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A new space time metric is derived from Kerr metric if its mass and location approach to infinite in an appropriate

way. The new space-time is an infinitesimal neighborhood nearby one of the two horizon poles of an infinite Kerr black

hole. In other words, it is the second order infinitesimal neighborhood nearby one of the two horizon poles of a Kerr

black hole. It is flat and has event horizon and infinite red shift surface. We prove that it is a rotating Rindler space

time with constant angular velocity.
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I. INTRODUCTION

The space time metric of the region sufficiently
close to the horizon of a Kerr black hole has been
obtained by Suen et all'l and is called the Rindler
approximation to Kerr. Unfortunately, using their
method, the space time metric of the region suffi-
ciently close to the horizon pole of a Kerr black hole
cannot be obtained.

By using a limit process, vacuum C' metric when
m = 0 is derived from the metric of a Schwarzschild
black holel? and vacuum C metric is derived from the

metric of two superposed Schwarzschild black holes.?!

In this paper, a new space time metric is derived from
Kerr metric by using the limit process, and the char-
It is the
second order infinitesimal neighborhood nearby one

acter of the new space time is discussed.

of the two horizon poles of Kerr black hole. It is flat
and has event horizon and infinite red shift surface.
We will prove that it is a rotating Rindler space time
with constant angular velocity.

II. DERIVATION OF THE NEW METRIC

The metric of a Kerr black hole located at the
origin of the Weyl coordinate system is!*!

e _ N[(R+ R)? —4m? + a*(R — R')? { i
M(R+ R +2m)? +a?(R — R')?

N2[(R+ R)? — 4m?] + a(R — R')?

where
fé/ — [p~2 + (2_ )\)2]1/2;
(2)

EZ [p~2 + (2+)\)2]1/27

_ a2)1/2 =m(l - k2)1/2 — mp,
p=(1-k)"2 (3)

A= (m?
k=a/m,
and m,a are mass and angular momentum per unit

mass of the black hole, respectively. The ranges of the
coordinate values are

0<p<o0, —o0o0<tZ<oo, 0<p<2m (4
It is assumed that
0<kp<l,

0<a<m, 0<A<m, (5

m(R+ R' +2m)[4X2 — (R — R')?] 1 ~}2
X2[(R+ R)? — 4m?] + a2(R — R')?
A2(R+ R +2m)? +a*(R— R)? %YL_V@+§WJmY+M@—EW

LR (45" +d2%), (1)

since the black hole is not an extreme one. We notice

R>0, R >0. (6)

A Kerr black hole at the origin of Weyl coordinate
system (£, p, 2, p) is shown in Fig.1(a).
First, we introduce a translation H along z-axis
as follows:
t=1, Z=Z+H,

P =p ¢ =9 (7)

and

R=[p*+(:—-H+)\?"?=R,
R=[p"+(E-H-N"?=R. (8)
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In order to get a reasonable result, we set A Kerr black hole at 2 = H of the Weyl coordinate

H >\ 9) system (£, p, 2, p) is shown in Fig.1(b).

N\

@ : (v)

H+ ) infinite red
shift surface

infinite red
shift surface

event horizon

event horizon

Fig.1. A Kerr black hole in Weyl coordinate system. (a) A Kerr black hole at the origin of Weyl coordinate
system (£, 5, 2,@); (b) A Kerr black hole at z = H in Weyl coordinate system (£, p, 2, ).

Next, we introduce the following scale transfor- , 9 1 212
) R =|p°+(2z2— == —16mBAX
mation 2B
RS SPS O = 8mBR = 8mBR/, (11)
~ 8mB  8mB’’
p =8mBp = 8mBp, where B is a new parameter defined as
z=8mB%=8mB(z+ H), .
p=0=¢ (10) g = Am(H = )], (12)
1\ 271/2
— |2 _ = — R— R
R= [f’ + <Z 23> } = 8mBh =8mBE, Substituting Eqgs.(10) and (11) into Eq.(1), we get
N[(R+ R)? - (16m2B)? 2(R—R')?
M(R+ R +16m?B)?2 4+ a*>(R— R/)?

ma(R + R +16m*B)[(16mBA)? — (R — R'?*] | 2
8mB{)2[(R+ R')? — (16m?B)?] + a2(R — R')?} ‘p}

~_ N(R+ R +16m*B)* +a*(R - R')? 0> 42
N[(R+ R — (16m2B)2 + a2(R — R)2 (SmB)2""

N(R+ R +16m?B)? +ad*(R—R)?> 1 (
4N2RR (8mB)?2

dp® + dz?). (13)

Notice that the translation and scale transformations  process to R and R’, we get
are all constants and do not change the nature of the 1
space time. That is to say, metric (13) is no other limR=R, limR =16mA\B — (z - ﬁ) (14)
than a Kerr metric in Weyl form.

Now, we set m, a, H, and A approach to infin- By applying the limit process to metric (13), it reduces
ity, keep B, k, p and z to be finite. Taking the limit to
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1
4B (1 — 2k)R — - —
 wfommn () w2l (o Yo
p(1+p) p 2B
(1+p) 1 s (14+p), 2
B R+ 1|z 5B de SOBR (dp” +dz”)
=goodt® + 2g53dtde + g33d” + g1,dp” + ggodz?, (15)

where

900:43[(1—%2)}%—(%%)}7 gog=ﬂR+(z—%)}

1 —(1+p)
Z=55 911:922:W-

Equation (15) is the new metric we obtained.
. DISCUSSION

1. It is easily proved that metric (15) satisfies the
following equations

R,, =0, R:

upa':O7 /’L7V1p)0.:1527354' (17)

Therefore, metric (15) is a solution of Einstein vacuum
field equations and the space time is flat.

2. On the basis of the limit process, we see that
m and a approaching to infinity means that the black
hole is infinite; that p, z keeping to be finite means g, 2
approaching to infinitesimal and that B keeping to be
finite means H-\ approaching to infinitesimal, that is
to say, the origin of Weyl coordinate system (f, D2, D)
is infinitely close to the horizon pole of the Kerr black
hole. Therefore, it can be concluded that space time
(15) is an infinitesimal neighborhood nearby one of
the two horizon poles of an infinite Kerr black hole. In

other words, it is the second order infinitesimal neigh-
borhood nearby one of the two horizon poles of an
ordinary Kerr black hole.

3. The infinite redshift surface and event horizon
are determined by the two equations!”!

g
900 =0, Goo — =B = 0, (18)

respectively. Solving Egs.(18), we get that the coordi-
nates of the infinite redshift surface satisfy the relaton

2k(1 — k2)1/2 1
=t z— — 1
P 1-2x2 \" 2B) (19)
and the coordinates of the event horizon are
=0 P 20
p=0, z2o5 (20)

On the basis of Eq.(19), the relations between the
infinite redshift surface and parameter k are

2k(1 — k2)1/2 1
(1_7%2)@_@), E§Z<OO, when 0 < 2k* <1, (21)
1 2
O§p<oo, Z:ﬁ, when 2k :1, (22)
2k(1 — k12 /1 1
P—ﬁ<ﬁ—z), —OO<Z§§, when 1< 2k? < 2. (23)

These cases are shown in Fig.2.
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Fig.2. The infinite redshift surface and event horizon of space time (15). (a) When 0 < 2k? < 1;

(b) When 2k? = 1; (¢) When 1 < 2k? < 2.

4. Tn order to find the nature of metric (15), we

introduce the following coordinate transformation
4kB
=p— ——rt. 24
$=9 -7 s (24)

Substituting Eq.(24) into Eq.(15), we get

4Bp 1
2 2
ds® = 1o [R— (z— 3B )}dt

_14p 1
1
4BpR_ (z——

1
> pde? — ﬂ(dp2 +dz?).

8BpR
2B

(25)

Metric (25) is static. On the basis of Eqgs.(24) and
(25), we see that the space time (15) is a rotating
static space time with constant angular velocity T35

Furthermore, we introduce a constant scale transfor-
mation as follows:

R= [r2 + (Z - 5)2} v =aR. (27)

Substituting Eqs.(26) and (27) into Eq.(25), we get

— 1
ds? =2A|R—- | Z — — ) |dT?
#=2[R- (255 )]

1 r2dy? — L_

_ » [ﬁ_ (Z - L)} 8AR(dr2 +dZz?).
2A

(28)

It is well known, Eq.(28) is the standard Rindler met-
ric in Weyl form. 6!

From the above discussion, it can be concluded
that space time (15) is a rotating Rindler space time

with constant angular velocity.
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T = at, rzlp, ZZE,
« [
% 1/2
= Q, A: _B7 = | — 26
v=0. a=ab a= || o)
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