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The interaction between soliton and sinusoidal wave in two weakly coupled long Josephson junctions is studied.

Theoretical analysis reveals that the soliton may be embedded in Melnikov chaotic attractors and the Fiske-step-

modes are implied in the boundedness condition of the system. Comparison between the chaotic soliton oscillators and

synchronized soliton oscillators shows that the former possesses greater maximal velocity and energy.
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I. INTRODUCTION

The perturbed sine-Gordon equations (PSGEs)
have attracted much attention as the model equa-
tions of long Josephson junctions (LJJs).'=4 Dynam-
ical chaos in this model was investigated theoretically

(58]

and numerically. Recently, the Fiske-step-modes

were found experimentally in the stacked junctions.!?!
These current steps were called the devils’ staircase,
which is a typical chaotic singnature.l'” The recent
investigations!''? have shown that as a critical state
chaos makes the system parameters the extreme val-
ues. Maximal velocity and energy of the motion of
a system should be associated with its chaotic state
thereby. For purpose of applicability, the methods for
controlling chaos have also been established for vari-
ous systems.[13:14]

In the present paper, we consider two weakly cou-
pled LJJs governed by the coupled PSGEs.!' As a
perturbation the interaction between soliton and si-
nusoidal wave leads to chaotic oscillation in the sys-
tem. We analytically prove that the chaotic solutions
are bounded under the perturbation, if and only if a
relation among the system parameters and initial con-
ditions is satisfied. The Fiske-steps are implied in the
boundedness relation. From this relation we can ob-
tain the maximal velocity of motion associated with
maximal energy of the chaotic soliton. The compar-
ison between the chaotic soliton oscillators and syn-
chronized soliton oscillators exhibits that the maximal
energy of the former is much larger than the latter.
The results present a theoretical basis for designing
efficient Josephson effect devices by controlling chaos
in the system.

II. CHAOTIC SOLITON IN A SYSTEM

The coupled PSGEs governing the two LJJs

arel19]
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for ¢,j=1,2 and ¢ # j. The field variables ¢, denote
the quantum mechanical phase differences over each
of the junctions. The space-time dimensions = and ¢

are normalized to the characteristic Josephson length
Ay and inverse plasma frequency w}l respectively,
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where ¢ and C are the light velocity and junction ca-

pacitance per unit area, respectively; @, is the flux
quantum, j. the critical current density of the super-
conductor and d = 2Az, + b with A\, being the London
penetration length and b the thickness of the dielectric
barrier. The parameters a and 3 are the normalized
loss factors and 7, is the normalized bias current den-
sity in the junction i. The parameters A; and A,
represent the inductive and capacitive couplings re-
spectively. For brevity, we study the travelling wave

solutions of the forms

o, =) +m, &=vu)(z—ut), y(u)=1/v1-—1u?,
(2)
with constant velocity u such that Eqgs.(1) become two

ordinary differential equations!*®!

ige +sint; = — auy(u)y; ¢ + Buy? (W) gee —
+ (A1 + A2U2)72(U)¢j,55- (3)
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Suppose that the parameters o, 8n;, and A; are so
small that the terms proportional to them can be
regarded as perturbations added to the unperturbed
sine-Gordon equations

Y@ +sing” =0, i=1,2 (4)

Setting 9, = 1/)1(0) + 1/1§1) for |1/1§1)| < |1/1§0)| and insert-
ing them into Eq.(3) yield the perturbed equations
¥iee + (cos Ol =<,
o (0) 3 o _
e; = —ouy(u); ¢ + Buy’ (U eee — m;
0
+ (A + Apu?) P (u) e (5D)

i=1,2. (5a)

in the first order approximation.

It is clear that Eq.(4) possess the kink solitons
and the periodic solutions in terms of the elliptical
function. When 1/)1(0) is small, there exists approxi-
mate solution in the form of sinusoidal wave. The
kink solution corresponds to the well-known hetero-
clinic onel'®=18] and the weak couplings to periodic
solution supply periodic perturbations to the hetero-
clinic orbit in & space-time evolution. This is just the
mechanism producing Melnikov chaos.['7-18] For con-
venience of analysis, we only investigate the interac-
tion between the kink soliton and sinusoidal wave

go) = 2arctansinh &;, & =& — y(u)Ay, (6)
) = Bsing,, &=¢—1(uwdy, B<1 (7)

with arbitrary constants A; and B being determined
by the initial and boundary conditions. Conversely, by
setting the corresponding initial and boundary condi-
tions we can obtain such soliton and periodic solu-
tions. However, the initial and boundary conditions
cannot be set experimentally. Therefore the solutions
considered are only theoretically determined and ex-
perimentally possible. Knowing this possibility, we
may adjust the initial and boundary conditions to
produce such solutions which are associated with the
greater emitted power experimentally. Applying the
direct perturbation techniquel>?%! to Eq.(5), we de-
rive the first order solutions, in terms of the solutions
(6) and (7), as

13 3
Y = fz/ 9;€,d€ _gi/c figd¢, i =1,2, (8)
B, ;

where the integration constants B; and C; are ad-
justed by the initial and boundary perturbations

(&) and ¥ (&) with & = Y(u)(wo — ute); fi

and g; are the functions expressed by %@7 namely

5.0 = fi=v [ )
The substitution of Egs.(8) and (9) into Eq.(5b) can
directly prove the assertion. Applying Eqgs.(5b), (6),
(7) and (9) to Eq.(8) gives explicit forms of the so-
lutions wl(l).

because of the periodicity of the functions f,, g, and

Obviously, 1/151) is a periodic solution,

£,. Since Eq.(6) is a heteroclinic solution!'”) in ¢ evo-
lution and €; contains periodic perturbation, the so-
lution 1/19) describes chaotic motion of the system.
We are interested in determining the chaotic so-
lution wgl). Inserting Eq.(6) into Egs.(9) and (5b)

yields
L .
g1 =2sech&y, f, = Z(Smhfl + &sech ), (10)
£, = — 2aurysech & + 2Buy3sech &, (2tanh? &, — 1)

— 1, — B(A; + Ayu?)y?sin&,. (11)

Combining Eqgs.(10) and (11) with Eq.(8) gives wil) of
the integral form, in which the integrands sech &; sin &,
and &;sech¢; siné, are non-integrable. The non-
integrability is one of the features of chaos. The so-
lution 1/19) seems to be unbounded, because of the
infinite f; as t — oo or £ — £oo. However, the un-
boundedness can be controlled by a necessary and suf-
ficient condition. That is to say, w;l) is bounded as

t — oo, if and only if the condition

lim ‘ g16,d€ = lim /5 g1£:d€ =0 (12)
t—o0 B, E—+oo B,

is satisfied. The necessity of Eq.(12) is evident. By
using the I'Hospital rule to the 1/19) in Eq.(8), we can
derive its finite limit superior and limit inferior for
t — oo under the condition (12). This is the proof for
the sufficiency. Although the travelling wave solutions
wgl)(ﬁ) are of quite spacial case, they can be directly
compared with the known chaotic systems and display
many interesting properties of the LJJs. Comparing
Eq.(12) with the Melnikov function M (t,)[17~1% of the
chaotic systems, we find the former implying

M) = [ gede=o, (13)
which is just the Melnikov criterion for the onset of
chaos in & evolution. In fact, using time ¢ instead of
& leads M (&) to the Melnikov function M(¢,). The
chaos criterion (13) is contained in the boundedness
condition (12). This means the bounded soliton to
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be embedded in the chaotic attractor. The condition
(12) exhibits sensitivity of the system to the parame-

(12]

ters and integration constant B1!*“!, which is another

feature of chaos.

II. MAXIMAL ENERGY OF THE CHAOTIC
SOLITON

The necessary and sufficient condition (12) is non-
integrable for finite constant B;. And the initial con-
stant Bj cannot be set experimentally. Therefore,
Eq.(12) is a qualitative result which is determined by
the system parameters and initial constants. The Mel-
nikov chaos criterion (13) is only a necessary condition
for boundedness, but integrable. Inserting Eqs.(10)
and (11) into Eq.(13) and performing the integration
yield the relation,

B
P

+ Agu?)y? (u)sechg sin[y(u)A4], (14)

m=- %UW(U) [a + %BWQ(U)] +

among the parameters n,, o, 5,u, A; and initial con-
stant A. Here A = Ay — A, is the distance between the
soliton and a crest of the sinusoidal wave. The chaotic
region['8! and maximal soliton speed can be derived
from Eq.(14) for a set of fixed parameters n,, «, 3 and
A, since the indeterministic initial constant A only ap-
pears in the sinusoidal function. The results restrict

example, applying Eqgs.(6) and (7) to the energy defi-
nitions and omitting the first-order terms, we have

1L o L
o= [ [G@?+ el

+1— cos ¢§0)]dx = 8v(u). (15)

Taking o = 0.05, 3 = 1073, Ay = 0, B = 0.2, A =
10,4 < 0 from Refs.[4] and [15], we draw the curves of
the inverse Lorentz contraction y(u) vs bias 7, from
Eq.(14) for (a) A1=0.1 and (b) A;=0.5 as in Fig.1. In
Fig.1(a) we find the maximal value ~,,,,(u) ~12 for
the couplling A1=0.1 and bias n; <1. The (%)
increases rapidly with the increase of coupling param-
eter. From Fig.1(b) we see that ~v,,.(u) can reach
44 for sin[y(u)A]=1, when A;=0.5 and 7,=0.5. Sub-
stituting the maximal value v, (u)=44 into Eq.(15)
leads to the maximal energy, Huyax=352. The regions
in the shadows of Figs.1(a) and 1(b) are the so-called
chaotic regions where the motion of the system sensi-
tively depends on the initial constant A. In Fig.1(c)
we show the partial boundary of the chaotic region in
Fig.1(b). It is similar to the Fiske-steps!’, since the
average voltage is proportional to the inverse Lorentz
With the increase of A, the num-
bers of steps will increase and the steps will tend to

contraction y(u).

the velocity and energy of motion of the system. For  the devils’ staircase.!''1?
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Fig.1. Plot of the inverse Lorentz contraction ~y(u) vs bias n; from Eq.(14) with a=0.05,
B8 = 1073, Ay=0, B=0.2, A=10, u <0 for (a) A1=0.1 and (b) A1=0.5. (c) is the partial

boundary of the chaotic region in (b).

In order to make comparison between the above
results and those from the soliton oscillators, we
investigate the motion of two synchronized soliton

solutions!'®! of Eq.(1) under the perturbation of trav-
elling wave. Setting



178 Hai Wen-hua et al.

Vol. 9

(bl = ¢2 = 1/1(§I)a 5/ = W(U/)(‘T - u/t)u

A=A, =0, =mn=n, (16)
o T o — v () = 1
“vita T viea " T e
/
-7 1
¥ =15 a7)

and inserting them into Eq.(1) yield

bere —sing = —au'y (W) + Bu'y (W )eee — .
(18)

Applying the above perturbation method to Eq.(18),

we construct its perturbed solution as

Y =@ 4@ O = garctan exp(¢’), (19)

¢ 3

=1 [ geag =g [ feag
B/ o

B’,C" = constants, (20)

g= 1/129) = 2sech ¢,
f= g/gi2d§/ = i(sinh{’ +&sech¢’)  (21)
e = —2au'y(u)sech & + 26 u'~v3(u)

-sech &/ (2tanh? &' — 1) — 7. (22)

The boundedness condition of the solution and the
energy of the soliton oscillators, therefore, are

g/
li d¢’ =0—
g/—l}iloo B’ gg 5 n
o 4, / 6’72(ul)
= ﬂ_uv(u)[a—l—g(l_A) , (23)

H' ~ Hi = 2/ B(¢§°>2 F @)+

— cos ¢<0>} dz = 16y(u')/V1 = A. (24)

Taking o = 0.05,3 = 1072 and v < 0, Eq.(23) gives
the values of y(u'), which decreases with the increase
of A. Moreover, it is always less than the maximal
Ymax (@) for arbitrary values of the coupling parame-
ter and bias current. When A = 0.5, and = 0.5,
the v(u’) is equal to 5.6. The corresponding energy
associated with Eq.(24) thereby is H'=126.7, which is
about one-third of the maximal energy of the chaotic
oscillators. In order to raise the energy, we must make
the system parameters getting into the chaotic region
in Fig.1(b). According to the normal method for con-
trolling chaos?":?| we can set and adjust some new
controllable perturbations to fit the control condition
(12) such that the maximal soliton velocity and energy
of the system can be obtained experimentally. This is
probably useful for enhancing the emitted powers from

the system.!'%]

IV. CONCLUSIONS

In conclusion, we have investigated the interac-
tion between soliton and sinusoidal wave in two weakly
coupled long Josephson junctions. The chaotic soliton
solution (8) with Eqgs.(9)—(11) has been constructed
under the perturbation of travelling waves. The nec-
essary and sufficient condition (12) for boundedness
of the solution has also been established, which in-
dicates the existence of chaos and implies the Fiske-
steps-modes. The theoretical analysis showed that
the maximal energy of the chaotic soliton oscillators
could be about three times as large as one of the syn-
chronized soliton oscillators for the fixed bias input.
The results show the possibility to design chaotic os-
cillators with considerably great energy by using the
method for controlling chaos.

REFERENCES

[1] Y. S. Kivshar, B. A. Malomed, Phys. Rev., B37(1988),
9325.

[2] N. Gronbech-Jensen, D. Cai, M. R. Samuelsen, Phys.
Rev., B48(1993), 16160.

[3] S. Sakai, P. Bodin, N. F. Pedersen, J. Appl
73(1993), 2411.

[4] W. Hai, Y. Xiao, Acta Phys. Sinica(Overseas Edition),
5(1996), 756.

[5] W. J. Yen, O. G. Symko, D. J. Zheng, Phys.
B42(1990), 4080.

Phys.,

Rev.,

(6] X. Yao, J. Z. Wu, C. S. Ting, Phys. Rev., B42(1990), 244.
[7] S. Rajasekar, M. Lakshmanan, Phys. Lett., A147(1990),
264.
(8] L. E. Guerrero, M. Ostavio, Physica, B165-166(1990),
1657.
[9] A. V. Ustinov, M. Cirillo, N. F. Pedersen, G. Hallmanns,
C. Heiden, Phys. Rev., B48(1993), 10614.
[10] W. J. Yeh, D. R. He, Y. H. Kao, Phys. Rev.
52(1984), 480.
[11] W. Hai, Y. Duan, L. Pan, Phys. Lett., A234(1997), 198.
[12] W. Hai, Y. Duan, X. Zhu, et al., J. Phys., A31(1998),
2991; Acta Phys. Sinica, 46(1997), 2117(in Chinese).

Lett.,



No. 3 Chaotic Soliton in Coupled Long Josephson Junctions 179

[13] E. Ott, C. Grebogi, J. A. Yorke, Phys. Rev. Lett.,
64(1990), 1196.

(14] L. M. Pecora, T. L. Carroll, Phys. Rev. Lett., 64(1990),
821.

[15] N. Gronbech-Jensen, J. A. Blackburn, Phys. Rev. Lett.,
70(1993), 1251.

[16] Z. Liu, Perturbation Criteria for Chaos (Shanghai Scien-
tific and Technological Education Press, Shanghai, 1994)
(in Chinese).

[17] J. Fang, Prog. Phys., 16(1996), 1 (in Chinese).

(18] M. Bartuccelli, P. L. Christiansen, N. F. Pedersen, M. P.
Soerensen, Phys. Rev., B33(1986), 4686.

19] V. K. Melnikov, Trans. Moscow Math. Soc., 12(1963), 1.

20] W. Hai, Y. Xiao, Phys. Lett., A208(1995), 79.

21] B. Lima, M. Pettini, Phys. Rev., A41(1990), 726.

]

22] R. Chacon, J. D. Bejarano, Phys. Rev. Lett., 71(1993),
3103.

[
[
[
[



