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A quantum Langevin theory of whispering-gallery-mode microsphere laser theory is developed. The linear and

nonlinear analysis are made for laser operation below and above the threshold. In these analysis, corresponding to the

specific property of microsphere, the effect of inversion fluctuation is treated. The coherence functions of laser field are

calculated, and the intensity, the amplitude fluctuation and the linewidth of the field are obtained, which are connected

with the enhancement factor of whispering-gallery-mode microsphere. It is shown that the strong couple and strong

pumping are useful for the amplification of intensity and the decrease of linewidth below the threshold. It is also shown

that, for the laser action above threshold, the variances of photon number and the linewidth of internal field are related

to the enhancement factor and the square of the enhancement factor, respectively.

PACC: 4255B; 4250; 3280
I. INTRODUCTION

The optical resonances of a dielectric micro-
sphere are termed morphology-dependent resonances
(MDR’S)[I] to emphasize that the resonance frequen-
cies depend on the structure (size, shape and re-
fractive index) of the microsphere, and also termed
the whispering-gallery modes (WGM’s) because of
the similarity to whispering-gallery acoustic waves.
WGM’s have been studied extensively[?! for some rea-
sons, for example, WGM’s have extremely high Q
value, lead to decreasing threshold for lasing and
several types of nonlinear optical processes, give
rise to the effect of cavity quantum electrodynamics
(QED), and have important applications in photonics

or optoelectronics. (3.4]

The lasing from microspheres occurring at dis-
crete wavelengths corresponding to WGM’s is re-
ferred to as whispering-gallery-mode microsphere
laser. WGM laser was observed first in a spher-
ical millimetric crystal sample of CaFs Sm*+
by Garrett, Kaiser and Bond.’! Later, in the past
decades, there have been a number of experimen-
tal papers on WGM laser from liquid or solid mi-
crospheres, such as ethanal 30-um-radius droplets

[6-8]  dye-doped polystyrene

doped with rhodamine
solid spheres with diameters ranging from 10 to
92 pm!®! and 40-800 pm!'°!, microdroplets seeded fluo-
rescent sol'!) or undoped polystyrene latex spheres!1?!
or nanoparticles!™! or highly scattering intralipid[**!,

double-layered dye-doped microdroplet consisting of

a spherical dye-doped solid inner core covered with
a dye-doped liquid-solution outer shell*®!, three-dye-

(16] " microdroplets

mixed-doped liquid microspheres
containing a concentration-changing absorber!”), Nd:
YAG spheres!'® with about 200 ym-diameter, Nd:
glass sphere with a radius of 40-60 um['®!, pure sil-
ica sphere of 25-50 ym-radius?®!| and so on. In these
experiments, observations of threshold behavior, emis-
sion wavelength dependence and spatial distribution
of the emission have provided strong evidence for the
presence of laser emission linked with high-Q WGM’s.
An important result is that the threshold pump level
of the laser in the microsphere is much lower than that

of a conventional laser.

From theoretical viewpoint, WGM lasers operate
in a manner analogous to conventional linear Fabry-
Perot cavity lasers except that the cavity modes pro-
vided by the mirror cavity of the linear cavity laser are
replaced by WGM'’s. The gain of lasing is provided by
Therefore,
several authors have directly applied one-dimensional
laser theory in many laser textsl?122 to the WGM

laser. For example, Lin et al.[?3] exammined the ef-

the feedback coming from microspheres.

fect of spatial hole burning on lasing 15.3-ym-diameter
R6G-water solutions droplets, and indicated that al-
though the lasing gain in R6G is nominally homoge-
neously broadened on a nanosecond time scale, the
presence of spatial hole burning permits multimode
oscillation simultaneously on many spherical cavity

mode resonances. Mazumder et al.'”l used the stan-

* Project supported by the Foundation of Chinese University of Hong Kong.
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dard dye-laser theory4 to explain the absorption-
dependent blue shift of dye lasing in microdroplets.
However, although there is analogy between WGM
laser and usual linear cavity laser, a detailed com-
parison of WGM laser experiments and theory re-
quires a complete WGM laser theory which combines
usual laser theory with the Lorenz- Mie theory. Such
WGM laser theory, to our knowledge, has not been
made up to date, in spite of several related basic work
reported!22—27],

study.

This is just the motivation of our

The purpose of this paper is to develop a quan-
tum Langven theory of WGM laser. Our work is the
extension of the traditional laser quantum theory of
Haken?®! and Lamb[?! and the one-dimensional out-
put coupling laser quantum theory of Ujiharal30:31]
and Baseial®?!, and it emphasizes the lasing action as-
sociated with WGM in the microsphere. There are two
main differences between the two theories: Compared
with Haken’s and Lamb’s theory, in one-dimensional
output coupling laser quantum theory, not only inter-
nal field but also external field can be treated. More-
over, no damping term and fluctuation term are in-
troduced to the field, while thermal noise emerges
automatically. In our present work, on the basis of
the above quantum theories, considering the specific
properties of the WGM microsphere, we further in-
vestigate the effect of inversion fluctuation, unlike the
usual laser case in which the inversion fliuctuation is
usually neglected. In addition, in our analyses, all
results can be connected with the enhancement fac-
tor which can describe the properties of WGM micro-
sphere. These two aspects are different from the usual
quantum laser theories.

The paper is organized as follows: In Sec.I, the

quantization of light field in dielectric microsphere is
performed. In Sec.ll we establish the quantum me-
chanical Langevin equation for a two-level model. In
Sec.lV, we make a linear analysis for laser operation
below threshold, the internal and external fields are
both considered.

action above threshold inside microsphere by calcu-

In Sec.V, we investigate the laser

lating the amplitude and phase noise power spectrum
and obtain the photon number variance and linewidth

of laser. In Sec.6, we give a brief summary.

II. QUANTIZATION OF THE LIGHT FIELD
IN A DIELECTRIC MICROSPHERE

The system consists of a microsphere of radius a
and dielectric constant n? with N laser active atoms.
According to the general quantization procedure of
quantum mechancs, for our system, the quantization
volume may be considered a large sphere of finite
radius (A — o) bounded by an ideally conducting
sphere.

The electric field E(r,t) and the magnetic field
B(r,t) and their vector potential A(r,t) can be writ-

ten as[25—27]

Blrt) =3 sl —a)e). (1)
t) = Z %(aj + as)bs(r),
= es(r),

where es(r), bs(r) are the solutions of the homoge-

(2)

A(r,t) = (af +as)

Vo, 3)

neous Maxwell equations; a, and a} are annihilation
and creation operators for frequencies w, of the light
field and they are respectively take the form for TE

wave and TM wave:

TE  e.(r) = Bp(l,m)ji(nkr) X 1m(0, 0), r<a, (4a)
es(r) = [y (1, m)B) (kr) + 45 (L m) b (k) X i (0,0), 7> a, (4b)
bu(r) =~ 7 xeu(r); (4c)

™  by(r) = fu <z m)ji(nkr) X 1 (6, 9), r<a, (5a)
ba(r) = I3 (l m)hyP (kr) + 457 @ m)BD (k)] X1 (0, 0), 7> a, (5b)
es(r) = v xbs(r), (5¢)

( )ws

1)

where k = w,/c is the vacuum wavenumber; j, h;
and h§2) are respectively the spherical Bessel and Han-
kel functions, X,,,(0,¢) = [I(I +1)]7Y/2LY},, is the

angular momentum operator, [ is the orbital quantum

number, m is the azimuthal quantum number, n?(r)
equals constant n? inside the microsphere and unity
outside the microsphere.

Following the method of evaluating Mie scat-
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tering coefficients, ﬂE/'yE , 'yE /7E , ﬁM/VM and
J(Vl[ /fyM can be derived using the boundary condi-

tion that the tangential field components at the sphere

boundary are continous:

o W) S €D (@) b (@) LW (a)
N T Lew(z)
3 (W)l (2) = 3i(y) €W (@)
(6)
O G O ) 60
@ " 9FT A d )
g ) 4560 (@) = 1 P (@)
")
e P2 (@) €@ (z) ~ ) () €0 ()
W — b= d jASY) 2 d (1)
7 15 P @) = %) 760 (@)
®)
W ) - i) e
(2 — M d d D,
M 20) €0 @) = - P @)

where z = ka, y = nka, ¥(y) = yj(y), 5(1)(33) =
oh) (z), €3)(z) = zh? (),

We choose the orthogonal relation of the eigen-

functions in the form
/ d3r nz(r)es(r) ey (r) = d4mhwsdss ,(10a)
(r<A)
/ d3r by(r) - by (r) = 4mhw,b,y, (10b)
(’I‘<A)

and note that there exists the conservation of energy

for each mode, thus obtain

|2 2mwhe k_3
(l+1) A~
(11)

In addition, according to the asymptotic formulas

VG2 =h@P =12 =1

for the positions, width and strengths of resonances in
Mie scattering®3!| we can express the coefficients |BE|?

and |Bpr|? as Lorentzian type:

1Bl* =

4h
where K' = — K, J
2

lowed cavity resonance frequency, K is the cavity en-

is the cavity width, w is the al-

hancement factor2?” in resonant peak w, = w, which

can describe the properties of WGM microsphere, de-

pending on the resonance frequency and size parame-

2ma
ter x = —.

Using the boundary condition at the shell of ra-

dius A, for TE case the allowed frequencies are

wy = <u+ £> T Sse, v=0,1,2.. (13a)
2/ 4 A
with
exp(2i0g) = 'yE)/'yE . (13b)
Similarly, for TM wave,
we = <u+é>% —%(SM, v=0,1,2,.. (l4a)
with
exp(2idn) = 75y /757 (14b)

in the above, v is the radial quantum number, the
space of w, is Aw, = /A + O(A72), in the A — oo,

consequently
A
d o= / dws. (15)
~ me

In the following we only discuss the TE case al-
though both TE and TM waves can be excited in a

general case.

m. QUANTUM MECHANICAL LANGEVIN
EQUATION OF MICROSPHERE LASER

We use the laser model of N two-level atoms, with
the the lower lasing level denoted by |1),,, upper lasing
level by |2),, and transition frequency @,, for the uth
atoms.

In analogy to traditional quantum-machanical
treatment of the laser2®:29 under the dipole approx-
imation and the rotating wave approximation, we can
obtain the Langevin equations for the field and the

atom operators:

d -
Eaj =iwsal + ZzgsyuS_F, (16)
”
d _ .
$S+ =(1w, —v1)S+ — zzs:gsyuajs + 11,
(17)
d

: +
dtS ’YH(SO - S) +2iS_ Zs:gs,,uas

— 2154 Zg;#as + I, — ' p- (18)

Here S and S_ are the raising and lowering opera-
tors for the pth atom, representing the atomic dipole

moment,

(19a)
(19Db)
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and S is the inversion operator for the uth atom, rep-

resenting the atomic occupation number difference,

§ = (12)2) s =(1D (1) - (20)

~v1 represents the transverse decay rate of the dipole
moment and < is the longitudinal decay rate of the
inversion which is the inverse of the longitudinal relax-
ation time T'. Sy is the unsaturated inversion of the
pth atom which is built up by the pumping as well
as by relaxiation processes. v, v and Sp have been

defined as

1
YL = §(w12 + w1 + Vp), (21a)
"YH = W12 + wa1, (21b)
w12 — W21
Sog= ——-—"— 21c
0 wia + way (21¢)

where ws; is the incoherent decay rate from level 2 to
level 1, wis is the incoherent pumping rate from level
1 to level 2 and =, is the rate of collisionally induced
phase decay of the atoms.

The symbol g, ,, is the coupling constant for the
sth mode of field with the pth atom located at r,, :

7
gS#‘/ - _’\/ih

where 812 , is the atom dipole moment matrix element

w
w—”es(r,‘) 012,41 (22)

for the puth atom.
I'21,, T2, and I, are respectively Langevin
fluctuating force corresponding to atomic opera-

tors Sy, (12)(2)p (I1)(1]) -

tion between the fluctuating forces can be given by
29)

The correlation func-

fluctuation-dissipation theorem!

< Tryyu(t) Tua e (8) >=< Tog pu(t) g e (t') >

= — < Ty () Doz (') >= = < Doz (t) Ty e () >
= [wiz < (I1){A))p > w21 < (12)(2]) >10pwd(t = ')
= Duéuu"s(t - tl): (23)
< Doy (O) Mg (81) >=< Ioy (8) oy, (t') >=0,(24)
< i () o1, (8) >= [war < (12)(2]) >

+ (271 —wiz) < ([I(1])p >]0,0(t — 1)

= D12, 0,0t —t'), (25)

< o1 () Tag g (1) >= [wiz < ([1)(1]), >
<

+ (2yL —wa1) < (12)(2])p >0 d(t — 1)

= Doy 0 6(t —t'), (26)
< ooy (8) o1,y (t) >=< Ti1,p(t) Lo1,p (8) >

= —wa1 < (12)(1]) > dpw8(t — 1), (27)

< F227N(t)]—’12yul(t’) >= Fn,,,(t)[’m,u/ (t’) >
— wis < (12D > S d(t — ). (28)

For steady states, there are the following relation:

wiz < ([D{A])p > —war < (12)(2]) >= 0, (29a)

< (121 >=< (|1)(2[)p. >=0, (29b)
Dy, = 27Lﬁ, (29¢)
Dy = QWLﬁa (29d)
D, = % (29€)

In the above the angular brackets denote the ensem-
ble average with respect to the heatbaths of the atoms.
We have assumed that the heatbaths for the atoms are
statistically independent of each other.

In addition, the initial value of the field a,(0) has

the following properties:

< ay(0) >=< af(0) >=0, (30a)
< af(0)as(0) >= d,4ns5, (30b)
< as(0)af(0) >= 6,4 (1 + ny), (30¢)

where the angular brackets denote the ensemble aver-
age with respect to the initial field; ng is the Plank
distribution for the sth mode of the universe at the
initial temperature. We have assumed statistical in-
dependence among the universal modes.

It is noted that, in Eq.(16), we have not intro-
duced the damping term and fluctuating forces, in
other words, we have neglected the fluctuating force
coming from thermal radiation field. Thus thermal
radiation field is completely determined by the initial

field, such as vacuum field or coherent field.
IV. LINEAR ANALYSIS

For the laser operation below threshold, we con-
sider that the population inversion of atoms is kept
We assume the coherent interaction be-
tween the field and the atoms begin at t=0. We limit

our analysis to atoms with identical properties, hence

constant.

write W,=w, 012, = 612. For simplicity we assume

61> and e,(r) are parallel.
A. Inside the microsphere

For the field operator al (t), we define the slowly
varying variable A7 (t) and the collective variable
AT(t) as follows:

A7 (t) = a] (t) exp(—if2t),
AT(t) =) 9,47 (1),

(31a)
(31b)
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with with
9s = gs,u/|f(wa ’I")|, (31C) ¥ . —
u=—=+i(w— 2)+ aado, (36b)

and 3 2

(@, )| = i (nkr) X 1m (8, ), (31d) do =Y | f(w,r)[*So, (36c)

o
where {2 is the frequency of laser. The collective vari- v 0%, 1
— !

able A1 (t) represents the negative frequency part of CAr = 5%‘“ w N —iw i (36d)

the electric field, which can be shown from Eq.(1),
Eq.(4a), Eq.(22) and Egs.(31b-31d).
From Eqs.(16)—(18), we obtain

%Aj(t) = %:gi,u/o (£2 — ws) exp[—i(%2

— w)](t — ST ()l + iAT (0)(w,
— Q) expl=i(2 —w )]+ Y ig:, 5 (1), (32)

m

where S’:(t) represents the slowly varying variable of

the operator Sy (t) and is given by

Si(t) = ao(t) +aa(AT (),  (33a)

which
() = expl (71 — i@+ i2)t]{S4 (0)
+/0 exp[(vL — iw)tl]]—’gl,”(t’)dt’}, (33b)
Zm{so +/0 exp|(—v (¢
— )]0 (t) At} f(w,r)]-

Using Egs.(31b-31d), Eq.(22), Eq.(12) and Eq.(15),
through algebra transformation, we can finally arrive
at

St =L+l 2450 + (WS 0

+ Z[g —i(w — w,)]gs AT (0) expli(ws — 2)t], (34a)

OLA(t)

(33¢)

where [u] is a calculation sign for the index p, defined

as

Y ‘11'(92_2

4= i g ek

with 02 = |015]?. Thus we can write Eq.(34a) in the

following form:

(34b)

AT (1) = / (LB ) + Bt + F()Fs
0
(35)

where

Fy(t) = exp(ut) explaar Y |f(w,mu)* fr, (t)], (36a)

”w

t £
fr(t) = / a¢ / expl—) (€ — t')|Tu(t')dt'(36¢)
and

Fia(t,t') = explut — t')] expfay,

D f@ )Pl @) = fr, (@]} (37)
F3<Ht> = >[5 —iw - w)lg.A¢(0)

espli(w — 2)1], (39)
F.=Y g,A;(0), (39)
Fi(t) = [nlao(?). (10)

In the above, some terms have the following phys-
ical meaning;:

The letter u represents complex net gain and
fr.(t) is determined by the fluctuation of inversion,
hence Fi(t) and Fi5(t,t') represent the contributions
of the gain and the inversion fluctuation coming from
the incoherent pumping process and the spontaneous
inversion process which is a stimulated emission pro-
cess induced by the zero-point fluctuation of all modes
in the active medium except for the lasing mode.

F3(t) and F, represent the contributions of the
initial field which come from zero-point fluctuation of
all modes.

In Fy(t) term, S;(0) can be omitted, due to
Eq.(29b). So Fy(t) represents the dipole-moment fluc-
tuation which originates from the spontaneous emis-
sion process.

If we neglect all fluctuating terms, we can obtain
the semiclassical results. Now we let all fluctuating
terms remain unchanged and calculate the quantum-
mechanical coherence function. We obtain the follow-

ing results which are shown in Appendix A:
1
< AT(WA[) >= (J + J" )= exp[u*(t' — t)]{l
o

+ 8(Reaa;)? Z \f(w,r,,)P% [l

«
p Il

1 a

o (04+7||)7|] } (412)
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where t' > t, (2) Strong-couple limit (v = g, a< %),
7\? 6> (a) For strong pump, R ~ %% which is obvi-
) ) 5 ously a smaller value (less than unity) depending the

, ¥ w04 ol
J :<2> n(w) <2W2WK,> ratios 2 and %
2h a gl

1 1 1
Z |f(w, )" D21 7y (41c) (b) For weak pumping case, R ~ 3%—, which

BB a ) So

©w
a=—(u+u*)= 2(% - ReozAlg()), (41d)

B=—v1L—u—i(2—w). (41e)

Here n(w) is the photon number of initial field belong-
ing to the cavity mode frequency w. It is easy to see
that J represents the contribution of the initial field
for the field intensity, J' comes from the spotaneous
emitted photons and the term including D, represents
the effect of the fluctuation of inversion. In the term
exp[u*(t' —t)], the absolute value of u* represents the
linewidth of the field. The half of a is the real net
gain.

It is worthwhile to emphasize that the D, term
usually cannot be ignored for the WGM microsphere,
which can be seen by the following order analysis.

For the laser operation below threshold, the real
net gain is negative, ie., Rea;dy < g, so from
Eq.(41a), the D, term is less than R, here R is de-

fined by
2
(3)
2 D,[1 1
u [ + @

S§ ot la oy (et )

(41f)
For microsphere, it has been shown that in
Ref.[27], in weak-coupling limit, i.e., K < 79, here 19
is the spotaneous lifetime in vacuum, v = K /10 < v
for the cavity resonance; in strong-couple limit, i.e.,
K > 7, then v = z, essentially independent of de-
tuning. Therefore we %{now the decay v is always less
than = for the microsphere. From Eq.(29), Egs.(21a-

21c), Eq.(41d), we see that:

(1) Weak-couple limit (v < g, af,%),
(a) For strong pumping case (wizswa1), v —

5
7w
wiz, So — 1, D, — wyi, therefore, R ~ li,
A el
which is a nondetemined finite value, depending on
¥
= w
two ratios 2 and ——.
ol l

(b) For weak pump (wiz2 > wa1), So < 1, R ~

5
3 1
2 Y=n —, which equals to a larger value (more than
7 So

unity).

is a larger value (more than unity).

From the above analysis, it is shown that only
strong couple and strong pumping case, the D, term
has a smaller value. However, if v > _, then for the
above all cases, R — 0. This is why the fluctuation of
inversion can be neglected in the usual case v > T

Furthermore, From Eqs.(41b—41d) and Eq.(36d),
we see that the intensity of the field increases as the
enhancement factor K increases, and the linewidth of
field decreases with the K factor. The strong couple
(corresponding to larger K value) make the system

operate in an amplification region and has a narrow

linewidth below threshold.
B. Outside the microsphere

We define the collective variable of the electric

field outside the microsphere similar to that inside the

microsphere,
Bt (r,t) =Y Af(t)|es(r)], r>a. (42a)
From Eq.(4b), here |es(r)| can be written as
les(r)| = Belh(w, 7)], (42b)
and
o, )| = R kr) + P )|, (420)

where g, qg and pg are given in Eqs.(12), (6) and

(7). BT(r,t) represents the slowly varying negative

frequency part of the field outside the microsphere.
From Eq.(32), we obtain

Spt = [-+ito- o) [ en{ fi

- e o fSiwar+ WS

+1 Z AT(0)|es(r)|(ws — 2) expli(ws — 2)], (43)
where [p'] is a calculation sign, defined by

)= =3 G ) )l (4)
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and :S”:(t) has been given in Egs.(33a-33c).
By algebra transformation, we have the basic

equation of the external field:

%Bﬂr t) = [— 3 Fiw- 9)} B (r,t) + 1154 (¢)
+> [% —i(w -~ ws)} AL (0)]es(r)] expliws — 2)1].
(45)

Such B*(r,t) can be expressed in the following form:

Here the physical meanings of Fj and F are the same
as F3 and F; in Part A. But F; and Fjs now repe-
sent the free oscillation of the field, and F} gives the
contribution of the gain, inversion and total internal

field.

By a lengthy calculation (the main derivation pro-
cess is demonstrated in Appendix B), we finally obtain
the coherence function < BT (t)B(t') > of the external
field:

B+=/tF1/2(t—t1)[Fé(t1)+FZi(t1)+F5/(t1)]dt1+F1( )FCI, < B+(t)B(t/) >= {Nl( + D3 + IS? ) + Ng(D
(46) . D ‘
where - Dy+ G- gl el W -0 ()
F|(t) = exp(u1t), (47a)
with where t' > t, and
up = —L 4w — ), (47D)
and N; = 2:22 |h(w,?)>(J + J )é (53a)
Fia(t — 12) = expln(t — 1), (470 v )
Fi(t) = X |3~ il — )] 47 O)ke.(r) Mo = T e S (580)
expli(ws — 2)t1], (48)  with
Fi(t2) = [Wlao(tr), (49) * .
Filt) = [W)aa(t) A" (1), (50) fmmw sy dd, (55
F/=) Af(0)e CIV I
92 wrpyplef L1 Bafs 11 a
D=2 ; S el [ TR (A Y A e (ﬂg Bzﬂ’ (54a)
=2a%.a & _ ﬂ253
P2 =20 ol [1 (B2 — 7)) (B3 + 7|)]’ (545)
2 2D l _ i _« C
Py =sfReca S P26 |2k (54¢)
o aa Dy __«a B203
D=2 tyP [(1 a+7||>(1+(ﬁ2—7||)(53+7|)>]
* D, a a B23
2o Uy [1+a—7|| <1+a+7|>(52—7||)(/33+7|)}
+ 2a, ! Dy B2l (54d)

with
Dl flw,r)
ol f(w, )2
(54e)
In the above, the meanings of J, J' and u* have been
stated in Part A. Dy, Do, D3 and D, stand for the
effect of the inversion fluctuation. If Dy, Dy, D3 and
D, are neglected, < B*(¢)B(t') > has a simple form

* * *x 7
= —uj] +u" = aj;do,

B2

a; =

S [ F @) vy (B2 —v)(Bs + )

from Eqgs.(52) and (41a):

2h?

< BT(t)B(t") >= 6—2\h(w,r)|2 < AT (A >,
(55)
which is the relation between the in2ternal and external
field for the usual laser case and ' |h(w,7)|? is equiv-

alent to the transmission coefficient. From Eq.(42c)
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and Egs.(6)—(7), we find |h(w,r)|? ~ 2

K>
value will decrease the transmission of laser.

ie., large K
More-
over, for the microsphere laser, D1, Dy, D3 and Dy,
usually should be considered even though the effect of
inversion fluctuation is smaller for strong couple and
strong pumping (see the order analysis in part A). Es-
pecially for nondetuning case, considering a%; ~ 0
and B2 &~ 0 due to w — 2 =~ 0 in Eq.(36d), we find
Dy =0, Dy =0, and

D «a
Dy =~ 2a 01— <1 - > (56)
ﬁ o+

Similar to the order analysis in part A, we see that
Dy = 0 for weak couple due to v < 7 and <1 —

2
a

> ~ 0, and also D, ~ 0 for strong couple and
o+

w

strong pumping since Dy ~ =2« 1. Therefore, for
ol

nondetuning and strong couple and strong pumping

we obtain
< BT (t)B(t') >= {N1(1 + D3} exp[u*(t' — t)], (57)

which is the result corresponding to the minimum of

inversion fluctuation effect.

V. NONLINEAR ANALYSIS

For the laser operation above threshold, we should
make a nonlinear analysis . In this section, we only
investigate the quantum statistical properties of laser
inside the microsphere, including the coherence func-
tions of amplitude fluctuation of the field and the fluc-
tuation of photon number of laser and the coherence
functions of the phase fluctuation of the field and the
linewidth of laser. As for the action outside the micro-
sphere, similar analysis can be done except for using
the basic equation of external field.

(17) and
(18) can be solved by the quasilinearization proce-
durel28:29],

number, the internal field operator A™ and the inver-

The Langevin equations Egs.(16),
In the approximation of a large photon

sion operator S are expressed as

AT = (Ao + AA)exp(—iA D), (58)
S =S5+ AS. (59)

Here AA, A ® and AS are Hermitian amplitude, phase
and inversion fluctuating operators respectively. Ag
and S are respectively the average field amplitude and

inversion (positive real).

From Egs.(16)—(18) and (58)—(59), noting only

the first-order fluctuation retained, we obtain

d j—
A= 3AA+ Relula,SAA
+ Re[ua)y AgAS + F, (60)
d —
—Ao AP =(w — 2)AA + Im[u]as[SAA
d —
FAS=-mAS+ 2Rea’j[25AA
and
__7 s
0= ) + Re[u]ay S, (63)
0= (w— 2)+ Im[y]a’, S, (64)
S At 2T 42
0=7(So = 5) — ———f(w,m,)|*S A,
(S0 = 9) viJr(g_w)2|f(w )25 A2
(65)
where
4= ';If( )| (66a)
&a = Z’YJ_—Z'U—I—LQ w, T, a
R R
aA - YL _Zw+29|f(w7r,u)| AO, (66b)
F.(t) = Re[(F; + Fy) exp(iA P)],
Fi(t) = Im[(F3 + Fy) exp(iA D)), (66¢)
I'="T5%, — I, (66d)

Equations (60)—(62) are the basic equations of the
fluctuation of the field and Eqgs.(63-65) give the aver-
age values of photon and inversion number.

By Fourier analysis of Eqs.(60)—(62), we have
AA(R) =03 '(2) + asFo.(2), (67)
—AgiNAD(2) =Im[u]a’y Ag{(a1asiaz)'(12)
+ arasFr(2)} + Fi(92), (68)
where

4Reoz;’1§

= 69
REToR ¥ — 2Rea’} Ay’ (692)
1
= 69b
2TI01 ¥ — 2Rea’j Ay’ (69b)
Re[pla’y Agas
= 69
BTy Relpla’y Agay’ (69¢)
1
g = (69d)

i2 — Re[pla/y Apory

In Appendix C, we derive the amplitude noise
spectrum < AAT(2)AA(£2) > and the relative pho-

ton number variance < (An)2 > / < n > of the laser
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field.

1
< AAT()AA(R) >=4aza3D, + Za4aZJ0

1 * * YL
+ 5“4‘14[#][#] W, (70)
< (An)% >
s =m D, + n2Jo + n3J}, (71a)
with
2 02
Jo = <1) [+ 2n(w)]| T wK’,
/ « 1
Jo = 2[p)[p]" —, (71b)
YL
2
p ¢
—8- VP s ? 71
K bf pes s 2’ (71c)
m=_—(p+ bg)ﬁ cos ?, (71d)
2 pea
n3 =
1 olcos G(p” + pvt + 0371) + 265 pcos S0l + bl Mu
2 ”—i +2e1 + 92
(71e)
S
bo =27 =5 (71f)
1
b= §’Y’Y\|(50 - 5), (71g)
2
by = (S0 —5), (71h)
0
and
1 ) .
e1 = 5(26 - by), (711)
€y = bo\/4b*bg, (71J)
/2. 2 €2
p €1+ €3, ¢ = arctan e (71k)

The meanings of the terms on the right hand side
of Egs.(70), (71a) are obvious, which come from the
inversion fluctuation, the initial field and the sponta-
neous emission, respectively.

In the above, we have assumed that, at t=0, the
v

_ 2’
which means Sp > S from Eq.(63). Hence by > 0,
b> 0, and 2b — b2 > 0 due to < % for the micro-

sphere.

gain is much larger than the loss, i.e. Rea/ySo >

We make an analysis for the three terms on the
right side of Eq.(71a).
the expression of the average value Ay and S from
Eqgs.(63)—-(65):

For doing this, we first get

1 w62
A} = - —wwK'y N So, 72
0 4952 M 0 ( )
5=yt (B
S wK' 3 [ f(w,r)|

Here N is the total number of active atoms. A2 rep-
resents the average photon number, which increases
with the K factor, and S is the average population
the inversion at the threshold, which

decreases with the K factor. These results agree with

inversion, i.e.,

those in the semiclassical treatment for microsphere
laser.

Dueto S>> S,b>> b3, e; ~ b, es = 2bovV/b, p = b,
¢ =~ 0, from Eq.(71f-71h), Eq.(29¢) and Egs.(72-73),
the first term of Eq.(71a) can be expressed as

which indicates D, % x K?; for strong couple
(v = 3) and strong pumping (v > wa1), mD,, ap-
proaches a smaller value. Similarly, we get 7o ~ ﬁ,
and

mdo = 43(3) %%i[ﬂrn(w)], (75)

which implies 72 Jy % x K, we also have n3 =~ S

and

n3Jy = (n2J0), (76)

1
1+2n(w) S

therefore nzJ§ o % x K2
On the other hand, we obtain the noise power

spectrum of the field phase for nondetuning case, from
Eq.(68) and (64),

2?2 < APT(D)AP(2) >= R FH)F(2) > .

A2
(77)
Furthermore we get
d d
il + _ 4!
< th@ ()thQ5( "> A2J05(t "
1 *
+ m[u][u] exp[—y.L|t —t'[], (78)
and the linewidth of the laser
A= 4A2 (Jo + Jp)- (79)

Equation (79) shows that the linewidth come from
the contribution of initial field and spotaneous emis-
sion, the effect of the inversion ﬂuctuation can be
A2 x A2’ i.e., the

linewidth decreases with the average photon number.

neglected for nondetuning case.

Equation (79) can be expressed in the following form:

2(3)*[1 +n(w)] 11
{1+1+2n(w)§}' (80)

A =
¥V So
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In this formula, the second term is usually much larger
than the first term, so A2 % x K. For strong cou-
ple (v = 3) and strong pumping (Sp = 1),if NS > 1,
then A2 < 7, i.e., the linewidth of the laser is much
less than the cavity width.

VI. CONCLUSION

In summary, we have developed the quantum
Langevin theory of whispering-gallery-mode micro-
sphere laser, and also made the linear analysis for laser
operation below threshold. In this analysis, we have
not neglected the inversion fluctuation term and cal-
culated the coherence functions of the internal and ex-
ternal fields. We have discussed the dependence of in-
tensity and the linewidth of laser on the enhancement
factor of the microsphere and the pumping level. It is
shown that the strong couple and strong pumping are
useful for the amplification of intensity and decrease
of linewidth below threshold. We have also made a

Appendix A

From Eq.(35), considering that

we have
+ < Fy(t1)Fy (t2) >] +/

From Eq.(37), it follows

nonlinear analysis for the laser action above threshold
inside the microsphere. We have calculated the am-
plitude and phase noise power spectrum, and derived
the expression of the relative photon number variance
and the linewidth of laser. We have made a detailed
discussion on the relation between these results and
the enhancement factor. It is also shown that, for the
laser action above threshold, the variances of photon
number and linewidth of the internal field are related
to the enhancement factor and the square of the en-
hancement factor respectively. The general equation
and specific results presented in this paper may be
useful for some theoretical and experimental problem

of WGM microsphere laser.
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< Fio(t, 1) Fh(t, t2) >= explu(t — t1) + u*(t' — t2)]

< <exp {aar 1) L) = fr

°w

< F3(t1)F} (t2) >=< Fy(t1)Fy (t2) >=< Fy(t1)F. >=< F.F; (t2) >=0, (A1)
< AT(A{P) >= / dtl/ dty < Fia(t,t1)Fh (' ta) > [< Fa(t1)Fyt (ta) >
0 0
dt; < Fia(t, t1)FH () >< F3(t1)Ff >
0
+/ dty < By () FL (' te) >< F.Fy (t2) > + < Fy(t)F (t') >< F.E} >, (A.2)
0
W]+ 0% 3 ) P () = fr, (0] > |

~ explu(t — t1) + u*(t' — tz)]{l + % < <aA1 Z |f(w, 7)) P [fr,. (t) = fr.(t1)]

(A.3)

ot Y1) P () — fr. <t2>]> > }

Here the exponential term containing the inversion fluctuation is expanded to quadratic term, which is

valid for the strong couple and strong pumping case (see the order analysis in Sec.IV).

From Eq.(36e) and Eq.(23), by integration, we get

<fr, ) fr,(t) >= 4D”{L[1 — exp(=2vt)] - %[1 — exp(—yt)] + t},

Vﬁ 29
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D,

< e (001, (1) > 42| {1 etz = 20— ety + ), (4.5)
D,

<fr, 072, >= 2 {Flesptom (e ) - exp(oya-+-10) (4.6)

_ %[1 —exp(—yt1)] — %[exp(—m(t — 1)) — exp(—t)] + tl}
S0 fr,(0) >=< fr, ()1, () > (A7)

Equations (38), (31c), (22), (12), (15) give the following relation:

< Fs(t))Fy (t2) >= <%> n(w)“h—fwzwf('a(tl —ty) = J5(t, — ta). (A.8)

Thus we finally obtain

t t’
/ dtl/ dty < Flz(t,tl)Fl_g(tl,tz) >< Fg(tl)F;(tz) >
0 0

= Jé explu*(t' — t)]{l +8(Reaa1)® Y |f(w,r )|2D [l 1y L} } (A.9)

p i N (et

In the above we have neglected terms that vanish for large ¢ or t/, such as exp(u*t). In the following we also do
this. From Egs.(40) and (33b), we get

< Rt F (1) > = [l exoli(ts = )] [ a7 [ 4T expl=( = i) — )
X exp[—(Vl + ’iw)(tg — T”)] < le(T,)Flz(T”) > . (A].O)

By integration, we have
t t 1
/ dtl/ dta < Fiao(t, t1)Fih (¢ t2) > [< Fa(t1)Fy (t2) >= J,E explu*(t' — t)]{l + 8(Reaay)?
0 0
1 «a
X |f(w,7,) \2 [————1—7]}. (A.11)
Z o o (et

From Eq.(36a), we easy obtain
< Fy(t)F;F (t") >oc exp(ut) exp(u*t’) ~ 0. (A.12)

Equations (38), (39), (31c), (22), (12) and (15) lead to

< F3(t1)F >= Z [% —i(w— ws)} gsgans expli(ws — 2)t4],

b ? 6 ' (thl)
= <§> n(w)2h2 WwK /_oo T e ————d¢expli(w — 2)t;] = 0. (A.13)

Similarly, we have

< F.F (t3) >=0. (A.14)
Finally we obtain Eq.(41a).
Appendix B

In the following derivation process, we neglect all terms that vanish for large ¢ or ¢/, and all terms that do

not represent the lasing ocsillation.
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Considering the zero terms similar to Eq.(A1) and Eqs.(A12)—(A14), we obtain from Eq.(46)
t t'
< Bt(t)B(t) >= / dtl/ dty < Flo(t — t1)Fi5 (t' — t2) > [< Fi(t1)Fyt (t2) >
0 0
+ < Fy(t1)FyT (t2) > + < Fi(t)Fit (t2) > + < Fy(t) Fit (t2) >
+ < Fi(t)F5 (ta) > + < Fi(t1)F, " (t2) >], (B.1)
From Egs.(48), (42b) and (12), we get
< Fé(tl)Fé+(t2) >= Jl(;(tl — tg). (B2)
with )
Jy = (%) (W) K’ [h(w, 7). (B.3)
Thus )
t t Jl
/ dtl/ dto < Fi,y(t —t1)F{3 (t' — ta) >< Fi(t1))F3 T (t2) >= - expuf (t' —t)], (B.4)
0 0 1
with
ay = —(uy + ul). (B.5)
Due to Egs.(49) and (33b), we have
t t/ /
[t [ ate < Byt = ) B - 1) >< BB (1) >= L explui (¢ = ), (B.6)
0 0 1
with
T = W) Dory (B.7)
! e
B = —ur —yL — (2 — ). (B.8)
From Egs.(50), (35), (33¢), (49), (33b), we obtain
t t’
/ dtl/ dty < Fiy(t — t1)F{3 (' —ta) >< Fy(t1)Fit(t2) >
0 0
= Q[So(1 + D1) + Do explu”(t' — )], (B.9)
with
Q= Jo[u"]" ! (B.10)
BafBs’
" ’ —1
= —_— B.11
'] = )il (B.11)
But we see that
t t'
/ dtl/ dty < Fiy(t —t1)Fi3 (' —t3) >< Fi(t1)F3 (t2) >oc expluj (' —t)]. (B.12)
0 0
From Egs.(50), (35), (33c), (49) and (33b), we also obtain
t t’
/ dtl/ dty < Flo(t — t1)Fl5 (¢ — t2) >< Fy(t1)Fi (t2) >
0 0
= Q'[So(1 + D;) + Do) exp[u*(t' — t)], (B.13)
with .
Q" = [ [W][ul"D (B.14)

2Ll B By B33
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However we find
t t’
/ dt, / dty < Fiy(t —t1)F{3 (' —ta) >< Fi(t1)Fyt (t2) >ox expluf(t’ —t)]. (B.15)
0 0

From Egs.(50), (35) and (33c), we can derive

t t’
/ dtl/ dty < Fiy(t —t1)F{ (' — ta) >< Fi(t1)Fit (t2) >
0 0

= (Q1 + QIS5 (1 + D3) + Dy] explu”(t' — )], (B.16)
with
1 1 1
— J n "% |:_ _ —:|, B17
Q1 [u][u]ﬂ%ﬁ;a T (B.17)
Q1 = (W] [1"][n"]" Dax ! [1 - ] (B.18)
! M BB BBy o a+ P
We express @, @', Q1, Q) by using J and J':
2K2 5 1
2R , 1,
QSo = 9—2|h(w77‘)| @Ja (B.20)
2h* a\J
2 _ 2
st = L enP(1- 5 )7, (B.21)
2h° aJ
rg2 _ 4 2 R
aist = Lot (1- )7 (B.22)
Finally, from Eq.(B1) we get Eq.(52).
Appendix C
We adopt Fourier transform in the following form
1 o0
)= — t) exp(—if2t)dt, C.1
12 = —= [ fexp(=ign (1)
so that
1 oo o0
< TH(D)Mea(2') > = o dt'/ dt”" < Tyh () T (t”) > exp(if2t’) exp(—if2't")
T J - —oo
=D,5(2 -2, (C.2)
and
<I't(2)r(2) >=4D,,. (C.3)

To calculate < F.¥(2)F,.(£2") >, we consider

< FF(t"F,(t") >= i{< F(tYFf (") > + < Ff (¢ F(t") > + < Fy(t)F (") > + < FF () Fa(t") >}

(C.4)
From Egs.(A8) and (30b), (30c), we have
< F{Ff (") >+ < Ff (") F3(t") >= Jod(t' —t"). (C.5)
Again from Eq(A10), and by integration, we get
1 oo o0
< FNQ)F.(2) > = o dt'/ dt" < EX(t")F,.(t") > exp(if2t') exp(—if2't")
T J - —oo
1 1

= (2 — 2) + Sl (2 - 2). (C.6)

T4 2 73+ 022
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It is easily shown that
< FF(2)F;(2) >=< FF(2)F,(2) >, (C.7)
thus we get Eq. (70).
From Fourier transform of AA*(£2) and AA(S2), we have
1
< AAT(DAA(t) >= 2—/ d2 < AAT(2)AA(R) > . (C.8)
T
Considering
< (An)? >=<[(Ag+AA)?* — AP >4 <n>< AA® >, (C.9)
we can express the relative photon number variance as
A 2
<@AnT> aa2 s (C.10)
<n>
Using Egs.(70), (C8) and (C10), by integration, we obtain Eqs.(71a-71k).
From Eqs.(77) and (C6), and
d 4o d , 1 [ 9 " ) ,
< EA@ (t)EAtﬁ(t) >= oy d{2° < AP (N)AP(2) > exp[—iN2(t — t")] >, (C.11)
u — 00
it is easy to get Eq.(78).
The width of laser can be calculated by
Ad(T) — Ad(0)]?
Ap_ <[A8() - ASOP > )
T
where -
Ad(T)— AP(0) = / aAfﬁ(t)dt. (C.13)
0
Thus we obtain . . q d
<[AP(T) — AD(0)]? >= / dt'/ dt” < —A<I)+(t')aAd5(t") > . (C.14)
0 0

dt

Substituting Eq.(78) into Eq(C14), by integration, we obtain Eq.(79).
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