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A simple solitary wave solution and infinitely many rational function solutions, especially the closed form of the

solution for the initial value problem of the higher order Broer-Kaup (BK) systems in (1+1) and (241) dimensions, are

obtained by using the extended homogeneous balance method.

PACC: 0220; 0290
I. INTRODUCTION

In this paper we will consider the higher-order
Broer-Kaup (BK) systems in (141)-dimensions,

Hy = —4(Hy + H® + 6HG —3HH,),, (1)
Gy = ~4(Gay + 3G, H + 3H?G +3G?),,  (2)

and (2+41)-dimensions,

H; = —4(H,, + H® —3HH, + 3H,'G,
+30; 1 (GH)y)a, (3)
Gi=—4(G oy +3G, H+3H*G+3G0; 'G)s, (4)

where 9,1 = [dz. We will construct some new and

exact solutions of the above systems by using the ex-
tended homogeneous balance method.'=3% In these
solutions a simple solitary wave solution and infinitely
many rational function solutions, especially, the closed
form of the solution for the initial value problem of
these systems are included.

These systems may be reduced from Kadomtsev-
Petviashvili equation by using symmetry constra-

ints.[4:5]

I. EQUATIONS THAT THE QUASI-SOLUT-
IONS SATISFY

A. Differential equation which the quasi-
solution of the higher-order BK system in
(141) dimensions satisfies

According to the extended homogeneous balance
method, let

H(z,t) = f'(¢)ps + P(z,1), (5)
G(z,t) = gD ()2 + ' (9) e + Q(z,1),  (6)

where P(x,t) and Q(x,t) are known solutions of the
system expressed by Eqs.(1) and (2). That is, P(z,t)
and Q(x,t) satisfy

P+ 4(Pyy + P? + 6PQ — 3PP,), =0, (7)
Qi + 4(Quz +3Q2P +3P*Q +3Q%), = 0. (8)

Substituting Eqgs.(5) and (6) into Egs.(1) and (2),
we obtain

Hy +4(Hyy + H® + 6HG — 3HH,), = (4f W 41272 " + 245" g" 4+ 241 g3 —12F3) f" —12f")p%
+ (2412 0ne + 121308 pue + 219" 200 + 241" 9 200 + 2419 02 000 — 60F" 2P0

+ 241 f"Pp3 + 249 Pp3 — 1273 Pp3)

+ ("o + 121" 0%, + 161" 00 ran + 24 00 ra P + 12202 Py + 249" 03 P + 729" 00 0ra P
+ 24f/gl‘:0iz + 24flg/@z<ﬁmcm + 14f”<%7§Q - 12f/2<%7x<%7mcm - 12f/2<%7§m - 24f/I<P§Pz - 36f/I<Px<Pch)
+ (putf + 40pppnf + 24P 0rreg’ — 12Ppupnf' + 12P%pup f' + 240, PP f + 240.:Q f + 240,Q. f'

+ (P, 4 4Pyyy + 12P?P, + 24P,Q + 24PQ, — 12P? — 12PP,,) (9)
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G 4 4Gy + 3G H + 3H?G + 3G?), = (49 +12¢gW " +12¢3) " 4 244" f" f

+129®) 72 4+ 2493 6" 02 4+ [(40g™ + 108¢P ' + 364" f" 4+ 602g" + 241 f"g" + 729"*) 02 P
+ (129" + 24f"g" + 24" 9OV Pp}] + [9P 02 + (609D + 729" ' + 2429 + 7299 )02,

+ (409 + 48¢" ' + 129/ " + 12" + 249" 9" 0% Puna + (129" + 96 " + 241" 9" 0% 00a P

+ (129 + 24f'g" )3 Py + 12903 P2 + (24f' 1 + 249 23Q] + (9" Puzt + 29" 020t

+ (409" + 129" f' + 24¢")PowPrae + (209" + 1219 )00 0rane + (369" + 24f'g" )02, P

+ (489" + 241" 9" )puPaza P + (369" + 24 9" ) pupaa P + (121" + 127 + 24¢") 02 Q.

+ 249" 05 PPy + 369" 00 p0a P? + (241 + 729" )00 puaQ + 24" 02 PQ)]

+ [0 awt (1202 Quz + 12022Qz + 240, PQy + 2402, PQ + 240,QP,) f

+ (4P0zz0e + 1200020 P + 120000 Po + 24000 PPy 4 120520 P? + 240200Q + 24022Q4) ']

+(Qt + 4Qupe + 12PQyp + 12PQ, + 12Q,.P? + 24QPP, + 24QQ.) (10)

Setting the coefficients of % in Eq.(9) and > in Eq.(10) to zero yields an ordinary differential system for f(y)
and g(p),

4f(4 + 12f/2f// + 24f// " + 24f/g(3) _ 12f(3)f/ _ 12f//2 _ 0, (11)
4g®) 4129 1 4+ 12¢P) #7249”4129 2 4+ 249B) g = 0. (12)

There exist special solutions for Egs.(11) and (12):

Thereby

1 1 1 1
A e N T e Y e L Y LR L (T
Using Eqgs.(13) and (14), expressions (9) and (10) can be simplified as

Hy+4(Hpo + H> + 6HG — 3HH, )0 = (02pt + 400 Pava + 12020na P — 1202 Py + 1202 P + 2402Q) f@)

+ (Pat + 4Pszaz + 120200 P + 12020 P% + 240, PPy + 24020Q + 240,Qa — 1205 Pog) f, (15)
G+ 4(Grp + 3G H + 3H?G 4 3G?), = (0201 + 402 Puza + 1202020 P + 1203 P? + 1203Q) £

+ (Paept + 20200t + 4P2aPoaz + 8PaPozar + 1202, P + 2400 0r0a P + 1202000 Pr + 2402Qq + 2402 PP,

+ 360020 P + 2445 PQ + 4800:02:Q) f”

+ (Paat + 40zzz0e + 1202Quz + 1200022 P + 120200 Po + 12020Q0 + 24022 PPy + 120500 P? + 249, PQ,
+24¢0,, PQ + 240, PuQ + 246422Q + 240,.Q.) f. (16)

Letting the coefficients of the f®), . f' in Eqs.(15), (16) to zero yields a set of partial differential equations
for o(z, 1),

PPt + 402Para + 1202020 P — 1202 Py + 1202 P2 + 2402Q = 0, (17)
Pot + Lozvaa + 120020 P + 1204, P? + 240, PPy 4 24¢04,Q + 240,Qy — 1203 Pyy = 0, (18)
@201 + 402 Puga + 1202020 P + 1203 P + 12¢3Q = 0, (19)
PacPt + 20200t + 4P0aPrzz + 8PePurrs + 1202, P + 24050000 P + 1200000 Py

12402 Q. + 2402 PPy + 3605000 P2 + 2402 PQ + 4804 00Q = 0, (20)

+ 240, PQy + 240, PQ + 240, PrQQ + 24022.Q + 240, Qr = 0. (21)
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Analyzing Eqs.(17)—(21), We find that when ¢, #
0, the independent equation in Eqs.(17)—(21) reads

@t +12P%0p + 12(Py)s + 40gaa = 0. (22)

And
P, = Q. (23)
Under the conditions of Egs.(22) and (23),
Eqs.(17)—(21) are satisfied automatically. Thereby,

under the condition of P, = @, the quasi-solution
o(x,t) is determined completely by Eq.(22).

B. Differential equation which the quasi-
solution of the higher-order BK system in
(241) dimensions satisfies

We suppose that the solution of Egs.(3), (4) is of
the form
H = f'¢q + P(,2,1), (24)
G =9g"pspz + 9'pu- + Q,2,1). (25)
Through the discussion similar to the case of the
higher-order BK system in (141) dimensions, we ob-
tain
P, = Qv (27)
where ¢, . is the quasi-solution of the higher-
order BK system in (241) dimensions, Eqs.(3), (4);
P(z,z,t),Q(z, 2, t) are the known solutions of Egs.(3)
and (4), that is,
P, = — 4(Py, + P® — 3PP, + 3P0 'Q,
+3071(QP)a)a (28)
Qi =—4Qua+3Q2 P+3P*Q+3Q0; 'Qz)x. (29)

And the new solution of Eqs.(3), (4) may be ex-

pressed as
H20)= Pla,20) + 5o n(e),  (30)
G(z,z,t) = %H(m,z,t}. (31)

II.NEW AND EXACT EXPLICIT SOLU-
TIONS OF THE HIGHER ORDER BK
SYSTEM IN (1+1) DIMENSIONS

A. Solitary wave solution and the closed form
of the solution for the initial value problem

It can be verified that there exists a special solu-
tion for Eqs.(7) and (8), that is

P, =Q =0,P = Cy = const. (32)

In this case, the solution of Eq.(22) with respect
to solitary wave solution of Egs.(1) and (2) reads
p(z,t) = 1+ exp(az + Bt + 7). (33)

Substituting Eq.(33) and P, = Q =0,P = Cy =
const into Egs.(5) and (6), and using f(¢) = g(p) =
In(p), we obtain a solitary wave solution of the system
(Egs.(1) and (2)) as follows

1 1 1
H(x,t) = 5oztamh [5(0433 —I—ﬂt—l—’y)} +-a+Cy

2

- + C +31 (z,t) (34)
- 20& 0 O npi\x,t),

1 1

G(z,t) = ZQQ sec h? [5(&@ + 0t + 7)}
0
where
1

pr(avt) = cosh | o+ g4, (36)
B =—12C3a —12Cha® — 4a?, (37)

and Cp, a and +y are arbitrary constants.

It is important that in the case of P, = Q =
0,P = Cy = const, the solution of the initial value
problem for the higher order BK system in (1+1) di-
mensions may be written as a closed form,

H(w,1) = Co + o Infp(z, 1), (38)
G(z,t) = %H(x,t), (39)
where
oo ¢
olx,t) = %/_ exp [/0 H(x,0)dz — Co¢

240%t — (o —

+Co(z —¢) — 2003@ Ai( T O)dg, (40)

and Ai(z) is the Airy function.

In fact, making Fourier transformation for

Eq.(22) with respect to variable x, we obtain

Oy (k,t) +12C21k W (k, t) — 12Cok? ¥ (k, 1)
—4ikP (K, t) =0, (41)

where
V(k,t) = \/% /_ZOO o(x,t) exp(—ikz)dz. (42)

Integrating the ordinary differential equation (41)
with respect to variable ¢, we obtain

U (k,t) = W(k,0)exp[(4ik® + 12Cok? — 1203ik)t],
(43)
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where

w(k,0) = \/_/

Making the inverse Fourier transformation of

©((,0) exp(—ikz)dz.  (44)

W (k,t) with respect to z, we obtain

s | #G0eplCata — 0

T or(12t
24C% — (x — ()
W)dg, (45)

o(z,t)
— 20C3t)Ai (

Starting from Eq.(5) and using P(z,t) = Cp, we

obtain
¢
©(¢,0) = ¢(0,0) exp {/0 H(z,0)dzx — C’OC} (46)

Substituting (¢, 0) into Eq.(45), we complete the

proof of Eq.(40). Because ¢(0,0) does not appear

n=oo

dt

n=—oo

in the solution (Egs.(38) and (39)), the initial value
problem of Egs.(1) and (2) is determined completely
besides containing an arbitrary constant Cj.

B. Rational function solutions

It can be verified that there is another special so-
lution of Egs.(7) and (8) as follows

P=@--—Y _ p-_Y o221
(x + z)? x+ 1z 2
(47)
where z is an arbitrary constant.
In order to solve Eq.(22), supposing
pla,t) = Y a,(t)(@+ )", (48)

and substituting ¢(z,t) and P(z,t) in Eq.(47) into
Eq.(22), we obtain

Z {da n(t >—|—12Czan+3( )(n—|—3)+120an+3(t)(n+3)(n+1)+4an+3(t)(n+3)(n+2)(n+1)} (x4x4)" =0. (49)

Setting the coefficient of (z 4+ x,)™ for any n to zero yields a set of ordinary differential equations for a,,(t)

da ()
d¢

In order to solve the set of ordinary differential
equations, we must cut the series solution ¢(z,t) in
Eq.(48) off at some n artificially. For example, if we
let a,, = 0 (for n > N, N is an arbitrary constant), we
may solve the system as follows

day(t) _

élvt N "
da ,1(t)

th -0 ”
day_o (%)

o "
‘MNTf(t) + [12C%N + 12CN(N - 2)

+AN(N = 1)(N = 2)]ay(t) =0, 59
daNd?( L 20V 1) + 12008 - (N - 3)

+4(N = 1)(N = 2)(N = 3)lay_y(t) =0,  (55)
daNdf(t) + [12C%*(N — 2) + 12C(N — 2)(N — 4)

+4(N = 2)(N = 3)(N —4)]ay_»(t) =0,  (56)

Solving of the above equations is direct and sim-
ple, the results read

+12C%a,, 5(t)(n + 3) + 12Ca,, 5(t)(n + 3)(n + 1) + 4a, 5(t)(n + 3)(n + 2)(n+ 1) = 0. (50)

an(t) =Cy, (57)
an_1(t) =Cn_1, (58)
ay_o(t) = Cn_2, (59)
an_s(t) = —[12C%N 4+ 12CN(N — 2)

+4N(N —1)(N - 2)|Cnt + Cn_3, (60)
an_4(t) = —[120%(N — 1) + 12C(N — 1)(N - 3)

+4(N —1)(N — 2)(N — 3)]Cn_1t + Cn_4, (61)
an_5(t) = —[12C%(N — 2) + 12C(N — 2)(N — 4)

+4(N = 2)(N = 3)(N — 4)|Cn—at + Cx—s5, (62)

into Eq.(48), we obtain
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on(x,t) = Cp(x + x0)N + Cn_1(x + 25)V?

+ On_a(x +x5)N 72 + {~[12C*N

+12CN(N —2) + 4N(N — 1)(N — 2)|Cnt
+On_stx+z)N 3+ ... (63)

Substituting ¢ (z,t) and P(z,t),Q(x,t) in
Eq.(47) into Eqgs.(5) and (6) and using f(p) =
g(p) = In(yp), we obtain rational solutions Hy(z,t)
and Gy (z,t).

Because the terms reserved in the serious solution
(Eq.(49)) are arbitrary, we may obtain arbitrary many
solutions similar to those in Eq.(50).

Iv. EXACT SOLUTIONS OF THE HIGHER-
ORDER BK SYSTEM IN (2+41)-DIMENS-
IONS

It can be verified that there exists a special solu-
tion for Eqgs.(28) and (29),

P(z,z,t) = Py(2), (64)

where Py(z) is an arbitrary function of z, so Eq.(26)
may be written as

Ot + 4Qprz + 12Py(2)00e + 12(Po(2))%pe = 0. (65)

Solving of Eq.(65) is simple and direct. The result
reads

p(z,2,1) = 1+ expla(z)z + f(2)t +7(2)],  (66)
where
B(z) = —4a®(2) — 12P(2)a?(2) — 12P?%(2)a(z), (67)

and P(z),a(z),7(z) are arbitrary functions of z.
Through the discussion similar to the case of the

higher-order BK system in (1+1)-dimensions, we ob-

tain the closed form of the solution for the initial

value problem of the higher-order BK system in (2+1)-
dimensions.

H(z,z,t) = Py(z) + ({% Infp(z, z,t)], (68)

G(z,z,t) = %H(m,z,t), (69)
where
o028) = g [ (C0.0)explla ~ ()

24P (2)* — (¢ — ()
(120)1/3

- 2OtP0(z)3]Ai< )dc, (70)
and Ai(z) is an Airy function.

Similarly, for the special solution of higher-order
BK system in (2+1)-dimensions

C 3+1
P = PZ = B O = - 71
x4 Py(z)’ @ 2 (71)

We obtain arbitrary many solutions of Eq.(26) as

follows

on(,2,1) = Cplz + Po(2)]N + On_1]z + Po(2)]V !
+ On-alz + Po(2)]V % + {—[12C*°N

F120N(N — 2) + AN(N — 1)(N — 2)]Ct

+Cn stz + RV P+, (72)

where N is an arbitrary positive integer. Substituting
this ¢y (z,2,t) and P(z,z,t),Q(z, 2,t) in Eq.(71)
into Eqs.(24) and (25) and using f(p) = g(p) =
In(p), we obtain the corresponding rational solutions
Hy(z,2,t),Gn(z, 2,1).

V. CONCLUSION

A simple solitary wave solution and infinitely
many rational function solutions, especially, the closed
form of the solution for the initial value problem of
the higher order BK system in (1+1) and (2+1)-
dimensions, are obtained by using the extended ho-
mogeneous balance method.
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