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FERRIMAGNETIC PHASES OF THE BLUME-EMERY-GRIFFITHS MODEL

AND THE POTTS MODEL ON THE DIAMOND LATTICE
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The phase transitions in the Blume-Emery-Griffiths (BEG) model and antiferromagnetic Potts model on the

diamond lattice are investigated using the cluster-variation method in the pair approximation. The ferrimagnetic

phases are found to be different from those on the simple-cubic lattice. The phase diagrams of the BEG model are also

calculated. In the vicinity of the parameter line where the BEG model reduces to the three-state antiferromagnetic

Potts model, new types of phase diagram are obtained. The results are different from those of the mean-field theory,

which is a good approximation only for large coordination number of the lattice.
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I. INTRODUCTION

The Blume-Emery-Griffiths(BEG) model[1] is a

spin-1 model with bilinear and biquadratic nearest-

neighbor pair interactions and a site potential. The

model with vanishing biquadratic interaction is called

the Blume-Capel model.[2] The spin-1 BEG model

was originally introduced to describe phase separation

and superfluid ordering in 3He–4He mixture.[1] It has

been applied to various systems, such as multicompo-

nent fluids and multicomponent liquid crystal,[3] solid-

liquid-gas system,[3] microemulsions,[4] semiconductor

alloys,[5,6] and electronic conduction models.[7]

The Hamiltonian of the BEG model has the form

H = J
∑

{i,j}

sisj − K
∑

{i,j}

s2
i s

2
j + ∆

∑

i

s2
i , (1)

where si = 0,±1 and {i, j} indicates a sum

over the nearest-neighbors. The BEG model ex-

hibits a wide variety of transitions of first and sec-

ond order. A very rich phase diagram was ob-

tained for the bipartite lattice by means of mean

field approximation (MFA),[1,8−10] renormalization-

group (RG) techniques,[11−13] and Monte-Carlo (M-

C) calculation.[14−17] The cluster-variation method

(CVM) has also been used to reveal the rich structures

in phase diagrams of the BEG model on a simple cu-

bic lattice.[18] The MFA[10] found that there is a ferri-

magnetic phase located between the ferromagnetic(F)

and antiquadrupolar(A) phases in the phase diagram

for K/J < −1. The M-C calculations[17] also exhib-

ited the appearance of the ferrimagnetic phase in the

BEG model on the simple-cubic (sc) lattice. Recently

various approaches[18−23] have been used to investi-

gate the region of the ferrimagnetic phase. In particu-

lar, the phase diagram of BEG model for K/J = −3,

which is related to the three-state antiferromagnetic

Potts model, is studied. Akheyan and Ananikian[23]

investigated the BEG model on the Bethe lattice with

the coordination number z = 4 and found that the

type of the ferrimagnetic phase is different from that

obtained by the MFA and also that of the sc lat-

tice. For the ternary semiconductor alloys such as

(AIIIBV)1−xCIV
2x,[5,6] if the three components of a dis-

crete spin-1 variable are associated with each type of

atoms: s = 1 + (AIII), 0(CIV), and −1(BV), the phase

transition of the system can be modeled by the BEG

model on the diamond lattice with coordination z = 4.

In this paper, we will investigate ferrimagnetic

phases of the BEG model and the related Potts model

on the diamond lattice. We calculate the phase di-

agrams of the BEG model for the diamond lattice,

which has the lowest coordination number among

three-dimensional lattices. We will show that the re-

sults on the diamond lattice show significant differ-

ences between the MFA and the CVM results on the

sc lattice.

II. THE METHOD

The Hamiltonian of the three-component BEG

spin model (Eq.(1)) is equivalent to the alloy Hamil-

tonian of a ternary system[1,2]

H =
∑

{ij}

∑

ss′

Ess′cs
i c

s′

j − N
∑

s

µsxs, (2)

through mapping of the spin si = {+1,−1, 0} onto

the three species A, B, and C of the ternary system.

The variable cs
i = 1 if the site i is occupied by an
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s(= A, B, C) atom and is zero otherwise. The nota-

tion {ij} means summation over the pairs of nearest-

neighbor lattice sites. Ess′ represents the nearest-

neighbor interaction energy. N is the number of the

lattice sites, µs is the chemical potential and xs is the

concentration of the s species. In the following, we will

use subscript 1,2,3 to represent the A, B, C species of

the ternary system, respectively.

The energy parameters of the BEG Hamiltonian

are related to the atomic nearest-neighbor interac-

tion energies in the alloy Hamiltonian by the following

equations:[2]

4J =E11 + E22 − 2E12, (3)

4K = − E11 − E22 − 2E12 − 4E33

+ 4(E13 + E23), (4)

∆ =µ3 −
1

2
(µ1 + µ2) − zE33

+
z

2
(E13 + E23), (5)

where z is the coordination number of the lattice.

Since there are no terms of
∑

sis
2
j and

∑

s2
i sj in the

BEG model, Eq.(1), with the up-down symmetry, we

will use the symmetric alloy energy parameters be-

tween the species A and B. In the following, we limit

ourselves to the J > 0 case. The J < 0 case can

be mapped on the J > 0 case by redefining the spin

direction for one sublattice.

The BEG model for K/J = −3 and ∆/J = 2z

with J < 0 corresponds to the three-state antiferro-

magnetic Potts model with the Hamiltonian

H = −2J
∑

ij

δσ
i
σ

j
, (6)

where σi = 1, 2, 3 numbers the Potts states, and δσ
i
σ

j

is the Kronecker delta function.

The phase diagrams are calculated by the cluster-

variation method[24,25] in the pair approximation,

which is also often called the Bethe-Peierls approx-

imation. In the pair approximation for the alloy

Hamiltonian, the oriented-pair probability of the two-

sublattice that an s atom on an α sublattice site is

bonded to an s′ atom on a β sublattice site is rep-

resented by Pss′ and the probability that an s atom

occupies an α sublattice site is represented by Pα
s .

In the oriented-pair probability notation, the

equilibrium state of the system is derived by mini-

mizing the grand-canonical potential G defined as

G = E − TS −
3

∑

i=1

µiNi, (7)

where µi is the chemical potential of the three species

of atoms in the ternary system. T is the absolute

temperature. E is the energy of the system given by

E = zN
∑

i,j

EijPij , (8)

where N is the number of sites in the sublattice. S is

the configurational entropy given by

S = NkB

[

−z
∑

i,j

Pij lnPij +(z−1)
∑

i,α

Pα
i lnPα

i

]

, (9)

where kB is the Boltzmann’s constant.

The symmetry of phase in the system is deter-

mined by the site probability Pα
s . We can also de-

scribe the two-sublattice phase by the magnetization

and quadrupolar moments of the sublattices α and β

in the BEG model.

mα =< si >α, mβ =< si >β,

qα =< s2
i >α, qβ =< s2

i >β .
(10)

The values of these parameters define the following

phases with different symmetry: 1) The disordered

phase (D): mα = mβ , qα = qβ . 2) The ferromag-

netic phase (F): ma = mb 6= 0, qα = qβ . 3) The an-

tiquadrupolar phase (A): mα = mβ = 0, qα 6= qβ . 4)

The ferrimagnetic phase (I): mα 6= mβ 6= 0, qα 6= qβ .

III. PHASE DIAGRAMS

The phase diagrams of the BEG model are calcu-

lated in the pair approximation. For the determina-

tion of the phase diagram of the system, we minimize

the grand potential G in which the chemical poten-

tials ∆ and temperature T are the input variables. As

we change the chemical potential and temperature T ,

we can determine the phase boundaries by searching

for those special values of the chemical potentials ∆ at

which two phases coexist. First-order phase transition

lines are determined by comparing the free energies

of the different phases, and the second-order phase

transition is determined from the vanishing of order

parameters.
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Fig.1. Phase diagram of the BEG model on the di-

amond lattice at K/J = −3. Disordered (D), ferro-

magnetic (F), and antiquadrupolar (A) phases are in-

dicated. The enlarged part of the phase diagram along

the line ∆/J = −8 is shown in Fig.2.

Fig.2. The ferrimagnetic phase regions in the phase

diagram of the BEG model on the diamond lattice at

K/J = −3. The dashed and solid lines indicate first

and second-order phase transitions, respectively. Dis-

ordered (D), ferromagnetic (F), antiquadrupolar (A)

and ferrimagnetic (Ia and Ic) phases are indicated.

Figure 1 shows the phase diagram of the BEG model

on the diamond lattice for K/J = −3. Since our

CVM results give a much more narrow region of ex-

istence for the low-temperature ferrimagnetic phase

(−7.978 < ∆/J < −8.002), which is difficult to be

distinguished on the scale of Fig.1, we show the en-

larged part of the ferrimagnetic phase region close to

the line ∆/J = −8 in Fig.2. There are following differ-

ences between our results and those obtained by the

MFA.[10] The type of the low-temperature ferrimag-

netic phase is different from that of the MFA. The

low-temperature ferrimagnetic phase for the diamond

lattice is the ordered phase Ia which is caused by the

instability of the antiquadrupolar phase against spon-

taneous magnetization, while the low-temperature fer-

rimagnetic phase from the MFA is the ordered phase

Ib which is a result of instability of the ferromag-

netic phase against the two-sublattice ordering. The

low-temperature ferrimagnetic phase in Fig.2 is on

the right side of the line ∆ = −8, while the low-

temperature ferrimagnetic phase from the MFA is on

the left side of the line ∆ = −8. So ∆ = −8 is a

line of first-order transition. And the phase transi-

tion between the low-temperature ferrimagnetic phase

and the ferromagnetic phase for the diamond lattice

is of first order, and the phase transition between the

ferrimagnetic phase and the antiquadrupolar phase is

of second order. The MFA results predict a second-

order transition between the ferromagnetic phase and

the ferrimagnetic phase and first-order transition be-

tween the ferrimagnetic phase and the antiquadrupo-

lar phase. Our result on the ferrimagnetic phase Ia

is similar to that of Akheyan and Ananikian.[23] The

result is also different from that on the sc lattice.[18]

For the sc lattice, the low-temperature ferrimagnetic

phase is the phase Ib which is the same as that of the

MFA and is on the left side of the first-order transition

line ∆ = −8. Reference [22] also found that the free

energy of the ordered phase Ia is smaller than that

of the ordered phase Ib on the diamond lattice. The

results of Akheyan and Ananikian did not predict an

intermediate ordered phase. We find an intermediate-

temperature phase Ic which is different from the inter-

mediate ordered phase in the sc lattice.[18] The inter-

mediate ordered phase in the sc lattice has a sym-

metry similar to the low-temperature ferrimagnetic

phase Ia in the diamond lattice. The intermediate-

temperature ferrimagnetic phase Ic is on the left side

of the first-order transition line ∆/J = −8 and the

transition from the ferromagnetic phase to the ferri-

magnetic phase Ic is of second order. The other parts

of the phase diagram of the BEG model on the dia-

mond lattice for K/J = −3 in Fig.1 are similar to the

MFA results. There occurs the reentrance near ∆ = 0

which has only a slight quantitative difference from

the MFA results. Our CVM results give a more nar-

row region of reentrance. We have also calculated the

corresponding phase diagram in temperature versus

density < s2
i >, as shown in Fig.3, from which we can

see that there is a coexistence region of the ferromag-

netic phase and the ferrimagnetic phase Ia. At the

intermediate temperature, the phase transition from

the ferrimagnetic phase Ic to the ferromagnetic phase

is of second order, and there is a coexistence region of

the ferrimagnetic phase Ic and the ferrimagnetic phase

Ia.
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Fig.3. Phase diagram in temperature and density cor-

responding to Fig.1. Disordered (D), ferromagnetic (F),

antiquadrupolar (A) and ferrimagnetic (Ia and Ic) phases

are indicated. C denotes the coexistence regions of the

phases on each side.

We have also analyzed the phase transitions of the

three-state antiferromagnetic Potts model, which is re-

lated to the appearance of the ferrimagnetic phases Ia

and Ic. In the phase diagram of the BEG model for

K/J = −3, the line ∆/J = −2z corresponds to the

three-state antiferromagnetic Potts model. Thus, the

ordered phases of the antiferromagnetic Potts model

for the diamond lattice correspond to the coexistent

phases along the line ∆/J = −8. On the line ∆/J =

−8, there are two phase transitions with the variation

of the temperature. As a result, we found two or-

dered phases for the three-state antferrimagnetic Potts

model. At temperatures below T/J = 1.305 the or-

dered phase is the phase O1, in which one compo-

nent has equal distribution in both sublattices and

the other two components have an antiferromagnetic

ordering. This is different from the low-temperature

ordered phase O2 which is found to occur in the sc

(z = 6) lattice by the CVM and the MC method.

In the ordered phase O2, two of the components have

the same distribution and the ordering occurs between

these two components and the third component. The

phase O2 is the so-called broken-sublattice-symmetry

(BSS) phase. In the MFA, in which the short range

order is neglected and the entropy term is propor-

tional to the coordination number of the lattice, the

low-temperature ordered phase is the phase O2 for all

types of the lattice. From our calculation, it can be

seen that with the decrease of the coordination num-

ber of the lattice z, the low-temperature ordered phase

will change from the phase O2 for the sc lattice with

z = 6 to the phase O1 for the diamond lattice with

z = 4.

We also found an intermediate ordered phase O3

on the diamond lattice which is different from both

the ordered phases O1 and O2. The ordered phase O3

at 1.305 < T/J < 1.438 is 12 times degenerate, which

is due to the sixfold permutational symmetry of the

Potts states and the twofold symmetry of the sublat-

tices. The transition from the disordered phase to the

ordered phase O3 is at the temperature T/J = 1.438.

In the low-temperature region, the ordered phase O1

with the sixfold degeneracy is related to the coexis-

tence of the fourfold degenerate ferrimagnetic phase

Ia and the twofold degenerate ferromagnetic phases

of the BEG model. At higher temepratures, the or-

dered phase O3 corresponds to the coexistence of the

ferrimagnetic phase Ia and the ferrimagnetic phase Ic.

The BEG model is a model with three components,

but there is only one site potential ∆ (or one chem-

ical potential) in Eq.(1). If we consider another site

potential, the ordered phase O3 with 12 times degen-

eracy actually correponds to the coexistence of three

fourfold degenerate ferrimagnetic phases in the Gibbs

composition triangle.

IV. CONCLUSIONS

In summary, we have investigated the phase tran-

sitions of the spin-1 BEG model on the diamond lat-

tice. We determined the low-temperature ordered

phases and calculated the phase diagrams with pa-

rameter K/J = −3. The ferrimagnetic phases for the

diamond lattice are found to be different from those

for the sc lattice. The topologies of the phase diagram

is different from the MFA result and that for the sc

lattice. The low-temperature ferrimagnetic phase for

the diamond lattice is on the right side of the first-

order transition line ∆/J = 2z and the intermediate-

temperature ferrimagnetic phase is on the left side.

The corresponding phase transitions of the three-state

antiferromagnetic Potts model is also analyzed. There

are two ordered phases for the three-state antifer-

romagnetic Potts model. The low-temperature or-

dered phase is the sixfold degenerate ordered phase

O1, which is related to the coexistence of the four-

fold degenerate ferrimagnetic phase Ia and the twofold

degenerate ferromagnetic phases of the BEG model.

The intermediate-temperature ordered phase is the or-

dered phase O3 with 12 times degeneracy, correspond-

ing to the coexistence of the ferrimagnetic phases of

the BEG model.
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