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An ultracold two-level ion experiencing the standing wave of a resonant laser in a Paul trap is investigated in the

Lamb-Dicke limit and weak excitation regime, with full consideration of the time-dependence of the trapping potential.

The analytical forms of the wave functions of the system can be described with our approach, and the time evolution of

the pseudo-energy of the system as well as the squeezing property of the quadrature components is studied in comparison

with the treatment of harmonic oscillator model.

PACC: 4250; 3260
I. INTRODUCTION

Nonclassical characteristics of a trapped ultracold
ion has attracted considerable interest during the last
few years, especially in the field of quantum optics and
precision spectroscopy. With sophisticated laser tech-
nique, a trapped ion in a Paul trap has been cooled
into the motional ground statel!!, and various nonclas-
sical motional states, such as Fock, coherent, squeezed
and Schrodinger-cat states, etc., have been success-
fully generated.[?! Particularly, a two-qubit controlled-
NOT gate with a °Be™ ion was recently implemented
in the Pual trapl®/, which has been regarded as the
first step of the long way to the achievement of an
actual quantum computation in the near future.

As the model of an ultracold ion strongly coupled
to a harmonic oscillator in the limit where coherent
interaction can dominate over dissipative processes is
formally similar to the cavity quantum electrodynam-
ics (QED), the ion trap problem was generally treated
by means of Jaynes-Cummings model(JCM)!, a well
known treatment for the interaction between matter
and light in the field of quantum optics. In such a
model, the ion is simplified to be two levels, the ion’s
motion, under the action of the trap potential, is quan-
tized as a harmonic oscillator, and the cooling laser
is taken the classical form of a standing or traveling
wave. Taking advantage of the analogy between cav-
ity QED and a trapped ion interacting with a laser,
some techniques developed in the framework of cav-
ity QED can be immediately transcribed to the ion-
trap system in the Lamb-Dicke limit(LDL). Further

investigation®! told us that the situation beyond LDL
for the ion-trap system just corresponds to the non-
linear JCM which is also a well-developed subject in
the quantum optics.

We note that the secular approximation is used
in the above treatment, in which the time-dependent
potential of the Paul trap was replaced by a pseudopo-
tential. Thus the potential of the Paul trap could be
quantum mechanically treated as a harmonic oscilla-
tor. As the effects of the micromotion in experiments
are clearly visible as additional resonances in excita-
tion spectral® | and it has been shown that the time-
dependent potential influences the cooling dynamics,
the cooling rates, and the final temperaturel”, an ex-
act investigation excluding the secular approximation
in the above treatment is needed. In this case, the
solution of the problem will not be able to get help
from the JCM.

In a frame moving with the ion, the effect of
the time-dependent potential could be taken into the
position operator determined by a quantum Mathieu

[7] Thus the problem was transformed into an

equation.
effective form similar to the Hamiltonian of JCM in
the rotating wave approximation, and the laser cool-
ing mechanism for a single ion could be presented in
principle from this treatment. We also note that the
treatment in Ref.[7] was used again by Bardroff et al.[®]
to map the dynamics of the motion of a trapped ion
onto its internal dynamics, and meanwhile the tech-
nique proposed by Vogel et al.l’ was also introduced

to make an endoscopic study both within and beyond
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the LDL. Obviously, the above treatments focused on
the investigation of the optical process influenced by
the time-dependent trapping potential, which could
be tested experimentally by observing the quantum
jump of the system. In this work we adopt an al-
ternative method, decoupling the internal and (exter-
nal) motional states of the system, to discuss a special
case of the interaction of a trapped ion with the laser,
that is, a two-level ultracold ion in a Paul trap expe-
riencing a resonant standing wave laser. The main
advantage of this treatment is that we can obtain
the analytical forms of the wave functions of the sys-
tem, which enables us to compare with former treat-
ments of time-dependent harmonic oscillator(TDHO)
model®19 and discover the contribution of the laser

to the stability of the trapped ion.
II. SOLUTION

Consider the laser to be a standing wave which
modifies the motion of the ion in x direction through
the photon recoil accompanying each absorption and
emission of laser photons. Thus the motion in y and
z directions does not depend on the laser field and
just present the regular center-of-mass(COM) behav-
ior. Therefore, in what follows, we will concentrate on
the one-dimensional problem of the motion of the ion
along the = direciton.

For a Paul-trapped ultracold ion in the standing
wave of a resonant laser,the typical Hamiltonian is
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gwaaz — ;—m% + %mwz(t)x2
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where w, is the transition frequency between two lev-
els of the ion, and is also the frequency of the res-
onant laser; w?(t) = ”Tz[a + 2¢ cos(vt)] with v being
the micromotion frequency, and a and ¢ the dimen-
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sionless constants depending on the specific geometry
and applied voltage to the trap, m is the mass of the
ion, k is the wave vector of the standing wave and {2
the Rabi frequency; o; (i = =+, z) are Pauli operators,
and the position of the ion in the standing wave is
denoted by ¢. As the trap frequency is supposed to
be much greater than the atomic decay rate (strong
confinement limit), the effect of the atomic decay is
neglected.
Performing a unitary transformation U =
exp(—iw,0.t/2), we obtain
2 92
H! = —;—m%—l—%mwz(ﬂxz—l—%az sin(kz+¢). (2)
In the LDL and weak excitation regime, Eq.(2) could

be rewritten in a dimensionless form

1 92

Hr==55a+ %‘“3@)&2 + (AL + Blow,  (3)

where Hy = H!/hv, wo(t) = w(t)/v, & = x/ag =
my

1/7:1:, D0o=0/v, A= yncosd/2, B = ysing/2

and n = kayg.
We suppose that the statevector is of the general

1 [ P
V2 \ &,

states entangled réspectively with the internal up and

form ¥ = , where &, and 9, are motional

down states of the ion. For convenience of deduction,
let ¥ = &, + &, and ¥y = P, — &4, and combining
¥ with Eq.(3) yields the Schrédinger equations

0 1 9? 1 o
0 102 1
P 298 Uy + §w§(t)§2 Uy — (A€ + B) Ws. (5)

We could obtain, by means of the results in the Ap-
pendix, ¥; and W5 from the above equations

£

_ l<_ + %(t)>2} expli(a? + ;)]

2\ D(t)

u, (% + %-(t)) exp {— i<n+ %) /t Dj—‘(’o)} exp {_ i/t Gi(a)da], (6)

where i=1,2 and n=0,1,2,---, a = D(t)/2D(t), =
time derivation,

—D(t)¥1(¢), f2 = —D(t)¥2(t) with the dot denoting the

Gi(t) = B+ B1/2 + [wi(t) + &+ 20°]77 D (t) — (A + 201 + )71 (8)D(1),
Ga(t) = =B+ B3/2+ [wi(t) + & + 20°|73 D2 (t) — (—A + 208 + B2)72(t) D(2),
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and D(t), 7
following equations, respectively

(t) and ~2(t) are determined by the

D*(t)D(t) +wi(t)D'(t) = 1, (7)

71(t) = D*(t)[A = 2D(t) (t) — D)5 (8)], (8)

12(t) = D*(t)[=A = 2D ()3 (t) — D(t)3,()], (9)

To use the statevector of Eq.(6), we have to solve
D(t), v1(t) and ~2(t) from Egs.(7),(8) and (9). Equa-
tion (7) is a familiar nonlinear equation presented as
an auxiliary one in various solutions of TDHO.!9~11 It

could be solved bymeans of function series expansion
(FSE)10:11 "in which D(t) is taken as a series form

t) = Z Cy cos® vt, (10)
k=0

where Cy = (4/a)% and

1 2 1k 2 k42
Ck :m[—u Fl + 1% F2
+aFf/4+ qFy1)2], (11)

with Flkzzg-i-j-i—l-i—p:k p*CiC;CiCy, Fy = Dititlbp=k
p(p=1)CiCiCiCp, F§ =3, i1y, CiCCCy, FY =
Z;Jrﬂ”p:k C;C;C,C,, in which 3" represents the
summation excluding the term of C3Cj. As they have
been investigated in Refs.[10,11], the validity of solu-
tion and the physical meaning of the convergence of
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Fig.1. The variation of pseudo-energy of Eq.(3) with time,
where 7 = vt, a=0.1, ¢=0.25, v=15MHz, A=0.01, and
B=1.0. The dashed line is the result under secular approx-
imation.

1 [ Pe
where, and in the following, |> denotes — ),

V2 \ 3,
and its variation in time is plotted in Fig.1, where
a=0.1, ¢g=0.25 and v=15.0 MHz according to the or-
der of magnitude of the parameters in the ion trap

experiment. From this figure we could see that the

FSE for the problem of the Paul trap will not be dis-
cussed here. For Eqs.(8) and (9), we set

Bi(t) = 4i(t), (12)

Py(t) = [£A = 2D()P,(t) — %(t)/D*(1)]/D(t), (13)

where + correspond to ¢ = 1 and 2 respectively. Thus
~i(t) (i=1,2) could be numerically solved by fourth-
order Runge-Kutta integration.

. DISCUSSION

The concept of eigenenergy of the system fails in
the time-dependent treatment. So we should first de-
fine a pseudo-energy of the system via the expectation
value of the corresponding hamiltonian, which is ex-
plicitly time-dependent and is in fact related to the
dynamic phase of the system. For convenience of the
theoretical discussion, we assume the system is in the
ground state (n=0). Thus it becomes, using Eqgs.(6)—

9).

DO)[ 1
2/ | D(t)?

Ta(V(t) + 75 (1) + Va(Bimn (t) + Bare(t)) ],

E(t) =< |H| >=

(14)
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Fig.2. The variation of traces of the peaks of wave packets
wr0(¢,t) w2 (£, t) with time, where the values of parameters
are the same as in Fig.1, and ¢=1 and 2 correspond to solid
and dashed curves, respectively.

pseudo-energy E has intensive fluctuations appearing
periodically in the time evolution, which is physically
understood as the exchange of energy between the
trapped ion and the source including the trap and the
laser. However, during a period of long time, E could
be still averaged as a constant. Meanwhile, the numer-
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ical results under the secular approximation!'? is alos

plotted in Fig.1, where w3(t) in Eqgs.(4) and (5) are
replaced by %(a—i— 2¢?) in the calculation. We can find
that at this time the secular approximation is valid
due to being close to the average value of pseudo-
energy. Figure 2 demonstrates the traces of peaks
of Wl*(&,4)W2(&,t)(i = 1,2) at different time, from
which we could find that these two wave packets oscil-
late strictly symmetrically in opposite directions. Cor-

& b; =

responding to Fig.1, the closing of the wave packets of
w(€,t) and W (£,t) corresponds to the silence of the
system, and going apart corresponds to the energy ex-
change. As &, = (¥ + ¥3)/2 and P, = (V1 — ¥s)/2,
making use of Eqgs.(6)—(9), we would obtain the wave
packets of motional ground states entangled respec-
tively with the excited and ground internal states of
the ion,

s3] (dlg+0) o[- (g )]

ﬂcoseexp{—%(% +”yl(t)>2—%<% +~y2(t)>2H, (15)

with ¢ = e or g corresponding to the notation of + re-
spectively, and 0 = (82— 1)& — ["(G1(t') — Ga(t'))dt'.
Equation (15) plotted in Fig.3 demonstrates that the
wave packets expand and shrink simultaneously in
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time, whereas we have more possibility to find the ion
when it stays at the excited internal state. Obviously,
this characteristic results from the introduction of the
resonant laser.
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Fig.3. The time evolution of the wave packets of the motional states entangled with the excited internal state
(left) and the ground one (right) of the ion, where the values of parameters are the same as in Fig.1, and the
solid, dashed and dotted curves denote the cases at 7=0,200 and 300, respectively.

In former treatments of TDHO!91911  the ion-
trap system was modeled as a harmonic oscillator
without consideration of the laser field, which de-
scribes the case that the laser is shut up after the
ion has been cooled to the ultracold state. In such
treatments, the solutions of the systems are similar to
Eq.(6) with an auxiliary equation same as Eq.(7). For
finding the contribution of the laser field, we should
compare our solution with TDHO. The pseudo-energy
of TDHO is plotted in Fig.4 with the same evalu-

ations of the parameters as in Fig.1. We could see

that, for the amplitude of the oscillation and the av-
erage value over time of the pseudo-energy, the val-
ues shown in Fig.4 are greater than those in Fig.1.
From our viewpoint, the reason is that the interaction
with the laser splits the ion’s motion into two wave
packets oscillating always symmetrically in opposite
directions around the trap center, which makes the
system more stable than that without the laser. In
fact, if the statevector of the system is assumed to be

(a)w_i<1>®¢,or(b) W—<1>®¢,or(c)
V2 \1 0
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0
U= <1> ® @, then @ could be solved directly from

the Schrodinger equation of Eq.(3). In such cases, the
motional states of the ion are no longer constituted
by two parts oscillating in opposite directions, and

the motion of (a) would be a driven COM one, and
(b) and (c) are of regular COM behavior. Therefore,
it could be concluded that the ion-trap system with
the entanglement of the motional and internal states
of the ion is more stable than that with non-entangled
states.
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the values of parameters are the same as in Fig.1.

Squeezing properties of the quadrature compo-
nents in the TDHO model have been studied exten-
sively for the ion-trap system.!' Figure 5 demon-
strates the fluctuations of the operators of é and
p varying with time in such a case, that \/A—pz(:
V<pr>—<p>2 with < ...
value with respect to wavefunction of ground state in

> being expectation

the calculation) is squeezed under the quantum limit

VAp? = % at the expense of the increase of \/A&2. If

we consider the action of the laser, the situation would

800

1000

Fig.4. The time evolution of the pseudo-energy solved from the harmonic oscillator model, where

1200 1400

be completely different. Figure 6 tells that no squeez-
ing would take place with the consideration of the
laser, and the variations of \/A—§2 and \/A—p2 in time,
with rapid fluctuations produced by the micromotion
attached, are modulated by the laser field. Further
calculation shows that this result is still valid even
if the values of a and ¢ are increased. This means
that the squeezing of fluctuations of the quadrature
components of an ion-trap system is destroyed by the
resonant laser field.
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Fig.6. The variation of y/A¢2 and

values of parameters are the same as in Fig.1.

We should note that, in the calculation of
Eqs.(12) and (13), we took the initial values of
7(0)=0 and +4;(0)=0(:=1,2). As D(t)7y;(t) repre-
sents the deviation of the peaks of wave packets
(&, ) WP (&, t)(i=1,2) from the trap center, 4;(t) is
the variable related to the velocity of the wave packets.
At the initial time, the ion should be confined stably at
the trap center, and no split is taken place. Therefore,
~i(0)=0 and 4;(0)=0 are the requirement of physical
condition of the system. Moreover, the increase of
the values of a and ¢ will lead to the increase of the
pseudo-energy of the system, and the enlargement of
the difference between our solution and the treatment

200 400 600

800 1000 1200 1400

Ap? with time solved from our model, where the

of secular approximation (Fig.7). It is understand-
able that the secular approximation is valid only in
the case of a < ¢ < 1. Comparing with Ref.[11] that
the stability region of the trapped ion was studied by
means of FSE method, we see that the equations in the
present work for FSE method are identical to those in
Ref.[11]. Therefore, the stability region remains un-
changed regardless of the introduction of the resonant
laser. From this point,we think that the region of
validity for the secular approximation should be also
identical to that without consideration of the resonant

laser, that is, a < ¢ < 0.4,as proved in Ref.[12].
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Fig.7. (a) The time evolution of the pseudo-energy of Eq.(3), where the values of the parameters are the

same as those in Fig.(1) except a=0.5 and ¢=0.75. (b) The results solved from secular approximation.
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We also noted that, a semiclassical treatment was
made in Ref.[14] to discuss the chaos for a single Paul-
trapped ion experiencing the standing wave of a reso-
nant laser by means of similar hamiltonian to Eq.(2).
For convenience of their investigation, the authors as-
sumed < 0, >=< cosf >=constant, and found chaos
of the ion’s motion for a wide range of parameters and
initial conditions in the case of a sufficiently strong
laser field. Moreover, some quantum festures associ-
ated with the classical chaos have also been found for
a single ion interacting with the large-detuning laser
field.'®! Tt seems that the high-order terms related
to the ion’s position, extended from the interaction,
lead to these intensive nonlinear effects. However, as
our analytical treatment fails for the strong excitation
regime, we have no way to compare our purely quan-

tum results with those results.
IV. SUMMARY

In summary, with our approach of decoupling the
internal and motional states of the trapped ion, in-
stead of the former treatment of mapping the motional
dynamics into the internal one of the ion, the resonant
interaction of an ultracold ion with a standing wave
laser in a Paul trap has been studied. As we could
present the analytical forms of the wave functions of
the system, we focused on studying the dynamics of
the wave packets of the ion’s motion in the laser wave,
which enables us to investigate conveniently the me-
chanical properties of the ion-trap system and discover
the contribution of the resonant laser wave to the sta-
bility of the trapped ion. Without the need of the
rotating-wave approximation used in the endoscopy
approach, the time-dependence effect of the trapping
potential and the action of the laser were treated si-
multaneously in our solutions, whose results are differ-
ent from those in the secular approximation treatment
and TDHO model.
fluctuation in the time evolution of the pseudo-energy

We demonstrated the periodic

of the system, and found that the motion of the ion
in the entanglement of motional and internal states
consists of two parts oscillating always in opposite di-

rections around the trap center. The new results in
this work can be briefly concluded as follows: (i) the
trapped ion radiated by a resonant laser is more stable
when it is in the entanglement of motional and inter-
nal states; (ii) the system loses the squeezing proper-
ties of the quadrature components appearing in the
TDHO model when the resonant laser is introduced.
Note that, in this work, most of the values of a and
q are set to be smaller than 0.4. If increasing these
values, one can find that the variation due to the mi-
cromotion for the pseudo-energy, Az? and Ap?, etc.,
will be enhanced, whereas the above two results will
be still correct. However, the above conclusions are
only valid for the case of trapped ion-laser interaction
in resonance because our analytical approach could
not generalized to treat the detuning case unless the
case of large-detuning interaction and the ion staying
at the ground internal state.['®) Our approach would
also be invalid for the case beyond LDL or strong ex-
citation regime, which includes the high-order terms
of n¢ and must resort to numerical simulation. As the
parameter a is in the denominator of the expression
of FSE, the situation of a=0 could not be discussed
in this work although it usually appears in the actual
Paul trap experiment.

APPENDIX

The generalized time-dependent harmonic oscil-
lator has been solved previously.'8) Here we use the
time-space transformation method to solve the follow-
ing Schrodinger equation in the unit of A=1

1 02

2M (t) Oz
+g1(t)x + go(t)] ¥ (, 1),

zg U(x,t) =—

o ¥(a,t) + [ga(0)2?

(A.1)

where ¥(z,t) is the function we want to obtain, M (t),
g2(t), g1(t) and go(t) are time-dependent variables.

Performing a unitary transformation ¥(z,t) =
é(x,t) expli(ax? + )] where a, 3 are time-dependent
variables determined later, Eq.(A1) can be rewritten
as

.0 B 1 02 i 0 202 oo
za¢(x,t) =— m@qﬁ(a@, t) — M—(t)(2a:t + 6)8—x¢(x,t) + {gg(t) + M) + a} x¢(x, 1)
2 . 1
where the dot on the variable denotes the differentiation with respect to time. Setting
¢ do
y=ax/D(t) +~(t), S:/ M) Do) (A.3)



No. 4

Resonant Interaction Between a Paul-Trapped Ion ... 257

where () and D(t) will be determined later. Equation (A2) is changed to

i f(y,s)
M()D2(t)  0s

f(y,s)

1
— 7t(2ax +3) Y

o)+ 2284 ﬁ} ly— A (O1D() f . 5) + [goa) +

in which ¢(z,t) = f(y, s) is used. To delete the term of

Thus

i 9 1
9D(£)2M (t) 92

DI a5 W =

2

+i[-D72(t)D(t)x + ()] =

+ |anlt)

fly,s) + {gz(t) + 22

af (y, s) B 1 *f(y,s)
Ay oM ()D2(t)  9y?
a?
tat | =2 OP DO 0
2 io
m - M—(t)] f(yss), (A4)
8f((9yy’ S), we set o = (25)(15)7 B =—-M(t)D(t)¥(t)

M(t)

+ { —2y(t) (gz(t) + ]\%) + a) D*(t) + (gl(t) O B)D(t)} uf(y.s)

+G(0)f(y,5) —i

where G(t) = [92 (t)+ %(t) +d} D(t)*y(t)* - [gl(t) +
o4 B[O + 900 + s,

standard Schrédinger equation of time-independent

To obtain the

harmonic oscillator, we have to assume

f(y,s) =f'(y,s) exp {—i/t G(t’)dt’}

exp [ - / t a(t’)dt’/M(t’)] (A6)

202

7w (A7)

[gz(t) + + a] D(t)* = 1/2M (t),

D(0)
D(t)

lI/n(Iat) = Nn

do

exp [— i(n+1/2) /t W] exp {_ i /t G(t’)dt’} expli(az? + Bz)],

203
M—(t)f(y’ s), (A.5)
(0) + 2+ 6= 20) [qat) + &+ 1= DL
(A.8)

Eq.(A5) becomes

2

0 10 1
i%f/(yas) = _ga_ygf/(yas)—i_Eny/(yas)a (Ag)

with the familiar solution

Fo(y,5) = N expl—y?/2| Ho(y) expl—i(n + 1/2)s],
(A.10)
where N,, = (2"n!\/7)~'/2, H, is the Hermitian poly-
nomial. Reversing the above deduction, we obtain the
statevector of Eq.(A1)

exp[—(a/D(t) +(1))*/2] Hy(z/D(t) +7(t))

(A.11)

in which D(t) is determined by Eq.(A7), and «(¢) could be solved from Eq.(AS).
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