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A method for analyzing the elasticity problem of cubic quasicrystal is developed. The axisymmetric elasticity prob-

lem of cubic quasicrystal is reduced to a single higher-order partial differential equation by introducing a displacement

function. As an example, the solutions of elastic field of cubic quasicrystal with a penny-shaped crack are obtained,

and the stress intensity factor and strain energy release rate are determined.
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I. INTRODUCTION

Quasicrystal as a new structure of solid matter

was discovered around 19841:2],

it brings profound
new ideas to the traditional condensed matter physics
and encourages considerable theoretical and experi-
mental studies on the physical and mechanical prop-
erties of the material, including the elasticity theory
of the quasicrystal.[?4]

Cubic quasicrystal is one of important three-

dimensional quasicrystals, Feng et al.l%!

reported cubic
quasicrystals with cubic symmetry(432) observed in a
VNiSi alloy cooled rapidly, Wang et al.[%l analyzed the
structure of the material by using projective approach.

Defects such as dislocation, disclination and
stacking fault etc. in the material were observed soon
after the discovery of the quasicrystal.l”-8! Crack is one
of the important defects, its existence greatly influ-
ences the physical and mechanical properties of qua-
sicrystals. The study on crack in quasicrystals is sig-
nificant subjects.

To describe the behaviour of defects in the
material, elasticity theory of quasicrystals is neces-
sary. In addition, appropriate mathematical meth-
ods are also needed for this purpose. The prac-
tice shows that the procedure of eliminating variables

9-12] which simplifies extremely the par-

is powerfull
tial differential equations of elasticity of quasicrystals.
Based on this, we further develop the Fourier analyses,
and exact solutions for complicated defect problems of
quasicrystals were found.

In this paper, the formulation for the axisymmet-
ric elasticity of cubic quasicrystals is suggested. By
introducing a displacement function, the problem is
reduced to solution of a single higher-order partial dif-
ferential equation. As an example, the elastic field of

a penny-shaped crack in the material is determined,

as well as the stress intensity factor and the strain
energy release rate, which provides some useful infor-
mation for studying deformation and fracture of the
quasicrystaline material.

I. AXISYMMETRIC PROBLEM AND DIS-
PACEMENT FUNCTION

The
Hooke’s law ) of cubic quasicrystal can be expressed as

stress-strain  relations(the  generalized

follows under an axisymmetric condition(about z-axis

symmetry) by using cylindrical coordinates(r, 6, ).

o =C118,, 4+ Cr2(egg +¢.2)

+ Ri1 Err + Ri2(Egg + E..), (la)
099 =Cr1€99 + Cr2(e, t€.2)

+ Ri1 B + Ri2(Err + E..), (1b)
0., =Cue,. + Cralegy +,,)

+ Ri1E.. + Ri2(Epo + Epr), (1c)
0, =0, = 2Cye,, +2RuE,, (1d)
H,. =Ruée,, + Riz(€pp +¢..)

+ K11 B + Ki2(Egg + E...), (le)
Hpy =Ri1€g9 + Raz(e,, +¢..)

+ K11Epp + K12(Err + E.2), (1)
H,.=Rune.. + Ria(egg + 1)

+ KnE.. + Ki2(Epo + Err), (1g)

H..=H,. = 2Rye,, +2K4E,., (1h)

where o, are the phonon stress components, H;; the
phason stress components; €;; the phonon strain com-
ponents, E;; the phason strain components; Cj; the
elastic constants in phonon field, K;; the elastic con-
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stants in phason field, R;; the phonon-phason coupling
elastic constants.

The cubic quasicrystal is one of specific ones in
which the phonon field u and phason field w have
the same irreducible representation, which are differ-
ent from those of the elasticity of other quasicrys-
tal system studied by Bak['¥l and Socolar et al['*]

For this reason, we denote its phason strain tensor
by E;; rather than w;; in the following. In addition,
the present paper is devoted to the study of the ax-
isymmetric deformation of quasicrystals, in the case of
symmetry with respect to z-axis, all the stress, strain
and displacement components are independent of 6,
and uy = wy = 0, so the strain field are defined as

022 or2  ror) 0z4 1926

. 78ura _ U _ Ou, .. 1 8ur+8u2 (2a)
rr_araee_razz_azvrz_ zr_2 9z or )
ow w ow 1 /0w ow
ET‘T:—T)E :_T;Ezz:—zaErz:EzT:_ - z ; 2b
or T Ty 0z 2( 0z or > (2b)
the rest strain components are vanishing. The equilibrium equations in the absence of body forces are
6UTT aorz Orr — Opg aozr aozz Our
or + 0z + r 0, or + 0z + ro 0 (32)
8Hrr 8Hrz H’I"T - HGG 8Hzr 8sz Hzr
= — b
or + 0z + r 0, or + 0z + T 0, (3b)
Substituting Egs.(1) and (2) into Egs.(3) leads to
Pu, 10u, 1 0%u 0?u,
Cn (W to T T_QUT) (Cr2 + 044)8 9, C44W
Pw, 10w, 1 0w, 0w,
B (G T~ e ) + e+ R G+ R =0 (t2)
0%u 10u, 0%u,  10u, 0%u,
044(6 2 "o >+(Cl2+c44)<87°82 ; az>+0” 922
0w, 1 ow, 0w, 10w, 0w,
+ R44< ) + (R12 + Ry4) (m + - o2 ) + RHW =0, (4b)
O?u, 1 8u 1 0%u, 0?u,
Ry < 912 -+ = P —— + (R12 +R44)8 9, R44—622
Pw, 10w, 1 0w, 0w,
oG+ 1 _2w> Koo+ Kasl g, + Kz =0 (4e)
Ou, 10u, 0%u,  10u, 0%u,
oG+ 5 )+ (e 415 )+
0w 1 0w 0w 10w, 0w,
+K44(82 +;8—> (K12+K44)(88 +;W)+KHW 0 (4d)
These are named the equilibrium equations expressed by displacements.
To simplify the equations, a new unknown function F(r, z) is introduced, such as
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where A;, B;,C; and D; are known constants com-
posed of the elastic constants (given in the Appendix),
then Eqs.(4) are automatically satisfied if F(r, z) sat-
isfies the following partial differential equation,

O (P LoN (0 10 2o
028 a2 ror )5 T Nor2 T rar) 9:8
2 19\ & 92 19
—d|l = +-=] =— -— | |F=0
(6r2 + r8r> 022 te <87°2 + 7“87“) } ’
(6)
where b, ¢ d and e are known constants composed of
the elastic constants (given in theAppendix). Substi-
tuting Egs.(5) into Eqgs.(1),the stress components o;;
and H;; can be expressed by F(r, z). Because these ex-

pressions are quite lengthy, they are omitted here. The
axisymmetric elasticity problem of cubic quasicrystal

is reduced to solving Eq.(6).

II. HANKEL TRANSFORM AND THE IN-
TEGRAL EXPRESSIONS OF THE SOLU-
TIONS

Introducing the Hankel transform of zero order
F(&2) = +OO rF(r,z)Jo(¢r)dr, where Jo(&r) is the
zero order Bessel function of first kind. Performing
the Hankel transform on Eq.(6) yields
d8
[d8+£ 5 +£°’ +e£8 =0, (7)
in which £ represents the Hankel transform parameter.
Using the relations among stress, displacement
and function F'(r, z), the stress and displacement com-

ponents can be expressed by F(&, z)

+o0 ds
U, =/ <A1§6— +A 54 3+ A3§2 )F(fa z)J1(€r)dg, (8a)
+o00 42 d4 d6 \ —
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“+o0 d°
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w = (D +08L pe LDl )F(a 2)Jo(€r)de, (s4)
0
+o0 5 7
- / L 4E 55 F B B )F(a 2)Joler)de
0
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H,, = / <11§7— + 1255 =+ 1353 d 5+ I d )F(é,Z)Jo(&)dé
0
+oo 5
R A, s ) F(eenc (51
+00 5 7
Hyy :/0 <J1§7— + J2§5 3 T J3§3 d = T J4§ d )F(@Z')JO(@")dg
+oo 5
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0
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+oo dé
Hrz :Hzr = / (L1§8 + L2§6 + L3§4 + L4€2 ) (57 Z)Jl (57‘)(315, (81)
0
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where F;, F;,G;, H;, I;, J;, K; and L; are known con-
stants composed of the elastic constants (shown in the
Appendix), Ji(&r) is the first order Bessel function of
first kind.

As a typical example of axisymmetric problem,
the elastic problem of cubic quasicrystal with a penny-
shaped crack under the action of axisymmetric stress
is studied below.

IVv. SOLUTIONS OF A PENNY-SHAPED
CRACK PROBLEM

Assume a penny-shaped crack with radius a in
the center of the cubic quasicrystal material, the size
of the crack is much smaller than the solid, so that the
size of the material can be considered as infinite, at
the infinity, the quasicrystal material is subjected to a
tension p in z-direction. The origin of the Coordinate
system is at the center of the crack (as shown in Fig

1).

p
0 Yy
™ /
m/ "
p z
G

Fig.1. The penny-shaped crack in a cubic quasicrystal
and the coordinate system.

From the symmetry of the problem, it is enough
to study the upper half-space z >0 or lower half-space
z <0. In this case, for studying the upper half-space,
the boundary conditions of the problem are described
by

r2+22>00:0,, =p, H,, =0,

(
2=0,0<r<a:0,,=0,,=0H,, =H,, =0,
(

z=0,r>a:0,,=0,u,=0;H,, =0,w, =0, (9)

Using the principle of linear superposition, the prob-
lem is reduced to a superposition of two problems, one
of them has the boundary conditions

12 422 — 000y = Hij = 0; (10a)
2=0,0<r<a:0,,=-p,0,,=0H,,=H,, =0;
(10b)

z=0,r>a:0,,=0,u, =0;H,, =0,w, =0. (10c)

The other is that the quasicrystal material without
crack is subjected to a tension p at infinity, the solu-

tion of the problem is known, i.e:, o,, = p the rest

z

of the stress components are zero. So, it is enough to
solve the boundary-value problems (10) of the partial
differential equation (6).

In the Hankel transform domain, Eq.(6) is re-
duced to an ordinary differential equation (7) with the
foll0wing characteristic roots

V1,2 = i)\1§a73,4 = i)\25775,6 = :|:)\3§,’Y718 = £M8,

where ), (i = 1,2, 3,4) are known constants composed
of the elastic constants (given in the Appendix).

We may assume \; # A;(i # j) and A; > 0 (if
A; = A; for some values of i and j, or A; < 0, or A,
are complex numbers for some values of i, for these
cases the problem can be solved similarly. Only when
A; are pure imaginary numbers for some values of i,
there is no physical meaning for solutions), from the
condition (10-1), we obtain

F(E, 2) = A1 (€)eME 4 Ay(€)e 26
+A3(§)e—>\35z +A4(§)6_)‘4£Z, (11>

where A;(£)(i =1,2,3,4) are to be determined.

Substituting Eq.(11) into Eqgs.(8), and from the
conditions (10-2) and (10-3), we obtain the dual inte-
gral equations

+oo
/0 A(E)ESTo(€r)dE = Mip,0 < r < a, (12a)

+oo

A (OE Jo(ér)dE = 0,7 > a, (12b)

0
where M;(i = 1,2, 3,4) are known constants composed
of the elastic constants (listed in the Appendix).
Solving the dual integral equations, we obtain

Ai(€) = 20> M;p(2mag) "2 50 (af),  (13)

where Js/5(a&) is the Bessel function with order 3/2
of the first kind.

The problem is then solved. Substituting Eqgs.(11)
and (13) into Eqgs.(8), the analytical expressions of all
the stress and displacement components can be eval-
uated.

Thus stress intensity factor K, strain energy Wy
and strain energy release rate Gy can be defined as
follows(1?)

K;= lim+ \2m(r —a)o,,(r,0), (14)

WI:/ 2nro,, (r,0)u,(r,0)dr, (15)
0

1 ow;

Gl =590
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Calculation shown that

2pva
N

where M is known constant composed of the elastic

3Mp3a

K =
I o )

) WI:Mp2a37 GI:

(17)

constants (shown in the Appendix)
V. CONCLUSION AND DISCUSSION

It has been shown that the basic equation system
of elasticity for the quasicrystal is much more com-
plicated than conventional crystals. The solution in
straightforward manner is not available. In the work
of our group, including the present paper, we have de-
veloped a procedure, which is named the eliminating
variable procedure, by introducung the displacement
function or stress function to simplify the original ba-
sic equations to a single higher-order equation, In this
way, the complicated boundary-value problem of elas-

APPENDIX

ticity of cubic quasicrystal is solved, and the exact
analytic solution for a penny-shaped crack is achived.

The experiment!’® indicated that quasicrystal
is quite brittle, and in Ref.[16] was reported the
measurment of fracture toughness of quasicrystal
Alg5Cug0Coys, It is well-known that the failure of
brittle solid is always connected with crack that was
observed by Griffith!!”). The present work attempts
to extend the classical Griffith work to quasicrystal.
However, at present, due to lack of experimental re-
sults for penny-shaped crack in cubic quasicrystal, the
exact analytic solution of this paper provides a com-
plete theoretical predication for experiment investiga-
tion and an assessment for numerical analysis. The
formulation and mathematical method developed in
this study can also be used for reference for other
problems of elasticity of the quasicrystal.

The expressions of the constants in the text are as follows:

7R11b1 + K11b2

A = :
! Cn K — R3,

A

B =

_ R11b3 + K11b4
Cn Ky — R3,’
(Ri2 + Raa)by + (K12 + Ky4)by

. R11b5 + K11b6

Az = ;
5T O Ky — R2,

(Ci2 + Cua) (K12 + Kas) — (Ri2 + Raa)?’

(Ri2 + Raa)by + (K12 + Ka4)by

By =— :
? { (Ci12 + Cua) (K12 + K44) — (R12 + Raa)?

1

By =

Coby — 10y }
Ci11 K11 — R11)?[(Ci2 + Cua) (K12 + Kaa) — (Ri2 + Rua)?]
(Ri2 + Raa)bs + (K12 + K44)bg

(Ci2 + Cua) (K12 + Kasa) — (Ri2 + Raa)?’

Cobg — c1by

1

By=-—

Ci11 K11 — R11)?[(Ci2 + Cua) (K12 + Kaa) — (Ri2 + Raa)?]’
Cobs — ¢1bg

_ Ciiby + Ripby

Ci=—75,
! Cn K1 — R%

Cy =

(Cr11K11 — R11)?[(Cr2 + Cua) (K12 + Kua) — (Ri2 + Rys)?]’
Ci1bs + Ri1by
Cn K1 — R3)’
(Ci2 + Cua)by + (Ri2 + Raa)bs

Ci1bs + Ri1bg

Cy = 2105+ f1b
s Cn K1 — R?,

Dy =

(Ci2 + Cu4) (K12 + K44) — (R12 + Raa)?’

(C12 + Cua)bg + (R12 + Raa)by

Dy = ,
? (Cra + Cua) (K12 + Kua) — (Ri2 + Raa)?
c3by — ¢4y

* (C11K11 — R11)?[(Cra + Cua) (K12 + Kua) — (Ri2 + Rus)?]’
Dy = (Cr2 + Cug)bs + (Riz + Rua)bg 7
(Cr2 + Cua) (K12 + Kys) — (Ri2 + Raa)?
cgby — c4bg
"~ (Ci1Ki1 — Ri)?[(Crz + Cua) (K12 + Kaa) — (Riz + Raa)?]
D, = c3bg — c4bs

(C11 K11 — R11)?[(C2 + Cua) (K12 + Kaa) — (Ri2 + Rua)?]’
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where
¢y =(Ri2 + Raa)(Rya K11 — R11Ka4) — (K12 + K44)(C1a K11 — R11 Raa),
¢y =(R12 + R44)(C11 K44 — R11R4s) — (K12 + Ku4)(Cr1Rag — CaaR1v),
¢3 =(Ri12 + R4a)(C1a K11 — R11R44) — (Cr2 + Cua)(R4a K11 — R11K44),
¢y =(Ri2 + R4a)(Cr11R4s — CaaR11) — (Cr2 + Cua)(C11 K44 — R11 Rus),
b — RioKyy — R4y K12
L7 (Cra + Cua) (K12 + Kyg) — (Ri2 + Rag)’
b Rya(Ri2 + Rys) — K4a(Ch2 + Cuq)
27 (Chra + Oua) (K12 + Ku4) — (Riz + Ras)’
b Ki1(Ri2 4+ Rys) — R11(K12 + Kua) Ki11(Ri2 + Rya) — R11(K12 + Kua)
7 (Cra + Cua) (K12 + Ku4) — (Riz + Ras)? Cu K — R%,
n R44Cl =+ K44C3
(C11 K11 — R2)[(Ci2 + Cua) (K12 + Kaa) — (Ri2 + Raa)?]’
b Ri1(Ri2 + Rasa) — K11(Ci2 + Cua) C11(K12 + Kaa) — Ri1(Ri2 + Raa)
T (Cra + Cua) (K12 + Kag) — (Ri2 + Rua)? Cu K — R3,
n R4462 =+ K44C4
(C11 K11 — R2)[(Ci2 + Cua) (K12 + Kaa) — (Ri2 + Raa)?]’
b — Riicy + Kiicq
> (O K11 — R2)[(Cra + Cua) (K12 + Kaa) — (Ri2 + Raq)?)’
b — Ri1cy + Kr1cy
6 T (C1iK11 — R2)[(Ch2 + Cua) (K12 + Kug) — (Ri2 + Raa)?]’
(Cr2 + C1a) (K12 + Ku4) — (Ri2 + Rus)?
b= CaaKas — B2, (agbs — asby + agbs — asbg),
(Cr2 + Cua) (K12 + Kaa) — (Ri2 + Raa)?
c= a,bg — agby + asb, — a,bs + azb, — asbs),
CaaKas — B2, (a1bg — agby + agby — a,bs + azby — aybs)
(Cr2 + Cua) (K12 + Kaa) — (Ra2 + Raa)?
d= aoby — asby + ayby — aqby),
CoaKas — B2, (agbs — agby + asby — aqby)
(Cr2 + Cua) (K12 + Kaa) — (Ra2 + Raa)?
e= a,by — ayby),
C44K44_RZ4 ( 1¥2 2 1)
where

0 — Rys(Ri2 + Rys) — Cua(Ki2 + Kyy)
(Cr2 + Caa) (K12 + Kag) — (Ri2 + Ruq)?’
CuaR1o — C1oRyy
(Cr2 + Caa) (K12 + Kag) — (Ri2 + Rua)?’
0 = Ri1(Ri2 + Rys) — Cr1 (K12 + Kua) K11(Ci2 4 Cya) — Ri1(Ri2 + Rua)
(Ci2 + Cua) (K12 + Kua) — (Ri2 + Raa)? Ci1K11 — R},
Cuacy + Ruascy

CL2:

+ (C11 K11 — R2)[(Cra + Cug) (K12 + Kaa) — (Ri2 + Rua)?]’

0 = C11(Ri2 + Ras) — R11(Cr2 + Cua) C11(Ri2 + Raa) — R11(Cr2 + Cua)
(Ci2 + Cua) (K12 + Kaq) — (Ri2 + Raa)? CnKi1 — R?,
n 04462 + R44C4

(C11 K11 — R2)[(Cia + Cua) (K12 + Kaa) — (Ri2 + Ruq)?]’

ag = 01101 + R1103
(C11 K11 — R2)[(Ci2 + Cua) (K12 + Kg4) — (R12 + Raa)?]’

0 = Ciicy + Riicy
(C11 K11 — R2)[(Ci2 + Cua) (K12 + Ky4) — (R12 + Ras)?]’

B CuuKu — R3,

| =

(Ci2 + Cua) (K12 + Kya) — (Ri2 + Raa)?’
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(CyaR12 — C12R44)bg + [R12(Ri12 + Raa) — Cr2(K12 + Ka4)]by
(Cr2 + Cua) (K12 + Ku4) — (Ri2 + Raa)?
(01261 + ngcg)bQ — (01202 + R1204)b1
(C11K11 — R3)[(Cr2 + Cua) (K12 + Kaa) — (Ri2 + Raa)?]’
(CyaR12 — C12R44)bs + [Ri2(Ri2 + Ras) — Cr2(K12 + Ka4)]bg

+

By = — by —
’ 6 (Cr2 + Cua) (K12 + Kaa) — (R12 + Raa)?

(01261 + ngcg)b4 — (01202 + R1204)b3
(C11K11 — R3)[(Cra + Cua) (K12 + Kaa) — (Ri2 + Raa)?]’
(01201 + Ri2cq)bg — (01202 + Ri2¢,)bs
(C11 K11 — R2)[(Cr2 + Cua) (K12 + Kaa) — (R12 + Rua)?]’
(C11R12 — Ci2R11)by + (Ri1R12 — R34+ C11 K11 — C12K11)b,y
Cn K — R?, ’
(C11R12 — Ci2R11)bs + (Ri1R12 — B3y + C11 K11 — C12K11)by
Cn K — R?, ’

Ey =

Es =

Ee =

B = (C11R12 — Ci2R11)bs + (Ri1R12 — R34+ C11 K11 — C12K11)bg
Cn K — R?, ’
Fi=by + CuaKas — RY, (Ci1R12 — C12R11)by + (R11Ri2 — C12K11)b,y
(Ci2 + Cua) (K12 + Kaa) — (R12 + Raa)? Ci1 K11 — R3,

(C12R11 — C11R12)bs + (C12K11 — R11R12)by
Ci1 K11 — R3, ’
n (CyaR12 — C12R44)bg + [Ri2(Ri2 + Raa) — Cra(Ki2 + Ku4)]by
(Cr2 + Cug) (K12 + Kys) — (Ri2 + Raa)?
(Cracy + Rizeg)by — (Cracy + Rizey)by
(C11 K11 — R2))[(Ci2 + Cua) (K12 + Kg4) — (R12 + Raa)?]’
(C12R11 — C11R12)bs + (C12K11 — R11R12)bg
Ci1 K11 — R3, ’
(C1aRi2 — Ci12Rya)bs + [Ri2(Ri2 + Ras) — Cr2(Ki2 + Kaa)lbg
(Cr2 + Cua) (K12 + Kys) — (Ri2 + Raa)?
(Cracy + Rizcg)by — (Cracy + Riacy )by
(C11 K11 — R2)[(Ci2 + Cua) (K12 + Kg4) — (R12 + Raa)?]’
Fy =FE4,
(Ci1R12 — C12R11)by + (R11Ri2 — C12K11)b,
Cn K11 — R3,

=

Fy =

Gy =

+

[C11(Ri2 + Raa) — R11(Chrz + Caa)]by + [Ci1 (K12 + Kaa) — Ri2(Ri2 + Raa)]by

(Ci2 + Cua) (K12 + K44) — (R12 + Raa)?
(C12R11 — C11R12)bs + (C12K11 — R11R12)by

G =
2 Cn K11 — R3,

[R11(Ch2 + Cuq) — C11(Raz + Rua)]bs + [R11(Ri2 + Raa) — C11(K12 + Kua)]by

_l’_
(Cr2 + Cua) (K12 + Kaa) — (Ri2 + Raa)?
(01161 + R1163)b2 — (01102 + R1104)b1
(C11 K11 — R2)[(Ci2 + Cua) (K12 + Kg4) — (R12 + Raa)?]’
Ci2R11 — C11R12)bs + (C12K11 — R11R12)bg
Cn K11 — R3,

Gy =

[R11(Ch2 + Caq) — C11(Ra2 + Rua)]bs + [R11(Ri2 + Raa) — C11 (K12 + Ky4)]bg

(C12 + Cuq) (K12 + K44) — (R12 + Raa)?
(01161 + R1163)b4 — (01102 + R1104)b3
(C11 K11 — R2)[(Ci2 + Cua) (K12 + Kg4) — (R12 + Raa)?]’
(01101 + Rllcg)bﬁ - (01102 + R1104)b5
(Cr11 K11 — R%)[(Cra2 + Cua) (K12 + Kaa) — (Ri2 + Rua)?)’

Gy =
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[R44(Ci2 + Ca4) — Cya(R12 + Raa)]by + [Raa(Riz + Ras) — Cua (K12 + Kua)]by

H == I
! (C12 + Cuq) (K12 + K44) — (R12 + Raa)?
Hy — (C11R4a — CaaR11)by + (R11Raa — CuaK11)by
Cnu K — R3
n (CyaR12 — C12R44)bg + [Cua(K12 + Kua) — Raa(R12 + Raa)]by
(Cra + Cua) (K12 + Kua) — (Ri2 + Ruaa)? ’
(04402 + R44C4)b1 — (04401 + R44C3)b2
(C11 K11 — R2)[(Ci2 + Cua) (K12 + Kg4) — (R12 + Raa)?]’
Hy = (C11R44 — CuaR11)bg + (R11 Rag — CuaK11)by
B Cn K — R?,
_ (CaaRis — C12Raa)bs + [Cua(Ki2 + Kaa) — Raa(Raz + Raa)lbg
(Cra + Cua) (K12 + Kua) — (Ri2 + Ruaa)? ’
_ (Caacy + Ryqcy)bg — (Cyacy + R44C3)b4
(C11 K11 — R2)[(Cia + Cua) (K12 + Ky4) — (R12 + Ras)?]’
H, = (C11R4a — C1aR11)bs + (R11Raq — Cya K11)bg
B Cn K — R%,
" (04402 + R44C4)b5 — (04401 + R44C3)b6
(C11 K11 — R2)[(Ci2 + Cua) (K12 + Kg4) — (R12 + Raa)?]’
I =b, + (R12K44 — RuaK12)by + [Ri2(Ri2 + Ras) — Ki12(Cr2 + Cua)]by
! (Cr2 + Cua) (K12 + Kaa) — (R12 + Raa)? ’
Iy = b+ (Ri12 K44 — R4aK12)by + [R12(Ri2 + Ras) — K12(Chr2 + Cuq)]bs
= — b, 7
(Ci12 + Cua) (K12 + K44) — (R12 + Raa)?
B (R1202 + K1204)b1 — (ngcl =+ Klgcg)bz
(C11 K11 — R2)[(Ci2 + Cua) (K12 + Kg4) — (R12 + Raa)?]’
Iy =bs + (R12K44 — R4aK12)bg + [Ri2(Ri2 + Raa) — K12(Chr2 + Caq))bs
(C12 + Cua) (K12 + K44) — (R12 + Raa)? ’
n (Pazey + Kizey )by — (Riaey + Kiacy)by
(C11 K11 — R2)[(Ci2 + Cua) (K12 + Kg4) — (R12 + Raa)?]’
I —— (R1262 + K12C4)b5 — (R1201 + K1263)b6
T T (CuEy — R)[(Crz + Caa) (K12 + Kaa) — (Rao + Raa)?]’
L——b — (R11R12 — C11K12)by + (R12K11 — Ri1 Ki2)by
Cn K11 — R3, ’
Iy =bs + (R11R12 — C11K12)bs + (R12K11 — R11K12)by
Cn K — R3 ’
b (R11R12 — C11 K12)bs + (R12K11 — R11K12)bg
77— Us 2 )
CnuKi1 — Ry,
g (C11K12 — Ri1Ri2)by + (R11 K12 — R12K11)b,
b Cn K11 — R3,
n [Ri2(Ri2 4+ Raa) — K12(Cha + Caa))by + (R12K 44 — RyaK12)by
(Ci2 + Cua) (K12 + K44) — (R12 + Raa)? ’
Jy = (R11R12 — C11K12)bs + (R12K11 — R11K12)by
Ci1K11 — R},
n [K12(C12 + Cuq) — Ri2(Riz + Raa)|by + (Rua K12 — R12K44)by
(Cr2 + Cua) (K12 + Kya) — (Ri2 + Raq)? 7
(K1263 =+ ngcl)bQ — (K1204 + ngcQ)bl
(Ci1K11 — R3))[(Cha + Cua) (K12 + Kaa) — (Riz + Raa)?]’
Js = (Ri1Ri2 — C11K12)bs + (R12K11 — R11 K12)bg

Ci1 K11 — R3,

[K12(C12 + Cua) — R12(Ra2 + Raa))bs + (Rya K12 — R12K44)bg
(Cra + Cua) (K12 + Ka4a) — (R12 + Raa)? ’
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Jy =

Ky =

Ky =

K3 =

Ky =

L=

Ly =

Ly =

Ly =

S sl - sl

(K205 4+ Ri2¢y)by — (K12¢4 + R12¢5)bg
(C11 K11 — R2)[(Cia + Cua) (K12 + Kaa) — (Ri2 + Raa)?]’
(K1203 + R1201)b6 — (K1204 + ngcz)b5
(C11 K11 — R2)[(C12 4+ Cua) (K12 + Kaa) — (Ri2 + Ru4)?]’
(Cr11K12 — Ri1Ri2)by + (R11 K12 — R12K11)b,
Ci1 K11 — R3,

[R11(Ri2 + Ras) — K11(Ch2 + Cuq)]by + [R11 (K12 + Kaa) — K11(R12 + Raa)]b,

+
(Cr2 + Cua) (K12 + Kaa) — (R12 + Raa)?

(R11R12 — C11 K12)bs + (R12K11 — R11 K12)by
Ci1 K11 — R3,

n [K11(Ci2 + Ca4) — R11(Ri2 + Raa)]bs + [K11(R12 + Raa) — R11 (K12 + Ku4)]by

)

(Ci2 + Cua) (K12 + Kaq) — (R12 + Raa)?
(Ri1c; + Kiicg)by — (Ruicy + Kiicy)by
(C11 K11 — R3)[(Cia + Cua) (K12 + Kaa) — (Ri2 + Raa)?]’
(Ri1R12 — C11K12)bs + (R12K11 — R11K12)bg
Ci1 K11 — R3,

_|_

)

[K11(C12 + Cu4a) — R11(Ra2 + Raa)]bs + [K11(Ri2 + Raa) — R11 (K12 + Ku4)]bg

(Cr2 4+ Cua) (K12 + Ku4) — (Ri2 + Ras)?
(Ri1¢q4 + K1103)b4 — (R1102 + K11¢4)byg
(C11 K11 — R2)[(Cra + Cug) (K12 + Kaa) — (Ri2 + Rua)?]’
(Raiey + Kiieg)bg — (Riicy + Kiicy)bs
(C11 K11 — R2)[(Ci2 + Cua) (K12 + Kg4) — (R12 + Raa)?]’
[K44(Ci2 + Caa) — Raa(Riz + Raa))by + (R12K 44 — R4aK12)bs

(Cr2 + Cuq) (K12 + K44) — (R12 + Raa)?
(C11 K44 — R11Raa)by + (R11 K44 — RaaX11)by
Ci1 K11 — R3,

n [Rya(Ri2 + Ras) — K44(Cr2 + Ca4)]bs + (R4a K12 — R12K44)b,
(Cr2 4+ Cua) (K12 + Ku4) — (Ri2 + Ras)?
(Rascy + Kuscy)by — (Raacy + Kaacy)by
(C11 K11 — R3)[(Cia + Cua) (K12 + Kaa) — (Ri2 + Raa)?]’
(C11 K44 — R11R44)bs + (R11 K44 — R4aK11)by
Ci1 K11 — R3,
[Raa(R12 + Rya) — K4a(Chra 4 Cuq)]bs + (Raa K12 — R12K44)bg

_|_

(Cr2 + Cua) (K12 + Ky4) — (Ri2 + Rus)?
(Rascy + Kuscy)by — (Rascy + Kaacy)by
(C11 K11 — R2)[(Cra + Cug) (K12 + Kaa) — (Ri2 + Rua)?]’
(C11 K44 — R11R4a)bs + (R11 K44 — RaaK11)bg
Cn K11 — R3,

n (R4402 + K44C4)b5 - (R44Cl + K4403)b6
(C11 K11 — R2)[(Cra + Cua) (K12 + Kaa) — (R12 + Rus)?]’

3

3

)

3

£,

1/2

£

1/2

3

1/2

£,
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2 3\ 1/3 2 3\ 1/3
q q p q q p
where, t = — = +1\/— 4+ — +| —=z—\/—+=
’ ( 2 4 27 2 4 27 ’
2
c 2 c
=bd—4e — —, q=-=c+ - (bd — 4de) — b?e + 4ce — d*.
p 30 4= 5:¢ + 35l )
A . .
M; = A (i=1,2,3,4), in which
1y G Qi3 Qyy
a a a a Qgy (g3 Qg4 (g1 Qg3 doy
21 22 23 24
A= ; Ar=lag agz ag|, Aoy=—|ay azy ag|,
(31 QG3z A3z O3y a a a a a a
42 43 44 41 43 44
Qg1 Gy Q3 Gy
Gg1 Qg gy (g1 Gy a3
Ag=|ag azy agy|, Ayg=—|ag azp as|,
g1 Oy Gyy Qg1 Qg Oy3
ay; = GiA; 4 GoXJ + GsA? + Ga)], ag; = Ko + o)) + K3)\) + Ky,
— 2 4 6 _ 2 4 6
as;, = Hy + HQ/\i + Hg/\i + H4)‘i’ Ay = Ly + L2)\i + Lg/\i + L4)‘ia
M = —, in which
3A’
Qg1 Qg dg3 dgy
— a a a a
A= |t 782 88 TS ag; = By BoA? 4 BaAf + Baf.
g1 G4 Qg3 Qyq
G51 Q52 Q53 Ogy
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