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A simple solitary wave solution and infinitely many rational function solutions, especially the closed form of the

solution for the initial value problem of the higher order Broer-Kaup (BK) systems in (1+1) and (2+1) dimensions, are

obtained by using the extended homogeneous balance method.
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I. INTRODUCTION

In this paper we will consider the higher-order

Broer-Kaup (BK) systems in (1+1)-dimensions,

Ht = −4(Hxx + H3 + 6HG − 3HHx)x, (1)

Gt = −4(Gxx + 3GxH + 3H2G + 3G2)x, (2)

and (2+1)-dimensions,

Ht = − 4(Hxx + H3 − 3HHx + 3H∂−1
z Gx

+ 3∂−1
z (GH)x)x, (3)

Gt =− 4(Gxx+3GxH+3H2G+3G∂−1
z Gx)x, (4)

where ∂−1
z =

∫

dz. We will construct some new and

exact solutions of the above systems by using the ex-

tended homogeneous balance method.[1−3,5] In these

solutions a simple solitary wave solution and infinitely

many rational function solutions, especially, the closed

form of the solution for the initial value problem of

these systems are included.

These systems may be reduced from Kadomtsev-

Petviashvili equation by using symmetry constra-

ints.[4,5]

II. EQUATIONS THAT THE QUASI-SOLUT-

IONS SATISFY

A. Differential equation which the quasi-

solution of the higher-order BK system in

(1+1) dimensions satisfies

According to the extended homogeneous balance

method, let

H(x, t) = f ′(ϕ)ϕx + P (x, t), (5)

G(x, t) = g(2)(ϕ)ϕ2
x + g′(ϕ)ϕxx + Q(x, t), (6)

where P (x, t) and Q(x, t) are known solutions of the

system expressed by Eqs.(1) and (2). That is, P (x, t)

and Q(x, t) satisfy

Pt + 4(Pxx + P 3 + 6PQ − 3PPx)x = 0, (7)

Qt + 4(Qxx + 3QxP + 3P 2Q + 3Q2)x = 0. (8)

Substituting Eqs.(5) and (6) into Eqs.(1) and (2),

we obtain

Ht + 4(Hxx + H3 + 6HG − 3HHx)x = (4f (4) + 12f ′2f ′′ + 24f ′′g′′ + 24f ′g(3) − 12f (3)f ′ − 12f ′′2)ϕ4
x

+ (24f (3)ϕ2
xϕxx + 12f ′3ϕ3

xϕxx + 72f ′g′′ϕ2
xϕxx + 24f ′′g′ϕ2

xϕxx + 24f ′g′′ϕ2
xϕxx − 60f ′′f ′ϕ2

xϕxx

+ 24f ′f ′′Pϕ3
x + 24g(3)Pϕ3

x − 12f (3)Pϕ3
x)

+ (f ′′ϕxϕt + 12f ′′ϕ2
xx + 16f ′′ϕxϕxxx + 24f ′2ϕxϕxxP + 12f ′2ϕ2

xPx + 24g′′ϕ2
xP + 72g′′ϕxϕxxP

+ 24f ′g′ϕ2
xx + 24f ′g′ϕxϕxxx + 14f ′′ϕ2

xQ − 12f ′2ϕxϕxxx − 12f ′2ϕ2
xx − 24f ′′ϕ2

xPx − 36f ′′ϕxϕxxP )

+ (ϕxtf
′ + 4ϕxxxxf ′ + 24Pϕxxxg′ − 12Pϕxxxf ′ + 12P 2ϕxxf ′ + 24ϕxPPxf ′ + 24ϕxxQf ′ + 24ϕxQxf ′

− 24ϕxxPxf ′ − 12ϕxPxxf ′ + 24ϕxxPxg′)

+ (Pt + 4Pxxx + 12P 2Px + 24PxQ + 24PQx − 12P 2
x − 12PPxx) (9)
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G + 4(Gxx + 3GxH + 3H2G + 3G2)x = (4g(5) + 12g(4)f ′ + 12g(3)f ′′ + 24g′′f ′′f ′

+ 12g(3)f ′2 + 24g(3)g′′)ϕ5
x + [(40g(4) + 108g(3)g′ + 36g′′f ′′ + 60f ′2g′′ + 24f ′f ′′g′ + 72g′′2)ϕ3

xϕxx

+ (12g(4) + 24f ′′g′′ + 24f ′g(3))Pϕ4
x] + [g(3)ϕ2

xϕt + (60g(3) + 72g′′f ′ + 24f ′2g′ + 72g′g′′)ϕxϕ2
xx

+ (40g(3) + 48g′′f ′ + 12g′f ′′ + 12f ′2g′ + 24g′′g′)ϕ2
xϕxxx + (72g(3) + 96f ′g′′ + 24f ′′g′)ϕ2

xϕxxP

+ (12g(3) + 24f ′g′′)ϕ3
xPx + 12g(3)ϕ3

xP 2 + (24f ′f ′′ + 24g(3))ϕ3
xQ] + [g′′ϕxxϕt + 2g′′ϕxϕxt

+ (40g′′ + 12g′f ′ + 24g′2)ϕxxϕxxx + (20g′′ + 12f ′g′)ϕxϕxxxx + (36g′′ + 24f ′g′)ϕ2
xxP

+ (48g′′ + 24f ′g′)ϕxϕxxxP + (36g′′ + 24f ′g′)ϕxϕxxPx + (12f ′′ + 12f ′2 + 24g′′)ϕ2
xQx

+ 24g′′ϕ2
xPPx + 36g′′ϕxϕxxP 2 + (24f ′2 + 72g′′)ϕxϕxxQ + 24f ′′ϕ2

xPQ]

+ [g′ϕxxt(12ϕxQxx + 12ϕxxQx + 24ϕxPQx + 24ϕxxPQ + 24ϕxQPx)f ′

+ (4ϕxxxxx + 12ϕxxxxP + 12ϕxxxPx + 24ϕxxPPx + 12ϕxxxP 2 + 24ϕxxxQ + 24ϕxxQx)g′]

+ (Qt + 4Qxxx + 12PQxx + 12PQx + 12QxP 2 + 24QPPx + 24QQx) (10)

Setting the coefficients of ϕ4
x in Eq.(9) and ϕ5

x in Eq.(10) to zero yields an ordinary differential system for f(ϕ)

and g(ϕ),

4f (4) + 12f ′2f ′′ + 24f ′′g′′ + 24f ′g(3) − 12f (3)f ′ − 12f ′′2 = 0, (11)

4g(5) + 12g(4)f ′ + 12g(3)f ′′ + 24g′′f ′′f ′ + 12g(3)f ′2 + 24g(3)g′′ = 0. (12)

There exist special solutions for Eqs.(11) and (12):

f(ϕ) = g(ϕ) = ln(ϕ). (13)

Thereby

f ′4 = −1

6
f (4), f ′′2 = −1

6
f (4), f ′f (3) = −1

3
f (4), f ′2f ′′ =

1

6
f (4), f ′3 =

1

2
f (3), f ′f ′′ = −1

2
f (3), f ′2 = −f (2). (14)

Using Eqs.(13) and (14), expressions (9) and (10) can be simplified as

Ht + 4(Hxx + H3 + 6HG − 3HHx)x = (ϕxϕt + 4ϕxϕxxx + 12ϕxϕxxP − 12ϕ2
xPx + 12ϕ2

xP 2 + 24ϕ2
xQ)f (2)

+ (ϕxt + 4ϕxxxx + 12ϕxxxP + 12ϕxxP 2 + 24ϕxPPx + 24ϕxxQ + 24ϕxQx − 12ϕxPxx)f ′, (15)

Gt + 4(Gxx + 3GxH + 3H2G + 3G2)x = (ϕ2
xϕt + 4ϕ2

xϕxxx + 12ϕ2
xϕxxP + 12ϕ3

xP 2 + 12ϕ3
xQ)f (3)

+ (ϕxxϕt + 2ϕxϕxt + 4ϕxxϕxxx + 8ϕxϕxxxx + 12ϕ2
xxP + 24ϕxϕxxxP + 12ϕxϕxxPx + 24ϕ2

xQx + 24ϕ2
xPPx

+ 36ϕxϕxxP 2 + 24ϕ2
xPQ + 48ϕxϕxxQ)f ′′

+ (ϕxxt + 4ϕxxxxx + 12ϕxQxx + 12ϕxxxxP + 12ϕxxxPx + 12ϕxxQx + 24ϕxxPPx + 12ϕxxxP 2 + 24ϕxPQx

+ 24ϕxxPQ + 24ϕxPxQ + 24ϕxxxQ + 24ϕxxQx)f ′. (16)

Letting the coefficients of the f (3), f ′′, f ′ in Eqs.(15), (16) to zero yields a set of partial differential equations

for ϕ(x, t),

ϕxϕt + 4ϕxϕxxx + 12ϕxϕxxP − 12ϕ2
xPx + 12ϕ2

xP 2 + 24ϕ2
xQ = 0, (17)

ϕxt + 4ϕxxxx + 12ϕxxxP + 12ϕxxP 2 + 24ϕxPPx + 24ϕxxQ + 24ϕxQx − 12ϕxPxx = 0, (18)

ϕ2
xϕt + 4ϕ2

xϕxxx + 12ϕ2
xϕxxP + 12ϕ3

xP 2 + 12ϕ3
xQ = 0, (19)

ϕxxϕt + 2ϕxϕxt + 4ϕxxϕxxx + 8ϕxϕxxxx + 12ϕ2
xxP + 24ϕxϕxxxP + 12ϕxϕxxPx

+ 24ϕ2
xQx + 24ϕ2

xPPx + 36ϕxϕxxP 2 + 24ϕ2
xPQ + 48ϕxϕxxQ = 0, (20)

ϕxxt + 4ϕxxxxx + 12ϕxQxx + 12ϕxxxxP + 12ϕxxxPx + 12ϕxxQx + 24ϕxxPPx + 12ϕxxxP 2

+ 24ϕxPQx + 24ϕxxPQ + 24ϕxPxQ + 24ϕxxxQ + 24ϕxxQx = 0. (21)
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Analyzing Eqs.(17)–(21), We find that when ϕx 6=
0, the independent equation in Eqs.(17)–(21) reads

ϕt + 12P 2ϕx + 12(Pϕx)x + 4ϕxxx = 0. (22)

And

Px = Q. (23)

Under the conditions of Eqs.(22) and (23),

Eqs.(17)–(21) are satisfied automatically. Thereby,

under the condition of Px = Q, the quasi-solution

ϕ(x, t) is determined completely by Eq.(22).

B. Differential equation which the quasi-

solution of the higher-order BK system in

(2+1) dimensions satisfies

We suppose that the solution of Eqs.(3), (4) is of

the form

H = f ′ϕx + P (x, z, t), (24)

G = g′′ϕxϕz + g′ϕxz + Q(x, z, t). (25)

Through the discussion similar to the case of the

higher-order BK system in (1+1) dimensions, we ob-

tain

ϕt + 12P 2ϕx + 12(Pϕx)x + 4ϕxxx = 0, (26)

Pz = Q, (27)

where ϕ(x,z,t) is the quasi-solution of the higher-

order BK system in (2+1) dimensions, Eqs.(3), (4);

P (x, z, t), Q(x, z, t) are the known solutions of Eqs.(3)

and (4), that is,

Pt = − 4(Pxx + P 3 − 3PPx + 3P∂−1
z Qx

+ 3∂−1
z (QP )x)x, (28)

Qt =−4(Qxx+3QxP +3P 2Q+3Q∂−1
z Qx)x. (29)

And the new solution of Eqs.(3), (4) may be ex-

pressed as

H(x, z, t) = P (x, z, t) +
∂

∂x
ln(ϕ), (30)

G(x, z, t) =
∂

∂z
H(x, z, t). (31)

III. NEW AND EXACT EXPLICIT SOLU-

TIONS OF THE HIGHER ORDER BK

SYSTEM IN (1+1) DIMENSIONS

A. Solitary wave solution and the closed form

of the solution for the initial value problem

It can be verified that there exists a special solu-

tion for Eqs.(7) and (8), that is

Px = Q = 0, P = C0 = const. (32)

In this case, the solution of Eq.(22) with respect

to solitary wave solution of Eqs.(1) and (2) reads

ϕ(x, t) = 1 + exp(αx + βt + γ). (33)

Substituting Eq.(33) and Px = Q = 0, P = C0 =

const into Eqs.(5) and (6), and using f(ϕ) = g(ϕ) =

ln(ϕ), we obtain a solitary wave solution of the system

(Eqs.(1) and (2)) as follows

H(x, t) =
1

2
α tanh

[

1

2
(αx + βt + γ)

]

+
1

2
α + C0

=
1

2
α + C0 +

∂

∂x
lnϕ1(x, t), (34)

G(x, t) =
1

4
α2 sec h2

[

1

2
(αx + βt + γ)

]

=
∂

∂x
H(x, t), (35)

where

ϕ1(x, t) = cosh

[

1

2
(αx + βt + γ)

]

, (36)

β = −12C2
0α − 12C0α

2 − 4α3, (37)

and C0, α and γ are arbitrary constants.

It is important that in the case of Px = Q =

0, P = C0 = const, the solution of the initial value

problem for the higher order BK system in (1+1) di-

mensions may be written as a closed form,

H(x, t) = C0 +
∂

∂x
ln[ϕ(x, t)], (38)

G(x, t) =
∂

∂x
H(x, t), (39)

where

ϕ(x, t) =
ϕ(0, 0)

2π(12t)1/3

∫

∞

−∞

exp

[
∫ ζ

0

H(x, 0)dx − C0ζ

+ C0(x − ζ) − 20C3
0 t

]

Ai

(

24C2
1t − (x − ζ)

(12t)1/3

)

dζ, (40)

and Ai(x) is the Airy function.

In fact, making Fourier transformation for

Eq.(22) with respect to variable x, we obtain

Ψt(k, t) + 12C2
0 ikΨ(k, t) − 12C0k

2
Ψ(k, t)

− 4ik3
Ψ(k, t) = 0, (41)

where

Ψ(k, t) =
1√
2π

∫

∞

−∞

ϕ(x, t) exp(−ikx)dx. (42)

Integrating the ordinary differential equation (41)

with respect to variable t, we obtain

Ψ(k, t) = Ψ(k, 0) exp[(4ik3 + 12C0k
2 − 12C2

0 ik)t],

(43)
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where

Ψ(k, 0) =
1√
2π

∫

∞

−∞

ϕ(ζ, 0) exp(−ikx)dx. (44)

Making the inverse Fourier transformation of

Ψ(k, t) with respect to x, we obtain

ϕ(x, t) =
1

2π(12t)1/3

∫

∞

−∞

ϕ(ζ, 0) exp[C0(x − ζ)

− 20C3
0t]Ai

(

24C2
1t − (x − ζ)

(12t)1/3

)

dζ, (45)

Starting from Eq.(5) and using P (x, t) = C0, we

obtain

ϕ(ζ, 0) = ϕ(0, 0) exp

[
∫ ζ

0

H(x, 0)dx − C0ζ

]

. (46)

Substituting ϕ(ζ, 0) into Eq.(45), we complete the

proof of Eq.(40). Because ϕ(0, 0) does not appear

in the solution (Eqs.(38) and (39)), the initial value

problem of Eqs.(1) and (2) is determined completely

besides containing an arbitrary constant C0.

B. Rational function solutions

It can be verified that there is another special so-

lution of Eqs.(7) and (8) as follows

Px = Q = − C

(x + x0)
2
, P =

C

x + x0

, C =
3 ± 1

2
,

(47)

where x0 is an arbitrary constant.

In order to solve Eq.(22), supposing

ϕ(x, t) =

n=∞
∑

n=−∞

an(t)(x + x0)
n, (48)

and substituting ϕ(x, t) and P (x, t) in Eq.(47) into

Eq.(22), we obtain

n=∞
∑

n=−∞

[

dan(t)

dt
+12C2an+3(t)(n+3)+12Can+3(t)(n+3)(n+1)+4an+3(t)(n+3)(n+2)(n+1)

]

(x+x0)
n = 0. (49)

Setting the coefficient of (x + x0)
n for any n to zero yields a set of ordinary differential equations for an(t)

dan(t)

dt
+ 12C2an+3(t)(n + 3) + 12Can+3(t)(n + 3)(n + 1) + 4an+3(t)(n + 3)(n + 2)(n + 1) = 0. (50)

In order to solve the set of ordinary differential

equations, we must cut the series solution ϕ(x, t) in

Eq.(48) off at some n artificially. For example, if we

let an ≡ 0 (for n ≥ N, N is an arbitrary constant), we

may solve the system as follows

daN (t)

dt
= 0, (51)

daN−1(t)

dt
= 0, (52)

daN−2(t)

dt
= 0, (53)

daN−3(t)

dt
+ [12C2N + 12CN(N − 2)

+ 4N(N − 1)(N − 2)]aN (t) = 0, (54)

daN−4(t)

dt
+ [12C2(N − 1) + 12C(N − 1)(N − 3)

+ 4(N − 1)(N − 2)(N − 3)]aN−1(t) = 0, (55)

daN−5(t)

dt
+ [12C2(N − 2) + 12C(N − 2)(N − 4)

+ 4(N − 2)(N − 3)(N − 4)]aN−2(t) = 0, (56)

. . . . . .

Solving of the above equations is direct and sim-

ple, the results read

aN (t) = CN , (57)

aN−1(t) = CN−1, (58)

aN−2(t) = CN−2, (59)

aN−3(t) = −[12C2N + 12CN(N − 2)

+ 4N(N − 1)(N − 2)]CN t + CN−3, (60)

aN−4(t) = −[12C2(N − 1) + 12C(N − 1)(N − 3)

+ 4(N − 1)(N − 2)(N − 3)]CN−1t + CN−4, (61)

aN−5(t) = −[12C2(N − 2) + 12C(N − 2)(N − 4)

+ 4(N − 2)(N − 3)(N − 4)]CN−2t + CN−5, (62)

. . . . . .

Substituting aN (t) ,aN−1(t), aN−2(t), aN−3(t),

aN−4(t). . . . . . in Eqs.(57)–(62) and an(t) (for n ≥ N)

into Eq.(48), we obtain
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ϕN (x, t) = Cn(x + x0)
N + CN−1(x + x0)

N−1

+ CN−2(x + x0)
N−2 + {−[12C2N

+ 12CN(N − 2) + 4N(N − 1)(N − 2)]CN t

+ CN−3}(x + x0)
N−3 + . . . (63)

Substituting ϕN (x, t) and P (x, t), Q(x, t) in

Eq.(47) into Eqs.(5) and (6) and using f(ϕ) =

g(ϕ) = ln(ϕ), we obtain rational solutions HN (x, t)

and GN (x, t).

Because the terms reserved in the serious solution

(Eq.(49)) are arbitrary, we may obtain arbitrary many

solutions similar to those in Eq.(50).

IV. EXACT SOLUTIONS OF THE HIGHER-

ORDER BK SYSTEM IN (2+1)-DIMENS-

IONS

It can be verified that there exists a special solu-

tion for Eqs.(28) and (29),

P (x, z, t) = P0(z), (64)

where P0(z) is an arbitrary function of z, so Eq.(26)

may be written as

ϕt + 4ϕxxx + 12P0(z)ϕxx + 12(P0(z))2ϕx = 0. (65)

Solving of Eq.(65) is simple and direct. The result

reads

ϕ(x, z, t) = 1 + exp[α(z)x + β(z)t + γ(z)], (66)

where

β(z) = −4α3(z) − 12P (z)α2(z) − 12P 2(z)α(z), (67)

and P (z), α(z), γ(z) are arbitrary functions of z.

Through the discussion similar to the case of the

higher-order BK system in (1+1)-dimensions, we ob-

tain the closed form of the solution for the initial

value problem of the higher-order BK system in (2+1)-

dimensions.

H(x, z, t) = P0(z) +
∂

∂x
ln[ϕ(x, z, t)], (68)

G(x, z, t) =
∂

∂z
H(x, z, t), (69)

where

ϕ(x, z, t) =
1

2π(12t)1/3

∫

∞

−∞

(ζ, 0, 0) exp[(x − ζ)P0(z)

− 20tP0(z)3]Ai

(

24P0(z)2t − (x − ζ)

(12t)1/3

)

dζ, (70)

and Ai(x) is an Airy function.

Similarly, for the special solution of higher-order

BK system in (2+1)-dimensions

P =
C

x + P0(z)
, Pz = Q, C =

3 ± 1

2
. (71)

We obtain arbitrary many solutions of Eq.(26) as

follows

ϕN (x, z, t) = Cn[x + P0(z)]N + CN−1[x + P0(z)]N−1

+ CN−2[x + P0(z)]N−2 + {−[12C2N

+ 12CN(N − 2) + 4N(N − 1)(N − 2)]CN t

+ CN−3}[x + P0(z)]N−3 + . . . , (72)

where N is an arbitrary positive integer. Substituting

this ϕN (x, z, t) and P (x, z, t), Q(x, z, t) in Eq.(71)

into Eqs.(24) and (25) and using f(ϕ) = g(ϕ) =

ln(ϕ), we obtain the corresponding rational solutions

HN (x, z, t), GN (x, z, t).

V. CONCLUSION

A simple solitary wave solution and infinitely

many rational function solutions, especially, the closed

form of the solution for the initial value problem of

the higher order BK system in (1+1) and (2+1)-

dimensions, are obtained by using the extended ho-

mogeneous balance method.

———————————————————————————
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