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General synchronization of the chaotic intensity fluctuations of two spatially coupled Nd:YAG lasers with pump

modulation is investigated theoretically when the losses of the two lasers are different. It is shown that the chaotic

synchronization still exists for medium coupling even though the two lasers are different. For strong coupling the system

shows periodic motion of laser intensities. While for weak coupling, the two lasers oscillate independently. It is obvious

that the increase of difference between the two lasers reduces the degree of chaotic synchronization.
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I. INTRODUCTION

Due to the possibility of practical applications of

chaotic synchronization, experimental and theoretical

investigations of this fundamental phenomenon in cou-

pled nonlinear systems have attracted much attention

in recent years. Several papers have studied the syn-

chronization of chaotic signals in the context of elec-

tronic circuits[1,2], secure communication[3], chemical

and biological systems[4] and laser dynamics.[5,6] The

experimental measurements on synchronization of two

chaotic lasers were performed recently.[6]

From a practical point of view, no two systems

can be perfectly identical due to some defects in con-

structing the two systems. It is necessary to investi-

gate the generalized synchronization of chaos in two

non-identical systems.

In this paper, the synchronization of two spatially

coupled, chaotic Nd: YAG lasers with pump modula-

tions is investigated theoretically when the losses of

the two lasers are different. The numerical studies

reveal that the degree of chaotic synchronization de-

pends on the deviations of the two lasers. This can ex-

plain the phenomenon that there is no perfect chaotic

synchronization existing in the experiment.[6] It is also

shown that the existence of chaos in the laser system

depends on the coupling between the two lasers.

II. THEORETICAL EQUATIONS

The equations describing the time evolution of the

complex, slowly varying electric field Ej and gain Gj

of laser j of two spatially coupled, pump-modulated

single-mode Class B lasers are as follows:

dE1

dt
=

1

rc

[(G1 − α1)E1 − κE2] + iw1E1,

dG1

dt
=

1

τf

{p1[1 + M sin(Ωt)] − G1(1 + |E1|
2)},

dE2

dt
=

1

τc

[(G2 − α2)E2 − κE1] + iw2E2,

dG2

dt
=

1

τf

{p2[1 + M sin(Ωt)] − G2(1 + |E2|
2)}. (1)

In these equations, τc is the cavity round trip time, τf

is the fluorescence time of the upper lasing level of the

Nd3+ ion, pj , αj , and ωj are the pump parameters,

losses, and detunings from a common cavity mode re-

spectively, M is the modulation depth of the pump

beams, and Ω = 2πf is the angular frequency of mod-

ulation. The modulation frequency f is chosen to be

near the relaxation frequency of the lasers.[7]

The lasers are coupled linearly to each other with

strength κ that is assumed to be small. For laser

beams of Gaussian intensity profile with a beam ra-

dius ω0 at I/I0 =
1

e2
, the coupling strength is defined

as

κ = exp

(

−d2

2ω2
0

)

, (2)

where d is the distance between the two lasers. Figure

1 shows the spatial coupling between lasers 1 and 2

schematically.
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Fig.1. Schematic diagram of the spatial coupling

between two laser intensities.

III. NUMERICAL SIMULATIONS

The numerical simulations are based on integra-

tion of Eqs.(1) and (2). In the numerical calculations,

the parameters ω1, ω2, p1, p2, τc and τf are fixed con-

stants with ω1 = 0.0, ω2 = 5.0 × 105, p1 = 0.02, p2 =

0.02, τc = 0.12ns, and τf = 0.24ms. Other parame-

ters are varied according to the requirement of chaotic

synchronization. The losses, α1 and α2, of the two

lasers are different in the simulations with the relative

difference defined as

δ =
∆α

α1

=
α2 − α1

α1

. (3)

Figures 2–5 are the time series and X-Y plot of

intensities I1 and I2 of lasers 1 and 2 for δ = 0.0%, δ =

0.1%, δ = 1.0%, and δ = 10.0%, respectively.

Figure 2 shows a high degree of chaotic syn-

chronization for δ = 0.0%, f = 100kHz, and d =

0.94mm. Figure 3 shows a good degree of chaotic

synchronization for δ = 0.1%, f = 95.3 kHz, and

d=0.93999mm. There are some data slightly scat-

tered along the straight line of I2 versus I1. Fig-

ure 4 shows some degree of chaotic synchronization

for δ = 1.0%, f = 95.5kHz, and d = 0.941mm.

There are more data with large amount of scatter-

ing along the straight line of I2 versus I1. Figure 5

shows that the chaotic synchronization has been lost

for δ = 10.0%, f = 95.5kHz, and d = 0.94mm. It

seems that the amount of scattering is similar to that

in Fig.4. However, the curve of I2 versus I1 is not

a straight line but like a parabola. Also the average

intensity I1 of laser 1 is smaller than that of laser 2.

Figures 6–9 are the bifurcation diagrams of laser

intensities of I1 and I2 with the same parameters as

those in Figs.2–5. It is shown that all the lasers are in

the chaotic regime for δ = 0.0%, d = 0.94mm (Fig.6);

δ = 0.1%, d = 0.93999mm (Fig.7); δ = 1.0%, d =

0.94mm (Fig.8); and δ = 10.0%, d = 0.94mm (Fig.9)

From Figs.6–9, it is also shown that the lasers are

operated from independent oscillation for weak cou-

pling (d ≥ 1.0mm) to chaotic motion for medium cou-

pling (0.9mm≤ d ≤ 1.0mm) to periodic motion for

strong coupling (d ≤ 0.9mm). The exact boundary of

independent oscillation, chaotic motion and periodic

motion depends on the parameters f, d, etc.

Fig.2. The time series of laser intensities I1, I2, and the phase diagram for δ = 0.0%, f = 100 kHz,

and d = 0.94mm.
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Fig.3. The time series of laser intensities I1, I2, and the phase diagram for δ = 0.1%, f =

95.3 kHz, and d = 0.93999 mm.

Fig.4. The time series of laser intensities I1, I2, and the phase diagram for δ = 1.0%, f =

95.5 kHz, and d = 0.941mm.
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Fig.5. The time series of laser intensities I1, I2, and the phase diagram for δ = 10.0%, f =

95.5 kHz, and d = 0.94mm.

Fig.6. The bifurcation diagram of laser intensities I1 and I2 for δ = 0.0%, f = 100 kHz, and

d = 0.94mm.

Fig.7. The bifurcation diagram of laser intensities I1 and I2 for δ = 0.1%, f = 95.3 kHz, and

d = 0.93999 mm.
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Fig.8. The bifurcation diagram of laser intensities I1 and I2 for δ = 1.0%, f = 95.5 kHz, and

d = 0.941mm.

Fig.9. The bifurcation diagram of laser intensities I1, I2 for δ = 10.0%, f = 95.5 kHz, and

d = 0.94mm.

IV. DISCUSSION

It is necessary to estimate the degree of general

synchronization of chaotic laser intensities for differ-

ent δ since the curve of chaotic synchronization of I2

versus I1 is like an ellipse with long axis b and short

axis a. If the maximum width of the curve is a and

the maximum length is b, the degree of chaotic syn-

chronization e is defined as the ratio of a and b with

e = a/b. (4)

It is seen from Figs.2–5 that e = 0.0 for δ =

0.0, e≈0.0025 for δ=0.001, and e≈0.009 for δ = 0.01.

It seems that small amount of difference between two

lasers can induce large intensity fluctuations in chaotic

synchronization. In the experiment[6], the curve of

chaotic synchronization of I2 versus I1 looks a thin

ellipse not a straight line. This is mainly due to the

non-identical working conditions of the two lasers.
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