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By applying the time-independent unitary transformation, the time-dependent Landau system is transformed into

a product of a time-independent Landau system’s Hamiltonian and a factor only depending on time, which can be

solved exactly. Both the invariant operator and the eigenstate are obtained. In the periodical time-dependent case, the

non-adiabatic Berry’s phase is also presented.
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I. INTRODUCTION

In recent years the quantum mechanical motion
of a charged particle in a uniform magnetic field, i.e.,
the Landau system has attracted much attention of
researchers, and many interesting properties of this
system were revealed.[! 3] As we know, if the charged
particle is trapped in a static magnetic field which does
not vary with space and time, the system is analyt-
ically solvable.l An interesting problem is that the
magnetic field acting on the charged particle varies
with time. It will be seen this system is also exactly
solvable and the non-abiabatic Berry’s phase can be

got if the change of magnetic field is periodic in time.

II. GENERAL METHOD FOR SOLVING
TIME-DEPENDENT QUANTUM SYS-
TEM

The general method of solving time-dependent
system is given in Ref[5].  Consider the time-

dependent Schrédinger equation (A=1)

d
i) = H®)v(), (1)

and introduce the following unitary transfor-
mation!®!

[%(t))" = U (B)|w(1)).- (2)

It is obvious that if the Hamiltonian goes through

the following transformation

U Y H)U(t) — iU (t)

the Schrodinger equation will maintain its original

form, i.e.,

d r_ / /
i [P =H@)[v(@), (4)

unitary transformation, Landau system, non-adiabatic Berry’s phase

Our aim is to choose several appropriate unitary
transformations to make the time-dependent Hamil-
tonian become the general Hill-Floquet-Bloch (HFB)
form, i.e. the TD Hamiltonian H’ is transformed into
the form

H(t) = n(t)H,, (5)

where H/ is a time-independent Hamiltonian, but 7(t)
is a time-dependent function. In this case the solution
for 1)’ takes the following form

(1)’ = exp[—iH / 9dsll),  (6)

where |¢) can be expressed by the eigenstates of

H0|¢TL>

> a,|én), in which a,, are some

the time-independent Hamiltonian H., i.e.
constants. Combining Eq.(2) and Eq.(6), the solution
for the Shrédinger equation(1) is

(1)) = U() a,exp[—iE, / s)ds]|gn). (7)

With the help of Eq.(3), we find that I(¢)
= U(t)H,U 1(t) is the invariant of the system, i.e.
I(t) satisfies the equation 9 = % +i[H,I] =0. It is
easy to prove that the eigenfunction of I(t) is

A (t)) = U(0)|9n), (8)

and its eigenvalues are the same as those of H,. In
order to give non-adiabatic Berry’s phase, the Hamil-
tonian should be periodical, i.e. H(t+T) = H(t). If
the transformation U(t) has the same period as the
Hamiltonian H(t) and the initial state of the system

is chosen as the eigenstate of H!, it can be seen from
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Eq.(7) that the state should return to itself after a
period T up to a Hill’s phase o, (T),

an(T) = En/o n(s)ds. (9)

The dynamic phase is the time integral of the
instantaneous expectation value of the Hamiltonian
§n = [ (Wn(t)|H(t)[4(t))dt. Following Ref.[5] the
non-adiabatic Berry’s phase is acquired by using

Eqs.(3), (7) and (9),

r oU
B =0~ = i [ (@U Gl (10)

which shows that the non-adiabatic Berry’s phase is
independent of the eigenvalue of the Hamiltonian H,,
but depends on its eigenstate and corresponding uni-

tary transformation U.

m. TIME-DEPENDENT LANDAU SYSTEM
AND ITS SOLUTION

Consider a charged particle moving in a magnetic
field B along the z-axis. For the present purpose, we
can neglect the free motion of the particle in the z
direction. Thus, if the vector potential of magnetic
field varies with time, working in the symmetric gauge,

At) = @(—y,az,O), the Hamiltonian of this two-

dimensional (2D) system can be written as!”]
H = Hspace(t) + Hspin(t)7 (11)
Honeal) = bt St 4 %21, (12)

space = om me r 9
Hspin(t) = 72/'LBB(t)SZ’ (13)

B(t)

c
frequency. The momentum and position of the parti-

where w?(t) = w?/4 and w, = is the cyclotron’s
cle are given by the 2D vectors p and », respectively;
l, is the z component of the angular momentum.
Hgpin is the Zeeman energy, and the eigenstates
of Hgpin(t) are just the spinors of the charged parti-
cle. Due to [Hgpin(t), H(t)]=0, for simplicity, we also
neglect the influence of Hypiy(t) and select the mass
of the particle to be a unit hereafter. In order to get
the spacial state, the following consecutive transfor-

mations are introduced, which make the spacial state

[%(¢)) become [¢1(2)), [¢2(t)) and [¢3(t)) respectively.
() = Ur[¢h1(2)) = exp[-IA@)L][41(2)),  (14)

[$1(t)) = Ua|tha(t)) = expliC(t)r™?]|2(t)),
(15)

and

12(t)) = Us|vs(2))

=exp[iD(t)(r-p+p-7)][¢s(t). (16)
where A(t),C(t) and D(t) are real functions of time.
These functions are chosen in such a way that the
Hamiltonian Hpace(t), after these transformations,
becomes the HFB’s form according to the method in
section (II). In addition, it is important to note that
the transforms in Egs.(15) and (16) also comprise the
squeezing transforms due to the change of the mag-
netic field, as pointed out by the authors of Refs.[8]

and [9].
It’s easy to be shown that under these transfor-
mations the coordinate and momentum operators will

change in the following way:

Ufla:Ul = zcos + iy sin;

UflyUl = ycosA — ix sin);

UflpwUl = pyCosA + ipysin;

Uflprl = PyCOSA — ipgsin;

U, 'r2U, = »%; U 'p?U, = p?% (17)
U 'rUy = 7% U 'pUy =p+2C(H)r;  (18)
Uy 'rUs = r2exp[—2D(t)];

U 'pUs = p exp[2D(t)]. (19)

Using Egs.(3) and (17), we get the Hamiltonian:

_ L, 0U
Hiy(t) = Uy ' Hypaeo () Uy — iU; 1—at1
P2 1, 5w, dA(?)
= — 4+ —W3(¢ —< _ (20

Obviously, if A(t) is chosen to satisfy

w, dA(t) _
(7 - 7) =0, (21)

the term of I, disappears in Eq.(20). That is, the
magnetic field is removed by taking an appropriate
rotating frame. Note that the rotational angular func-
tion A(t) has been determined by Eq.(21). During the
process of getting Eq.(20), the Hamiltonian H;(t) be-
comes Hy(t), H3(t) respectively after using Us and Us
transformations whose generators are the monopole

compression and dilatation operators:

U

Hy(t) = Uy Hy (1)U — iUy o
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_ +[ (t) F2C2()]F + Ct)(r-p+p-7), (22) The exact solution of.tlile Hamiltonian Hgpace(t)
ot can now be found by combining the above results. We
and finally obtain
1 1 8U3
Hg(t) = U3 HQ( )Ug — 1U3 Bt
|p(2)) = U(t)|s(t))
P? do(t
—explaD ()] 5 + exp(-a0(0)[“ 1 202(1)
dD(t , |
+[C(t) + dzE )](r pt+p-r), (23) = Z anexp[—lEn/ —p2(7') drU(t)|én)
n to

In order to get Hs(t) in a HFB’s form, C(t), D(t)

are chosen to satisfy

C(t) + dgit) =0, (24)
O acrw) = Temlsp),  (29)

where (2 is a constant. Setting p(t)=exp[—2D(t)],

Eq.(25) can be rewritten as:

w2(t) = Q—

P

d2p

FErs

1
= 26
: (26)
After these choices, H3 is shown in the HFB’s

form
1 P* 1

p%(t) [7 + 5‘927"2]

1
27
p2(t) 1)
where Hy is the Hamiltonian of the Landau system

in 2D space and —_— is determined by the auxiliary

equation (26). Thus, the time-dependent Hamiltonian
Hipace(t) with a term —w, (t){, can be transformed into
a product of a time-independent Landau system and
a time-dependent factor.
According to Eq.(6), the
Shrédinger equation of H3(t) is given by

solution of the

[s(8)) = exp[~iHy / %dﬂ%(to))- (25)

To get an explicit solution, let us assume the ini-
tial state as: |¢3(to)) = Y, @,|Pn), Where |py,) is the
eigenstate of the time-independent Landau system’s
Hamiltonian Hy. We have

[3(t)) = aexp 1E/ dr]|é.).  (29)

=D an| Ta(t)), (30)

where U(t) = U UyU;s and | ¥, (t)) = exp[—iE, ftto

1
: dr|U(t)|¢).
SdrU0l6)
We can see from Eq.(30) that if the eigenstates

and eigenvalues of Hj are known, then the solutions of

the time-dependent Hamiltonian Hgpace(t) can be ob-
tained. As an example, we consider the ground state
and its eigenvalue of the Landau system, which are

given asl”!

|po) = exp[—er2/2]r‘m|,

Eo = (m+ |m| + Dy, (31)

where wy, is the Lamor frequency. If |¢g) is chosen as
the initial state |¢3(t0)), the evolution of the state can
be written, by using Eq.(7), as

(1) = exp[—i/t gL el
expl-iglnp(t)(r - p+p 7]

t
1
-exp|—1F / —drlexp|-wrr?/2]r™.
PloiBy | arsdrlelwsr 2

(32)

It can be easily proved that the invariant operator
of the Hamiltonian Hgpgee(t) is

1) = UOHU (8) = 5-(op = pr)* + 55 B
(33)

and | ¥, (t)) is the eigenstate of I(t) with eigen
value F,,(£20 = wr.).
In order to give non-adiabatic Berry’s phase, a

periodical Hamiltonian Hpace(t + 1) = Hypace(t) is
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considered. According to Eq.(10) the non-adiabatic
Berry’s phase of the system is

81 = = [ @) fote @9

Equation (34) shows that due to the time-
dependent magnetic field acting on the Landau sys-

tem, non-adiabatic Berry’s phase will appear.
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