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The homotopy continuation method is used to solve the electrostatic boundary-value problems of strongly nonlinear

composite media, which obey a current-field relation of J = o E + x|FE|>E. With the mode expansion, the approximate

analytical solutions of electric potential in host and inclusion regions are obtained by solving a set of nonlinear ordinary

different equations, which are derived from the original equations with homotopy method. As an example in dimension

two, we apply the method to deal with a nonlinear cylindrical inclusion embedded in a host. Comparing the approximate

analytical solution of the potential obtained by homotopy method with that of numerical method, we can obverse that

the homotopy method is valid for solving boundary-value problems of weakly and strongly nonlinear media.

PACC: 7220H; 7320

I. INTRODUCTION

The study of nonlinear composite media has re-
ceived much attention recently because of its potential
applications in engineering and physics.[!=5 In par-
ticular, the electrostatic potentials of nonlinear com-
posite systems consisting of two or more mateials are
estimated by means of different methods,6=1% which
are suitable for different nonlinear composite problems
over the past few years. For example, the weakly non-
linear composites, in which the linear part is domi-
nant in the constitutive relation, can be coped with
the perturbation method.'*) The strongly nonlinear
composites, which obey a local current-field relation
of the form J = x|E|?E, can be treated by the param-
eter variational method.['? In this work, we study the
electrostatic potential of nonlinear composite media in
which the inclusion and host regions are subject to the
current-field relation of the form J = oE + x|E|*E.
As we know, the boundary-value problem of strongly
nonlinear (i.e., (x|E|?/o) > 1) composite media is ex-
tremely difficult to solve. As the nonlinearity appears
as the leading form of the behavior rather than as a
small correction to a predominant liner response, the
conventional perturbation method fails. However, Gu
and Yul'¥ have introduced the homotopy continua-
tion method, which has been proposed to deal with

s,[14-16] ¢4

various problems in physics and mechanic
handle electrostatic boundary-value problems of non-
linear media for two cases: one is nonlinear inclusion
in linear host, the other is linear inclusion in nonlin-

ear host. In the first case, the local potential has been

obtained exactly by the perturbation method. The
aim of our paper is to obtain the approximate analyt-
ical electrostatic potential of strongly nonlinear and
weakly nonlinear composite media by means of homo-
topy method.

Following Ref.[13], for convenience of discussion,
we assume that in some regions of the nonlinear com-
posite media at zero frequency, the current density J
is related to the local electric field F by a nonlinear
equation

J=0FE + x|E]’E, (1)
where o and x are the first and third conductivity
as the
coefficients in host and o;, x, as those in inclusion. For

coeflicients of the medium. We denote o,,, X,,

electrostatic problem, the current density J and field
FE satisty
V-J=0, (2)
VxE=0. (3)

Therefore, from Eq.(3), there exists an electric
potential ¢ such that

E=-Vo. (4)

The boundary conditions for the continuity of po-
tential and current density are applied on the surfaces
of inclusion

on 0%, (5)
on 891, (6)

(pm _ (Pi
n-J%=n-J
where the superscripts m and i denote the quantities

in the host and inclusion region, respectively; 02; de-
notes the surface of the inclusion.

*Project supported by the National Natural Science Foundation of China (Grant No. 19834070).



No. 6

Electrostatic Potential of Strongly Nonlinear Composites:Homotopy ... 465

From the above nonlinear equations, the analyt-
ical solution of the electrostatic potential in strongly
nonlinear region is difficult to obtain because of the
boundary-value problem of strongly nonlinear media.
In this paper, we introduce a mode function expansion
to overcome the difficulty of matching the boundary-
value, i.e., the nonlinear partial differential equations
(PDESs) are transformed into a set of ordinary differen-
tial equations (ODEs). With the homotopy method,
in the strongly and weakly nonlinear composite me-
dia, the approximate analytical solutions of the elec-
trostatic potential are derived from the ODE, and the
validity of the formalism is tested by comparing the
results obtained by homotopy method with that of
the numerical method for various values of parameter
\IE2/o.

I. THE MODE FUNCTION EXPANSION

In Ref.[13], the mode expansion method was used
to deal with nonlinear electrostatic problems. The
idea of the mode method is to obtain a set of ODEs
by constructing a complete and orthogonal set of basis
functions according to the given boundary conditions
and substituting them into original PDEs. In order
to perform the mode expansion, without loss of gen-
erality, let us consider a boundary-value problem in
tow-dimension of a cylindrical inclusion of radius ry
suspended in a host medium with the application of
an external uniform field Ey. Based on the basis func-
tions (in this case, the basis functions are the trigono-
metric functions), the electric potentials in the host

region and the inclusion region are expanded as

©*(r,0) =pf(r) cosf + @5 (r)cos30 + ...,

a=im, (7)

where r and 6 are the radial and the angular variables,
respectively; ¢%(r) is called the mode function.

To solve the governing equations (1)—(4), we sub-
stitute the mode expansion Eq.(7) into Eqs.(1)—(4) as
well as into the boundary conditions (5) and (6), and
give a set of differential equations containing odd pow-
ers of the trigonometric functions of angular variable
0. Due to the symmetry of the problem, all pow-
ers of the trigonometric functions can be expressed
by cos[(2n — 1)0],n = 1,2,....
paring the coefficients of trigonometric functions, the

Therefore, by com-

governing equations and the boundary conditions are
transformed into a set of nonlinear ODEs,

Ré(r)=0  in £, (8)
h(r) =0 in 2, (9)
Xin (1) = Xomgn (") |r=1, (10)
En(r) = o (r)]r=1, (11)

where r = r; = 1; h% and g% are functions of ¢%(r)
and their derivatives. Equations (8) and (9) are called
mode functional equations. For the convenience of dis-
cussion, truncating the equations by a finite number
of terms, we get an approximate analytical solution
of the original problem. For instance, we keep the
lowest approximation, i.e., the first mode. The result-
ing equations in the inclusion and host regions are as
follows:

UocFl [‘P(ll] + XOCF3 [(p?] =0 a= Z.a m in 'roa (12)
@1 (r) = o (r)|r=1, (13)
o J1 [ph] 4 Xids [01] = o1 (07 4 Xm 3 [01] |r=1, (14)

where Fy[p1] = —(4r2p; — drdpy, — drtpy,,) /4rt,

F3lo1] = (=3¢} — 1oty + 120103, +3r30}, + 2oy, + 9ol 0y,,) [4rt,

Jile1] = @1, and Jz[p1] = (1/47%)pie1r + 304, /4.

mm. HOMOTOPY METHOD AND TESTE-
MENT BY NUMERICAL SOLUTION

To solve the boundary-value problem with homo-

topy method, we introduce two homotopy functions,
@, (r,p) and &;(r,p), to the mode functional equa-
tions (12)—(14), and obtain the homotopy equations in
the inclusion and host regions as follows, respectively:
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o, F1[@i(r,p)] + x; F3[®i(r, p)] =

and
T 1 [P (7, D)) + X, B3[P (7, 0)] =

where the initial guess potential, ¢f, is arbitrarily
chosen. The parameter p varies from zero to unity.
Matching the boundary conditions on the surface of
inclusion, the continuity of potential and flow are, re-

spectively:
b;(r,p) — B (r,p) = (1 =p)[£h(r) — 05" (r)]lr=1 (17)
and
O 1 [P (7, P)] + X3, I3[ P (7, D))
=0, J1[Pi(r,p)] — x;J3[@i(r, p)]

18
= (L=p{onhly 1

—0;Jilpg(r)] =

6" ()] + XonJ3[5" ()]
XiJ3[p6 ()] }Hr=1-

It is obvious from the homotopy equations and
boundary conditions that the homotopy functions
change from the initial function ¢§ to the &, (r,1)
as the parameter p varies from zero to unity. We can
see that the solution of the original equations are re-
covered from the homotopy equations when p=1, that
is, ®4(r,0) is equal to ¢, while &(r,1) gives the so-
lution of the nonlinear problem. Thus if we find all
derivatives of @, (r,p) at p=0, the solution of the ho-
motopy equations (15)—(18) can be expressed by the
Taylor’s expansion with respect to parameter p in the
inclusion and host regions

@?(T,p) = (I)a(Ta O) + Zpk @g{k] (Ta O)/k'a

k=1
where the superscript [k] denotes the k-th derivative
with respect to parameter p. Clearly, let p=1 the solu-
tion of the original equations (12)—(14) can be written
as
a=1i,m, (19)

A0 = 640 + Y #r 00
k=1

where ¢ (r) = @,(r,0).

In order to obtain the analytical solution of the
original problem, we shall determine the ol (r,0)
from the homotopy equations (15)—(18). To simplify
the calculations, let us choose the applied field as the
initial solution, and let the homotopy function at p=0

(1 =p)o; 11 [906] + XiF3[906]] for

(1 =plloy Pl + X Fs[eg']] - for

r<l1

r>1,

and its derivatives with respect to r be denoted respec-
tively by the subscripts 0 and r. Taking the derivative
of Eq.(16) with respect to p, the first-order derivative
of the homotopy function at p=0 in the host region
obeys the ODE as follows:

( 2 gl

Omrr

+rofl —ally=o,

Omr

where the solution is given by QS([J(:L = ¢;/r. Simi-
larly, using Eq.(15) in inclusion region, the first-order

ol

o1

derivative of the homotopy function at p=0,
given by sﬁ([)i] = dyr. Consider the continuity potentlal
= O|7‘:17

obtained from Eq.(17), we can determine ¢; = dj.

on the surface of the inclusion, @éi] - @éﬂl

Applying the first-order of the homotopy function to

Eq.(18), i.e., the continuity of flow, we get the con-
stant c;
= dl :[(UI - Um)EO + (Xz - Xm)ES]/[Uz + Om

By similar process, the second-order derivatives
of the homotopy equations in the host and inclusion
regions can be derived from Egs.(15) and (16), respec-

tively.
ol + oo, - of,
=—16r73x,,c Eo/[0,, + 5X:mEa /2] (20)
and
“Hlos 5B /2) (B, + @ — 27) = 0. (21)

Consider the continuity boundary conditions of
the potential and flow on the surface of the inclusion,
solving Eqgs.(20) and (21), the second-order derivatives
of the homotopy functions in the host and inclusion
regions are, respectively,

=A/r—ar /8 (22)

and
o2 = Br, (23)

where a = 16x,,,Eoct/(0,, + 5XmEd/2),
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A =[3a0,,/8 + ao,/8 + x,,(TaE3/8 — 4Eqc?) + x;(3aE3 /8 4+ 6Eocl)/[o; + a,, + (2X,, + 3x;) E3],

B=A-a/8.

Higher-order derivatives of the homotopy function can
be obtained in the same way, aided by computer alge-
bra. In this paper, we only determine the derivatives
of homotopy function up to the second-order for the
first mode. Thus, the lower approximate solutions of
potential are derived by the homotopy method,

@' (r,0) = — A1 Egrcos 6 (24)
|

land
O (r,0) = Eo(—r + Byr~t — Cir™3)cosf,  (25)
where
Ay =1—dy+dy/16 — d, /2,
By =d, +dy/2,
Ol - d3/16,

dy = [Ui — 0yt (Xi - Xm)Eg]/[Ui + 0, + (22X, + 3X1)E§]7

dy = 16x,, E5d3/(0,, + 5xmEG/2),

dy = [3d30m/8 +ds0,/8 + XmE§(7d3/8 - 4d%) + XiEg(?)dg/S + Gd%)]/[oi + 0+ 2x + 3Xi)E§]'

To test the homotopy method, the validity of the
formlism is examined by comparing the approximate
solutions with the numerical solutions in the weakly
and strongly nonlinear regions. The mode functions
Eqgs.(12)—(14) are caluclated for various values of pa-
rameter x|Ep|?/o(> 1 or < 1) by means of four-order
Rung-Kutta algorithm. In Fig.1, the mode function
1 (r) derived from homotopy equation are compared
with the numerical solution calculated from Eqs.(12)—
(14). For convenience of comparsion between the ho-
motopy method and numerical method, we plot the re-
sults of the quantity G = ¢, (r)/Max(|¢;(r)|) in Fig.1.
As clearly seen from Fig.1, the homotopy method gives
an excellent agreement with the numerical method for
various values of parameter x|Ey|?/o. The compari-
son shows that the homotopy method is valid for solv-
ing the weakly and strongly nonlinear composite me-
dia.

IvV. DISCUSSIONS AND CONCLUSIONS

In this work, applying the mode expansion to
the nonlinear electrostatic potential, the homotopy
method is used to solve mainly the electrostatic
boundary-value problems of the strongly nonlinear
meia. To avoid the mathematical complexity, we have
studied the case of cylindrical inclusion embedded in
host region. In order to test the validity of the ho-
motopy method, we have compared the solutions de-
rived by homotopy method with numer solutions, and

have obtained a good agreement. Therefore, based
on the approximate analytical solutions of the poten-
tial obtained by homotopy method, we conclude that
the method can be used to study various nonlinear
composite media. In particular, for strongly nonlin-
ear composite media (J = x|E|?E), we can also derive
the approximate formula of electrostatic potential by
assuming o, = 7,,=0 in Eqs.(24) and (25). In the dis-
cussion we should remark that although the homotopy
method is used to solve cylindrical inclusion in two-
dimension, the method can be generalized to three-
dimensional problem by dealing with the more com-
plicated Legendre functions. In next work, we shall
disucss the effective conductivity of strongly nonlin-
ear composite media.

0.0 4
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Fig.1. For cylindrical inclusion with radius unity, the re-
sults of the quantity G = ¢, (r)/Max(|p, ()|) obtained by
homotopy method (—) and numerical method (8 are com-
pared for various values of parameter x,|Eo|?/o;. From
top to bottom, the parameter x;|Eo|?/0,=0.2 (X; > Xum)
315(x; > Xm ),0-04(x; < Xim),25(x; < Xm)-
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