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A fast evolutionary programming (FEP) is proposed to train multi-layer perceptrons (MLP) for noisy chaotic

time series modeling and predictions. This FEP, which uses a Cauchy mutation operator that results in a significantly

faster convergence to the optimal solution, can help MLP to escape from local minima. A comparison against back-

propagation-trained networks was performed. Numerical experimental results show that the FEP can help MLP better

capturing dynamics from noisy chaotic time series than the back-propagation algorithm and produce a more consistently

modeling and prediction.
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I. INTRODUCTION

Recently nonlinear dynamic modeling and predic-

tion of noisy chaotic time series have become a very

active field[1−10] since we may model the background

noise and synthesize very complex time waveforms

such as sea clutter.[5] Multi-layer perceptron (MLP)

with time-delay inputs was successfully used to pre-

dict a chaotic time series.[2,3] Therefore, in princi-

ple, MLP can be used to implement the reconstruc-

tion space prediction necessary for dynamic modeling

of noisy chaotic time series because of their ability

to recognize both spatial and temporal patterns and

to learn the underlying dynamics from the time se-

ries directly.[11] However, the MLP trained by conven-

tional back-propagation algorithm performed incon-

sistently for reconstructing strange attractor.[3] Back-

propagation algorithms are derived from the method

of steepest descent, making them susceptible to be-

coming trapped at local optima. Albano et al.
[3] sug-

gested doing several runs of the back-propagation al-

gorithm with different initial weights to alleviate this

trouble (even then one cannot be assured that a re-

constructed attractor was achievable).

Evolutionary programming (EP) has received

much attention in the past few years because of

its powerful optimization and structure determin-

ing capabilities.[12] Advantages include ease of im-

plementation, insensitivity to the type of criterion

function, and inherent parallelizability. The EP has

been applied to varioius signal processing problems,

such as a finite precision filter design,[13] time series

modeling.[14−16] These results demonstrate the poten-

tial of the EP approach for training MLP’s.

In the modeling and prediction of noisy chaotic

time series, the MLP is used to reconstruct the at-

tractor of a dynamical system where only a small set

of noisy samples from that system is available. The

significant contribution of this work is that fast evolu-

tionary programming (FEP) is first used for training

MLP. Our results indicate that a FEP-trained MLP

will consistently outperform those trained via back-

propagation in this type of application.

II.FAST EVOLUTIONARY PROGRAMMING

Fogel et al.
[12] proposed a population-based ran-

dom search strategy termed evolutionary program-

ming, where instead of keeping the single best point

each generation, a population of search points is main-

tained. During each generation (iteration of the EP

algorithm) a population of individuals (potential solu-

tions) are evolved to produce new solutions. Only the

highest-fit solutions survive to become parents for the

next generation. FEP, which uses a Cauchy mutation

operator,[16] has been empirically shown to perform

better than EP using the Gaussian mutations for sev-

eral multi-modal functions with many local minima.

Furthermore it is comparable to EP in performance

for unimodal and multimodal functions with only a

few local minima. FEP is implemented as follows:

1) Initialization: Generate the initial population

of µ randomly selected individuals, and set the genera-

tion number, n to 1. Each individual is taken as a pair

of real-valued vectors, (xi, ηi), ∀i ∈ {1, · · · , µ}, where

{xi} is the vector elements and {ηi} the corresponding
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variances. Typically the set of x′

i is selected randomly

following a uniform distribution over the search space.

2) Evaluate the error score for each individual,

(xi, ηi), ∀i ∈ {1, · · · , µ}, in terms of the objective func-

tion f [xi(k)].

3) Mutation: Each parent (xi, ηi), ∀i ∈ {1, · · · , µ},
create a single offspring x′

i, η
′

i by

x′

i(j) = xi(j) + ηi(j)C(0, 1), (1)

η′

i(j) = ηi(j) exp[τ ′N(0, 1) + τNj(0, 1)], (2)

for j = 1, · · · , n, where xi(j), ηi(j) and x′

i(j), η
′

i(j) de-

note the jth components of the vectors xi, x
′

i, ηi, η
′

i,

respectively, C(0, 1) produces a random variable with

a Cauchy distribution centered at the origin and with

the scale parameter equal to 1, N(0, 1) a normally

distributed one-dimensional random variable number

with mean zero and standard deviation one, Nj(0, 1)

indicates that the random number is generated anew

for each value of j, the factor τ and τ ′ are set to

(
√

2
√

n)−1 and (
√

2n)−1, respectively.

4) Fitness: Calculate the error of each offspring

(x′

i, η
′

i), ∀i ∈ {1, · · · , µ}.
5) Conduct pair-wise comparison over the union

of parents (xi, ηi) and (x′

i, η
′

i), ∀i ∈ {1, · · · , µ}. For

each individual, q opponents are chosen randomly

from all the parents and offsprings with equal proba-

bility. For each comparison, if the individual’s error is

no greater than the opponents, it receives a “win”.

6) Selection: Select the µ individuals out of

(xi, ηi) and (x′

i, η
′

i), ∀i ∈ {1, · · · , µ}, that have the

most wins to be parents of next generation.

7) Stop if the halting criterion is satisfied, oth-

erwise, increment to generation number, that is k =

k + 1, and go to step 3.

III. MULTI-LAYER PERCEPTRONS AND

NOISY CHAOTIC TIME SERIES MOD-

ELING

Suppose a scalar time series {x(t), t = 1, 2, · · · , N}
is a measurement on the chaotic dynamical system in

the state space. If the embedding dimension m and

the time delay τ have been chosen for the phase re-

construction, a reconstructed vector can be written as

follows:

x(t) = (x(t), x(t + τ), · · · , x(t + (m − 1)τ)). (3)

By Taken’s embedding theorem or its extensions,

there exists a function F such that

x(t + T ) = F (x(t)) t = 1, 2, · · · , N, (4)

where integer T is the look-ahead time. Let the recon-

structed attractor be denoted by S, then F : S → S.

Thus it is necessary to fit F only in the domain S

by using prediction model. A model for time series

is obtained by finding a functional form F̂ for the

training set pairs, (x(t), d(t)), t = 1, · · · , N , where

d(t) = x(t + T ) is the output of the model, and x(t)

is the input of the model. F̂ relates x(t) to d(t):

x(t + T ) = F̂ (x(t)) + ε(t), (5)

where ε(t) represents the noise or fitting error.

In this case, a good predictive model for a time

series should have good training and predictive ac-

curacy in the presence of noise or fitting error, and

should only require a reasonable amount of computing

time and data. As is well-known, artificial neural net-

works have gained a lot of interest as empirical mod-

els for their powerful representational capacity, fault

tolerance ability and multi-input-and-output mapping

characteristics.[11] More recently, back-propagating

MLP networks[3] have been used to predict chaotic

time series presumably noise-free data as input. Fig-

ure 1 shows the architecture of a MLP, with M input

units, H units in single hidden layer, and one output

unit. A time series {x(k), k = 1, · · · , N} is used as

a trained set, M successive values of the time series,

x(k−M), x(k−M +1), · · · , x(k− 1), are used to pre-

dict x(k +T ), where integer T is the look-ahead time,

the output of the MLP at the time k + T is then

Fig.1. Multi-layer perceptrons.

x(t + T ) =

L
∑

j=1

w2
j hj + θ2, (6)

hj = f

( M
∑

i=1

w1
ij x(t − i) + θ1

j

)

, (7)

f(x) = (1 − e−x)/(1 + e−x), (8)

the synaptic weights wi and wij are estimated from a

training sample {x(k), k = 1, · · · , N}, θ1
j and θ2 are the

thresholds of the hidden neurons and the output node,
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respectively. Proper settings for the synaptic weights

allow the MLP to “average” out the noise and cap-

ture any underlying dynamics in a time series.[14] The

MLP is trained using a time series of N samples. The

objective is to select the synaptic weights such that

the mean-square error (denoted by ε2) should be be-

low some given threshold. The quantity ε2 is defined

as

ε2 =

N−T
∑

k=2

[x(k + T ) − x̂(k + T )]2, (9)

where the current input to the MLP is x(k−M), x(k−
M + 1), · · · , x(k − 1). In the above equation x̂(k + T )

is the prediction of the sample x(k + T ).

With respect to our current problem, each indi-

vidual in the population is an MLP and the associ-

ated synaptic weight matrix W completely describes

its “genetic makeup”, an MLP (genotype) receives an

input time series (environment) which yields a partic-

ular ε2 (evaluated phenotype). The mutation opera-

tor used for reproduction is quite simple. Recall that

wij ∈ W is the weight that the ith node attaches to

the jth input. Individuals in the population are com-

posed of both object parameters (wij ’s and wk’s) and

strategy parameters (σij ’s and σk’s). Each weight is

perturbed by

w′

ij = wij + σijCij(0, 1), (10)

σ′

ij = σij exp[τ ′N(0, 1) + τNj(0, 1)]. (11)

The notation Cij(0, 1) denotes that a new random

variable is generated for each w′

ij . Perturbing all of

the weights in a row modifies how all the inputs to

a specific node are processed. Conversely, perturbing

all of the weights in a column modifies how all the

nodes process a specific input. In a similar manner,

the weights for output neuron are perturbed by

w′

k = wk + σkCk(0, 1), (12)

σ′

k = σk exp[τ ′N(0, 1) + τNk(0, 1)], (13)

where wk ∈ w and Ck(0, 1) denotes a new random

variable is generated for each wk.

IV. EXPERIMENTAL RESULTS

To illustrate the effectiveness of using FEP for

training MLP to reconstruct attractor, the Hénon

map, one of the more widely analyzed 2-dimensional

maps, was chosen as an example of chaotic time series,

which is defined as
————————————————————————————

|
{

x(n + 1) = α − x2(n) + y(n);

y(n + 1) = βx(n), x(n) ∈ [−2, 2], α = 1.4, β = 0.3.
(14)

|————————————————————————————

Training data for the MLP was obtained by iterat-

ing the Hénon map 5000 times, the first 1000 itera-

tions were discarded to remove any possible transients.

Each sample was then perturbed by additive noise as

follows:

xr(n) = x(n) + 0.3r(n), (15)

where x(n) is the Hénon map output and r(n) ∼
N(0, 1) is a Gaussian-distributed random variable

which is sufficient to produce a signal-to- noise ratio

(SNR) of about 10db. To show clearly the predictive

results of the MLP trained by the FEP for making

1 step future predictions of noisy chaotic series, only

one is plotted for each 4 points compared with free-

noise values. It was empirically determined that this

value of mean-squared error was sufficient to recon-

struct the attractor from a noisy data set. While a

low ε2 is the necessary condition, it is not sufficient to

guarantee that the chaotic attractor can be reliably

reconstructed. A randomly selected data set of 256

successive noisy samples was extracted, although only

the first 128 samples were actually used for training.

Specifically, the first 128 samples of the noisy data

were used to find synaptic weights which yield a low

ε2. So the FEP was run until a candidate MLP with

ε2 < 6.0 in Eq.(9). The other 128 samples were used

to select the best MLP out of the final population by

the prediction error as

ε2
p =

256
∑

n=129

[xr(n) − x̂(n)]2, (16)

where xr(n) is noisy data and x(n) the predicted out-

put of MLP. To reconstruct chaotic attractor, the

first predicted output x̂(128) was computed using

xr(128), xr(127) as inputs while the second predicted

output x̂(129) computed using x̂(128) and xr(128) as

inputs. Subsequent predicted values were obtained

using two successive predicted values which were fed

back to the input of the MLP. This recursive process
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Fig.2. (a) The reconstructed Hénon map chaotic attractor; (b) the noisy Hénon attractor; (c) predicted results

of the noisy Hénon chaotic time series (RMS=0.0057,o: predicted values, ×: noise-free true values); (d) the

reconstructed Hénon chaotic attractor.

is repeated until 3000 predicted sequence was ob-

tained. The MLP chosen to reconstruct the attrac-

tor was the one which minimized the prediction error.

In this work, the populatin size was 15. Numerical

results are given as follows:

Experiment 1. Modeling and prediction of the

same noisy chaotic time series of the Hénon map using

the MLP trained by the fast evolutionary program-

ming with different initial weights.

Over 50 independent FEP training sessions were

conducted with all sessions using the same input data.

All of these FEP-trained MLP reconstructed attrac-

tors are smilar to that depicted in Fig.2(d). The re-

constructed attractor correlation dimension is D2 =

1.2683.

Experiment 2. Modeling and prediction of the

same noisy chaotic time series of the Hénon map using

the MLP trained by the back-propagation algorithm

with different initial weights.

From the experimental results listed above, we

can see clearly that the predicted values for the case

of one step agree well with the noise-free true values.

A visual comparison of Figs.2(a) and (b) with a 3000-

point reconstructed attractor in Fig.2(d) shows that

most of the relevant features of the Hénon map at-

tractor were captured. This compares favorably with a

previously estimated dimension of 1.25 for the (noise-

free) Hénon map attractor. Experimental results in

Fig.3 show successfully BP-trained one step MLP pre-

dictors normally fail in dynamical modeling of noisy

chaotic time series. Even if doing several runs of the

back-propagation algorithm with different weights and

biases, one cannot be assured that a reasonable re-

construction was achieved, it might reconstruct only

short segments, or get trapped in a periodic motion

on a small set of points. This may be due to the

fact that back-propagation algorithm is derived from

the method of steepest descent which makes MLPs

susceptible to becoming trapped at local optima. In

contrast, over 50 independent FEP training sessions

were conducted with all sessions using the same input

data. All of these FEP-trained MLP’s reconstructed

attractors similar to that depicted in Fig.2(d). This

implies that FEP training may be a better approach

for producing a more consistently performing MLP.
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Fig.3. (a) The predicted results of the noisy Hénon chaotic time series (RMS=0.0573, o: predicted values;

×: noise-free true values); (b) the Hénon attractor reconstructed by the weights in (a); (c) the predicted results

of the noisy Hénon chaotic time series (RMS=0.067, o: predicted values, ×: noise-free true values); (d) the

Hénon attractor reconstructed by the weights in (c); (e) the predicted results of the noisy Hénon chaotic time

series (RMS=0.0653, o: predicted values; ×: noise-free true values); (f) the Hénon attractor reconstructed by

the weights in (e); (g) the predicted results of the noisy Hénon chaotic time series (RMS=0.0573, o: predicted

values; ×: noise-free true values); (h) the Hénon attractor reconstructed by the weights in (g).
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V. CONCLUSION

The FEP technique has been successfully applied

to optimize the MLP used for noisy chaotic time series

modeling and prediction. The performance of the FEP

algorithm has been shown to be superior to that of

the back-propagation algorithm in term of faster con-

vergence and capability of capturing dynamics from

noisy chaotic time series. This better performance

may be attributed to the ability of the Cauchy random

variable to generate occasionally useful large jumps,

thus providing an escape mechanism from local op-

tima. The usefulness of such a property in optimiza-

tion problems, in the modeling of nonlinear signals,

and identification of systems, is an open area for re-

search.

———————————————————————————
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