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Statistical-mechanical entropy arising from the electromagnetic field in the general four-dimensional static black

hole spacetime is investigated by means of the “brick wall” model. An expression for the entropy is obtained and some

examples are considered. The results show that the entropy arising from the electromagnetic field is exactly twice the

one for a massless scalar field.
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I. INTRODUCTION

Much effort has been concentrated on the study
of quantum entropy of black holes recently!* 23] since
it is excepted that the study can shed light on the
problem of obtaining a statistical meaning of the
Bekenstein-Hawking entropy which is proportional to
the area of the event horizon.?4—26] Especially, the
thermodynamical and the statistical-mechanical en-
tropies arising from scalar fields have been studied
extensively.'=16] Frolov and Fursaevl? reviewed the
studies of the two kinds of entropies for the static
black holes. They showed that the covariant Eu-
clidean free energy FE and the statistical-mechanical
free energy FC are equivalent when one uses the ul-
traviolet regularization!? for static black holes. Re-
cently, we studied the quantum entropy of the rotat-
ing black holes.['8] We showed that one-loop correction
to the thermodynamical entropy and the statistical-
mechanical entropy due to the quantum scalar fields
are equivalent for the Kerr-Newman and the Einstein-
Maxwell dilaton-axion black holes.

Although much progress has been made for the
scalar fields, the study of the quantum entropy due
to an electromagnetic field has just begun. Kabat[?!]
studied the entropy for the electromagnetic field case
in the Rindler space and found an unexpected sur-
face term which corresponds to particle paths begin-
ning and ending at the event horizon. This term gives
a negative contribution to the entropy of the system
and is large enough to make the total entropy nega-
tive at the equilibrium temperature. However, Iellici

and Moretti??] proved that the surface term is gauge

dependent in the four-dimensional case and therefore
can be discarded. Recently, Cognola and Leccal??!
used the “brick wall” model (BWM) to study the
statistical-mechanical entropy for the electromagnetic
fields in the Reissner-Nordstrom black hole spacetime.
They showed that there is no such surface term in
BWM, and they found that the leading term of the
entropy for the electromagnetic fields is exactly twice
the one for a massless scalar field. But, at the moment,
the question whether or not the relation obtained by
Cognola and Lecca is valid when we study the entropy
(include both a leading and a sub-leading terms) and
when we extend the investigation to the general static
black holes is still open. The purpose of this paper
is to settle the questions by deducing an expression
of the statistical-mechanical entropy arising from the
electromagnetic field in the general four-dimensional
non-extreme static black holes.

We first show, following Cognola and Leccal??,
that the electromagnetic field in the four-dimensional
static spacetime can be expressed in term of a couple
of scalar fields satisfying Klein-Gordon-like equations.
We then seek the total number of modes with energy
less than F, and use it to calculate the free energy.
The statistical-mechanical entropy is finally obtained
by the variation of free energy with respect to inverse

temperature.

I. STATISTICAL-MECHANICAL ENTRO-
PY OF THE GENERAL STATIC BLACK
HOLE DUE TO ELECTROMAGNETIC
FIELD

In the four-dimensional spacetime, the metric for
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the general non-extremal static black hole can be ex- )
pressed as sin fe'*¥ _ sinfe ¥ )
z2=— ZI=—
1—cosf’ 1—cosf’
ds? =g,,dt* + g, dr? the metric (1) reads
2 2 .2 2
+R1(d9 + a“sin 0d§0 )7 (1) d32 — gttdtz +g7=rdr2 +gzgd2d2, (3)
where g,, = —¢"" = —G1(r)(r — rg)(G1(r) is a regu-  where R
lar function on the outermost event horizon and out- g.; = S (4)
2z 2
(1+ 22)

side the horizon), R; is a function of the coordinate
r only, and « is a constant. In order to include more
For the
static spherically symmetric black hole o« = 1; for the

general cases we set factor o in metric (1):

Schwarzschild black hole with a cosmic string®”) or
the Reissner-Nordstrom black hole pierced by a cos-
mic string[®®! a? = (1 — p?),where y is the mass per
unit length of the string.

Introducing new coordinates

In terms of the electromagnetic potentical A,,, we
can express the Maxwell equation V,F#” = 0 in the

following form![2?!
LA, = A,0,(g"T\)+29" T4, 05A, +9,V , A", (5)

where L = \/%—gaw/—gg””('),,. Fixing the gauge condi-
tion A; = 0 and substituting Eq.(3) into Eq.(5), after
some calculations we have

9g°% 8 dinR, 9A, d DA,
<L+2 - >Az=9’"’” R A <ln&>

10
LA, = ———
R1 Br(g

AR
dr

9z 0z dr Or dr Ry) 0z’
0g** 0 dlnR, 0A; d g\ OA,
L 2 — VA, =g rr [ Ipn2tt
< + 0z 3z> =9 T Tor tg dr <nR1 0z’ (®)
and a constrained condition q
Gt

VAP + —=A,.=0. 9
A dr )

We obtain from Egs.(6)-(9) two classes of independent electromagnetic potential

0Py

Al — (0.0 1 e -1 0%
T VI Dw 02\ 201+ Dw 02 )

(1+1) & g

o_
A#—<0

It is shown that AL and Ag depend on a couple of
scalar functions ¢; and @, respectively. Since both
the @; and @, satisfy the Klein-Gordon-like equation

e dh’lRl 8@1

mp - = 1,2),
g dr Or (a )

(12)

where @;(t,r,2,2) = e “!f(r)Y;™(z, z), hereafter we
will drop the subscript of the &;.
We impose the brick-wall boundary condition in

which the wave function is cut off just outside the

"V 2w3 Ry /2101 + Dwd 020 \/21(1 + 1)w® 0z0r

82 ¢2 grr 82 ¢2 >

event horizon, i.e., 4, = (0,0,0,0) at r = ry+h (his
a small positive quantity and signifies a ultraviolet cut-
off). There is also an infrared cutoff A, = (0,0,0,0)
at 7 = L(L > ryg). We know from Eqs.(10) and (11)
that these boundary conditions change into ¢ = 0 and
00/0z=0atr=rg+handr=1L.

Employing the Wentzel-Kramers-Brillouin ap-
proximation and inserting the metric (3) into Eq.(12),
we find the following expression for the number of

eigenstates with energy less that F
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n(E)=Y (214 1)n
l
gri(l+1
=1 z (2+1 / Mdr

:%/(2l+1)dl/T

) L
=— 92, RiE*dr

/ gl z+
7“
3n ruth

_2B (R 1 2B TR (GidR_,dGi\] | L
"3 \&), h Br |GB\Ry ar  “ar )|, R
H

H

(13)

Since there are two independent scalar fields both satisfying Eq.(12), the free energy at inverse temperature (3

can be expressed as

— Zln(l — e PE

+

48 | ( Ry 1 d

T3r (e%>rﬂh E:
B R\ 1
T B (c?)ﬂ

473

It is obvious, as we expected, that the temperature
of the free energy is Planckian, namely, it is pro-
portional to S~%.[29731 If we set 6% = 2¢2 /15 and
A? = Le/h as we did in Refs.[14] and [16] (where
r+h h

VG dr = 24| ———

Ta G1 (TH)
BF =

6 = is the proper dis-

Therefore, the statistical-mechanical entropy is given by

SSM: 2
2= (25)

T 24we2 | 3607

Ay | Ay (Glde

Ay

1R (B’
24 €2 \ 360

 on(E)
4/0 p=dE
R L) [~ E®
(&) i [ iy
H

R, (G{dR, dGy L
—= 2—— In— 5.
G? Ry dr dr ” h

(14)

tance from the horizon ry to ry + h,e is the ul-
traviolet cutoff, and A is the infrared cutoff of the

Solodukhin[32’33]) and note Hawking inverse tempera-

4
ture By = (G_7I> , Eq.(14) can be rewritten as
T

H

Bu\’ (Gi1dR1 _dG, A
—_———2— In—. 15
15 Ry dr dr /, e (15)
GrdRy _,dGy A
Ry dr dr ne

T 24ne?  360n

We can easily get the Cognola and Lecca’s result!??]
when we substitute the metric of the Reissner-

Nordstrém black hole into Eq.(16) and only consider

5 (6 in this paper is equal to [
in Ref.[23]).

. DISCUSSION AND SUMMARY

AE d297’r
dr2

1 dg'" dR A
g 1) In= (16)

R1 dr dr

€

In this section, let us begin a discussion with some
study of the statistical-mechanical entropy for some

famous black holes by using formula (16).

A. The Schwarzschild black hole

Substituting the metric of the Schwarzschild black
hole
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2M dr?
ds? = —(1-—="—)dt® + & + r2d6? + r? sin? 6de? (17)
r 1 2M
T

into Eq.(16), we find the leading behavior of the en-

tropy
Ay, 2 A
Sseh = —— + —1In (=), 18
Sch 247r62+45n<e> (18)
where A;, = 471'7“2 is the area of the event horizon.
B. The Reissner-Nordstrom black hole

The metric of the Reissner-Nordstrom black hole
is described by

2M Q3 dr?
ds? =— (1 - "—+ = | d#?
s < T * 7‘2> + 2M  Q?
1——+ —
r r
+ 72d6? + r? sin? d 2. (19)

Inserting metric (19) into Eq.(16) we get

Ap 1 1 4nry A
=2 (== m(Z), (20
247r62+< 530 3 )n(e>’ (20)

where Ay, = 4nr?, and 8 = 4nrd /(ry — 7).

SRN

C. The Garfinkle-Horowitz-Strominger dila-
tonic black hole

By wusing the metric of Garfinkle-Horowitz-

Strominger dilatonic black holel3*

2
ds2:—<1—ﬂ>dt2+1dr

r 2M

™

+ r(r — a)(d6? + sin”® fdy?) (21)

and Eq.(16), we get

Ap, 1 1 A A
Seus = ——— —+ ——— | In| — 22
GHS = oprer T <90 * 30r+ﬁ> n(e)’ (22)
where A}, = 4nry (ry —a),ry = 2M, [ = 4nry, and
a = Q%/2Me~2%_ For the extremal black hole, i.e.,

dszz_(l_&)@_t)%
T T

r_

2 + (1— r—+>71 (1— T;)ﬁdTQ
T

ry = 2M = a and B(ry) = 8wM, the first part in
Eq.(22) vanishes and the logarithmical term becomes

ox 1 A
SGPtIS = %hl <;> ) (23)

which is whole entropy of the black hole.

D. The static Gibbons-Maeda dilaton black
hole

The metric of static Gibbons-Maeda dilaton black
hole is described by!3®!

(r—ry)(r—r_) o
T R
R2dr?

ds? = —

+ R%(d#?* + sin® 0dp?), (24)

where rp. = M + /M2 + D2 - P2 -Q2, D = (P? -
Q?)/2M and R? = r? — D?. The parameters ) and
P represent electric charge and magnetic charge, re-
spectively.

The leading behavior of the entropy of a scalar
field in the background of the black hole can be ob-
tained by using Eqs.(6) and (24), which is explicitly
given by

Ay 1 1 4mry A
Sem = —— -——+ = In{— 25
aM 247r62+< 5158 ) n<e>’ (25)
where Aj, = 4n(ri — D?), and 8 = 4n(ri —D?)/(ry —
r_).
E. The Garfinkle-Horne dilaton black hole

The Garfinkle-Horne dilaton black hole metric in

the Einstein-Maxwell-dilation theory can be expressed

as/34,36]

1

r

242
+ 72 (1 — —) "% (d62 + sin® 6dg?), (26)

r

with dilaton field e2? =

Maxwell field F' = %

stant, 7 = r is the location of the event horizon. For

2a
T—\1+a2 _
(1— —) e 2% and
T

dt A\ dr. And a is a coupling con-

a = 0,7 = r_ is the location of the inner Cauchy hori-

zon; however, for a > 0 the surface r = r_ is singular.
The mass M and charge @ of the black hole are related
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1— 2
to parameters 4 and r_ by 2M =r; + i P
1+ a?
2 _ T saa,
and Q = H_—GZe .
Substitution of Eq.(26) into Eq.(16) yields

Ap 1 ((2a®-1) 3 A A
Sau = — R ) In>
GH 247T€2+45< 1+ a? 1+a?r.f e
(27)
2 4
where ﬁ = " = LHQZ, and A; =
k < T_>1+a2
1- =
T+
r_\ ire
4rr (1— —
M+< T+

Comparing Eqgs.(18),(20),(22),(25) and (27) with
the results (11), (14), (18), (22) and (26) in Ref.[15],
we know that, for the general four-dimensional non-
extreme static black holes, the statistical-mechanical
entropy arising from electromagnetic fields is exactly
twice the one due to a massless scalar field if we ig-
nore the contribution from the vacuum surrounding
the system.

To summary, by employing the gauge A; = 0,
we showed that the electromagnetic potential A, in
the general four-dimensional static black hole space-
time can be expressed in terms of two independent
scalar fields. Then, by means of the scalar fields
and’t Hooft’s BWM the statistical-mechanical en-
tropy arising from the electromagnetic field is stud-
ied. Using formula (16) we have investigated the
entropy for some famous black holes, such as the
Schwarzschild black hole, the Reissner-Nordstrom
black hole, the Gibbons-Maeda dilaton black hole,
the Garfinkle-Horne dilatonic black hole and the
The re-

sults show that the entropy contains both a quadratic

Garfinkle-Horowitz-Strominger black hole.

and a logarithmic divergent term as usual. By com-
paring the entropies with the results obtained in
Ref.[15], we know the entropy arising from electromag-
netic field is exactly twice the one for a massless scalar
field. As our discussions in Refs.[15] and [18], the en-

tropy can be renormalized by the standard scheme.
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