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With the K matrix and multichannel quantum defect theory, we have studied the branching ratios of 3p
3/2

nd

(J=1,3) autoionizing series of Mg above the 3p
1/2

ion limit. The calculations are compared with the previous experi-

mental spectra, and the unmeasured branching ratios are presented. The conclusion is that 3p
3/2

nd state prepared by

the three-step excitation can form population inversion between the 3p
1/2

and 3s
1/2

ionic states.
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I. INTRODUCTION

In the last two decades, multichannel quantum

defect theory(MQDT)[1,2] has been used with remark-

able success in analyzing the experimental observ-

ables of alkaline-earth atoms, such as energy levels[3],

photoionization cross sections[4,5], branching ratios,

and angular distributions of photoelectrons.[6,7] Mean-

while, eigenchannel R-matrix calculations have been

successfully performed for Mg[8], Ca[9], Sr[10] and

Ba[11]. Affiliated with these results, MQDT has be-

come more powerful since less empirical determina-

tions are involved in R-matrix method and the theo-

retical processes are almost independent of experimen-

tal data. With the reaction K matrices obtained from

R-matrix calculations, MQDT can be used not only

to reproduce the experiment data, but also to pro-

vide reliable predictions for the further experimental

study.[12]

Spectral line profiles and electron angular distri-

butions of the Mg 3pnd states were extensively mea-

sured with detailed MQDT analyses. [8,12,13] However,

due to the experimental difficulties, no experimental

study on branching ratios of 3pnd autoionizing states

has been reported up to now. Unlike Ca, Sr, and Ba,

the first excited state of Mg+ ion is the 3p1/2 state.

There are fewer final ionic states for 3pnd autoioniz-

ing states since the lower energy d states of Mg+ are

absent. Thus one should find branching ratios of pho-

toelecrons in the energy range above the 3p1/2 thresh-

old, where the 3p3/2nd (n > 35) states may decay to

both the 3s1/2 and 3p1/2 ionic states. Although ex-

perimental data is not available, it is worthwhile to

carry out a theoretical study on this subject.

Experimentally, the autoionizing 3p3/2nd states

are produced using a three-step laser-excitation

scheme, the so-called isolated-core excitation

(ICE).[14] Namely, the final 3pnd states are excited by

resonant excitation of the inner valence electron, from

the bound 3snd Rydberg states prepared by the first

two lasers. If the three lasers are linearly polarized

in the same direction, both J=1 and J=3 states will

be formed. And the separate J=3 states may be ob-

tained only if the three lasers are circularly polarized

in the same sense. In this work, both J=1 and J=3

states will be calculated, according to the experimen-

tal excitation and laser polarization schemes.

II. THEORY

Since the theoretical procedure is well docu-

mented in the literature[6,8], we only outline the key

expressions here. The partial cross section for pho-

toionization resulting in a particular final ionic state

Mg+(Jc) is given by

σJc

=
4π2αh̄ω3

3
a0(Jc), (1)

where h̄ω3 is the photon energy of the third laser, and

α is the fine-structure constant; a0(Jc) can be calcu-

lated from

a0(Jc) =
∑

Jcs,l,l′,J,J′

(−1)Jcs [J ][J ′][l][l′]CDJcslJD∗

Jcsl′J′ ,

(2)
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where C is a multiplier of several 3j and 6j symbols

(see Ref.[8]), and DJcslj is an abbreviation of the re-

duced dipole matrix element evaluated by

DJcslj = 〈(Jcs)Jcs, l, J− ‖ D ‖ J0〉 = i−lexp(iσl,jc)

·
∑

ρ

〈(Jcs)Jcsl|ρ〉exp(iπτρ)〈ρ ‖ D ‖ J0〉, (3)

where the operator D represents r and ▽/ω in the

length and velocity forms of dipole matrix element,

respectively, and σl,Jc
=argΓ (l + 1 − i/kJc

) is the

Coulomb phase of the outgoing electron. The wave-

functions and the eigenphase shifts πτρ of the colli-

sion eigenchannels ρ, and the reduced dipole matrix

elements 〈ρ ‖ D ‖ J0〉 are derived from MQDT, which

will be described later.

For J=1 states, Eq.(3) gives[15]

a0(3s1/2) =
2

15

[

|D011|2 + |D111|2
]

, (4)

a0(3p1/2) =
2

75
|D101|2 +

√
5|D121|2, (5)

and for J=3 states we have

a0(3s1/2) =
3

35

[

|D033|2 + |D133|2
]

, (6)

a0(3p1/2) =
3
√

5

175
|D123|2. (7)

Turning now to the MQDT treatment, according

to MQDT, the ith closed dissociation channel yields

Fiα =
∑

α

Uiα sin[π(νi + µα)]Bα = 0, (8)

where νi is the effective quantum number related to

the corresponding ionization limit, νi = [R/(Ii −
E)]1/2, and Bα is the coefficient of the close-coupled

channel ϕα in the wave function ϕ. The eigenchannel

quantum defects µα of the close-coupling channels and

the transformation matrix elements Uiα are obtained

from the K-matrix,

KU = Utan(πµα), (9)

For the open dissociation channels, the νi in Eq.(10)

are replaced with −τρ, and the eigenphase shift πτρ of

the ρth collision eigen-wavefuntion ϕρ is obtained by

solving the following equation:

det|Fiα| = 0, (10)

which is required to obtain a non-trivial solution of

Bα.

The amplitudes Aiρ of the dissociation channels

in the collision eigenstate ρ are determined by

Aiρ =
∑

α

Uiα cos[π(−τρ + µα)]B(ρ)
α , (11)

and

Aiρ =
∑

α

Uiα cos[π(νi + µα)]B(ρ)
α , (12)

for the open and closed dissociation channels, respec-

tively, by which the following expressions in Eq.(3)

can be determined:

〈(Jcs)Jcs, l|ρ〉 =
∑

i

〈(Jcs)Jcs, l|Jc, (sl)j〉Aiρ, (13)

where the summation is taken over all open dissocia-

tion channels, and

〈ρ ‖ D ‖ J0〉 =
∑

k

〈k, J ‖ D ‖ J0〉Akρ, (14)

where the summation is taken over the 3p3/2nd5/2

and 3p3/2nd7/2 channels. The reduced matrix element

〈k, J ‖ D ‖ J0〉 in Eq.(14) can be expressed as

〈k, J ‖ D ‖ J0〉 = 〈3p3/2 ‖ D ‖ 3s〉〈ν′

k|ν〉, (15)

where the dipole matrix element 〈3p3/2 ‖ D ‖ 3s〉
can be evaluated through both the length and ve-

locity forms, as mentioned before. The two differ-

ent forms are equivalent but usually give different re-

sults if approximate wavefunctions are used. In this

work, however, since all matrix elements DJcslJ con-

tain 〈3p3/2 ‖ D ‖ 3s〉 as a common factor, the branch-

ing ratios do not depend on this matrix element.[8]

Therefore, it can be safely considered to be a con-

stant, and excluded from the calculation. 〈ν′

k|ν〉 is

the overlap integral defined in Ref.[16]:

〈ν′

k|ν〉 =
2(ν′

kν) sin[π(ν′

k − ν)]

ν3/2π(ν′2
k − ν2)

. (16)

The K matrices are symmetric matrices and con-

tain the most important dynamical information. Both

J=1 and J=3K matrices have been previously pub-

lished, and the K matrices we use in this work are the

same as those in Refs.[8] and [13], for J=1 and J=3

states respectively. We choose a five-channel K matrix

for J=3 states, in which the three 3png channels are

excluded for simplicity, since the g-wave resonances

are proved to be negligible.[12] The matrix elements

are given at three energies and vary smoothly with

energy. Therefore, interpolation is needed to obtain

K matrices at all the energies.
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III. RESULT AND DISSCUSSION

In this work, the J=1 and J=3 manifolds are cal-

culated individually, and the results are added up to

form the total cross sections σ, as well as the autoion-

izing branching ratios:

BRJc
=

∑

J

σJ
Jc

/

∑

J

∑

Jc

σJ
Jc

, (17)

First to verify the correctness of the theoreti-

cal model, we have calculated some spectra of 3pnd

(J=1,3) autoionizing states, which are comparable

with the existing experimental spectra. Two examples

are shown in Fig.1, for the 3p11d (J=1,3) and 3p38d

(J=3) states, respectively. Good agreement can be

seen in Fig.1 between the calculated spectra and the

experimental spectra reported in Refs.[4] and [17], in-

dicating that the K matrices used here are accurate

enough to obtain reliable predictions of branching ra-

tios of 3pnd states.

Figure 2 shows an example of our calculations

of branching ratios, which is for the 3p3/244d (J=3)

state, together with spectra of the spectral densi-

ties A2
4 and A2

5 (corresponding to the 3p3/2nd5/2 and

3p3/2nd7/2 channels, respectively), overlap integral,

and total cross section. Note that in our case all

the closed dissociation channels converge to the 3p3/2

threshold, making the overlap integral common to all

of dipole matrix elements and the partial cross section

σJc
. Therefore, unlike the cross section, the branching

ratios are independent of the overlap integral, as seen

in Fig.2. When the energy is away from the peak of

overlap integral, the amplitude of the branching ratio

does not decrease with the autoionizing spectrum. On

the other hand, the spectral densities play the crucial

roles in branching ratio so that the branching ratio has

the same periodicity as the spectral densities. Further-

more, based on many calculations for different states,

we conclude that the branching ratios only depend on

energy, not on particular n values. For instance, the

branching ratios shown in Fig.2 can be correspond-

ing to different autoionizing states in the same series.

This particular property is due to the isolated 3p3/2nd

autoionizing series.

Fig.1. Comparisons of (a) experimental (Ref.[4]) and (b) theoretical spectra of the 3p11d

(J=1,3) autoionization state, and (c) experimental (Ref.[17]) and (d) theoretical spectra of

the 3p38d (J=3) autoionizing state.
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Fig.2. Comparison among (a) spectral density

of 3p
3/2

nd
3/2

channel, (b) spectral density of

3p
3/2

nd
5/2

channel, (c) overlap integral, (d) total

cross section, and (e) branching ratio for the 3p
3/2

44d

(J=3) autoionizing state.

Figure 3 shows the total cross sections and the

branching ratios of the 3p3/239d and 3p3/248d states.

As can be seen from Fig.3, corresponding to the peaks

of different autoionizing states, the branching ratios

have almost the same amplitude and spectral width

relative to the effective quantum number. This means

that the branching ratios reflect the properties of

the 3p3/2nd autoionizing series, which is unperturbed

above the 3p1/2 threshold.

Fig.3. Total cross sections and branching ratios of

the 3p
3/2

39d state (a)–(c) and the 3p
3/2

48d state (d)–

(e).

From the branching ratios of autoionizing 3p1/2nd

(J=1,3) states shown in Fig.3, we may find that in the

vicinity of the peaks of the autoionizing spectra, the

branching ratios is much less than 0.1. This indicates

that most of the atoms excited will finally decay to

3p1/2 ionic states, and thus form population inversion

between the 3s+1/2 and 3p+
1/2 states. Therefore, it is

possible to generate lasing based on the excitation of

Mg 3pnd states. Namely, the Mg atoms are excited

from 3s2 ground states to 3p1/2nd (J=1,3) autoion-

izing states by three-step excitation, from which they

decay to the 3s+ and 3p+ metastable states, and form

population inversion. In principle, a four-energy-level

laser may be made based on this physical mechanism.

———————————————————————————
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