stabiliza-

tion of fusion alpha particle, the D,T burning plasma

can be in some sawtooth quiescent regime if the cen-

tral temperature is not too high.

———————————————————————————
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