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Using C programming language, we have simulated the flux creep process in nonideal type-II superconductors.

Global and local magnetization curves are calculated and the logarithmic time dependence of local magnetic induction

B under a constant external field is examined. The effects of nonuniform pinning potential and self-organized criticality

(SOC) model on the simulations are discussed. The results show that the main feature of flux creep is the relaxation

effect. The form of hysteresis loops is dependent on the magnetic field sweep rate. SOC can account for the occurrence

of fluctuation to a certain extent and nonuniform pinning potential can enhance the fluctuation.
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I. INTRODUCTION

Thermally activated flux creep in high-tempera-

ture superconductors(HTS) has been a hot spot in

the field of superconductivity. The traditional way to

investigate this phenomenon is to measure the time

dependence of the magnetic moment averaged over

the whole sample and then extract from the data

such important parameters as the effective energy U

and the logarithmic time scale t0.
[1] In the area of

theoretical research, Anderson first put forward the

concept of thermally activated flux creep and pre-

sented a phenomenological model. His theory pre-

dicted that the magnetic moment should decay lin-

early in log(t), where t is the time, and this prediction

was confirmed by experiments.[2] However, subsequent

researches showed that Anderson-Kim (A-K) model

cannot fully explain the relaxation process in HTS

and thus necessitated the introduction of new mod-

els, which emphasize the nonlinear dependence of U

on the current density J .[3,4] Since it is not possible to

derive U(J) directly from experimental data, each of

the above models gives a specific relaxation behavior

that can be compared with experimental results. Such

an approach for evaluating U(J) is model-dependent

and involves fitting several parameters.[5]

Employing an array of micro Hall probes, Zeldov

et al.[6] measured the spatial distribution and time

dependence of the magnetic induction in YBCO crys-

tals, then analyzed the data on the basis of flux dif-

fusion equations,[7,8] which allowed a direct, model-

independent determination of the local activation en-

ergy U . Their experimental results clearly exhibited

the nonuniformity of local relaxation.[9] And subse-

quent similar work all disclosed important informa-

tion that were hidden in global measurements. An-

other approach for studying flux dynamics is through

computer simulation.[10] From simulations on super-

conducting vortices, Richarson et al.[11] confirmed a

modified Bean model for the magnetization of hard

type-II superconductors and suggested the likely ex-

istence of self-organized criticality (SOC) mechanism

in the dynamics of vortices. In this work, we simulate

the flux creep in type-II superconductors. We examine

global and local hysteresis loops and the logarithmic

time dependence of local magnetic induction B under

a constant external field and thus obtain a clear view

of the flux penetration process at different locations

within the sample. We also investigate the depen-

dence of local hysteresis loops on the magnetic field

sweep rate. Finally, we discuss the effects of nonuni-

form pinning potentials and SOC model on the flux

creep simulation.

II. PRINCIPLE AND MODEL

In ideal type-II superconductors where there are

no material inhomogenieties, the only force acting on

flux lines in the mixed state is the interaction between

them. In the presence of field gradient, flux lines move

opposite to the direction of the gradient. Whereas in

nonideal type-II superconductors, the balance between

the pinning force arising from material inhomogeni-

eties and the electromagnetic driving force determines

the movement of the flux lines. We use F d to represent

the driving force, F p the pinning force. At absolute
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zero temperature, in the critical state one has

F d + F p = 0. (1)

The expression for the driving force density is Lorentz-

like

F d = J × B, (2)

where J is the current density near the flux line.

From Eq.(1) one can derive the largest persistent cur-

rent density, i.e., the critical current density Jc,

F p = Jc × B. (3)

According to the critical-state model, at T = 0 the

fluxoids in the bulk of a hard superconductors can

move only if the driving force density F d acting on

them exceeds the maximum local pinning force den-

sity F p. Due to the complexity of the factors deter-

mining the pinning force density, it is very difficult to

describe flux pinning only from the critical state con-

ditions. Bean and Livingston[12] put forward a simpli-

fied model which assumes the critical current density

Jc to be constant.

The critical state discussed above is a metastable

one. At nonzero temperature, flux creep is possible

with the help of thermal activation even if F d < F p ,

thus causing the metastable state to break down. Ac-

cording to Anderson’s theory of flux creep, the rate

at which flux lines jump over the pinning barriers is

given by the usual Arrhenius expression

ωr = ω0e
−U/kBT = ω0e

−(U0−Ud)/kBT , (4)

where ω0 is an attempt frequency and U = U0 −Ud is

an effective activation energy. Here U0 is the effective

height of the energy barrier that arises from material

inhomogenieties, Ud is the decrease in the height of the

barrier due to the work done by the driving force. As-

sume U0 is identical for each pinning center, the rate

at which flux lines jump back from the neighbouring

site is

ωr = ω0e
−U/kBT = ω0e

−(U0+Ud)/kBT . (5)

Considering the flux-motion equation

∂B

∂t
= −∇× (B × v), (6)

the simplest relation between the drift velocity v of

vortices and the activation energy U is

v = v0 exp

[

−
U

kBT

]

. (7)

When there is no external field, the pining poten-

tial is not periodic because of the random distribution

of pinning centers in the sample. From a given site i,

a vortex can jump to the left site (i − 1) or the right

site (i + 1) ,and from these sites the vortex can jump

back into site i. The jump rate due to thermal activa-

tion for hopping from site i to site j is proportional to

Bi exp(−Uij/kBT ). Then from the law of conservation

of the number of vortices, one can get

Bi((n + 1)∆t) = Bi(n∆t) +
1

2
ω0∆t

× [−Bi(n∆t)e−εi,j+1 − Bi(n∆t)e−εi,i−1

+ Bi+1(n∆t)e−εi+1,i + Bi−1(n∆t)e−εi−1,i ], (8)

where εi,j = Ui,j/kBT , ω0 is the microscopic attempt

frequency to jump out of a given site. This equation

serves as the basis for our computer simulation on the

thermally-activated process. For the sake of compar-

ison, we take ω0 = 4 × 105 s−1, Jc = 1010A/m2,U0 =

16kBT , the sweep rate is 0.01T/s, the maximum ex-

ternal magnetic field is 1T, which are the same as

in Ref.[13]. Using C Programming Language, we

obtained the same magnetic moment hysteresis loop

(for a zero-field-cooled sample), shown in Fig.1, as in

Ref.[13].

Fig.1. Magnetic moment hysteresis loop calculated by using

C programming language. The values for the parameters are

as follows: ω0 = 4 × 105 s−1, Jc = 1010A/m2, U0 = 16kBT ,

altogether 40 pinning centers with a spacing of x0 = 5.0 ×

10−6 m, the sweep rate is 0.01 T/s, and the maximum exter-

nal magnetic field is 1T.

III. COMPUTER SIMULATION ON THE

LOCAL FLUX CREEP PROBLEM

A. Hysteresis loops

1. Low field-sweep rate

With ω0 = 2 × 106 s−1, Jc = 109 A/m2, U0 =

16kBT , altogether 201 pinning centers of a spacing of
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Fig.2(a). Bulk magnetization. The values for the parame-

ters are as follows: ω0 = 2 × 106 s−1, Jc = 109 A/m2, U0 =

16kT , altogether 201 pinning centers with a spacing of

x0 = 5.0 × 10−6 m, and the sweep rate is 3 × 10−5 T/s.

Fig.2(b). Magnetizations at different location of the sample. The values for the parameters are the

same as in Fig.2(a).
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Fig.3(a). Magnetizations at different locations

of the sample. The values for the parameters are

the same as in Fig.2(a).
Fig.3(b). Bulk magnetizaton. The values for the param-

eters are the same as in Fig.2, except that the field sweep

rate is 3 × 10−4 T/s.

5.0 × 10−6 m, we ramp up the external field at a rate

of 3 × 10−5 T/s. The magnetizations of different lo-

cations in the sample are shown in Fig.2(b), where

n = 10 corresponds to the point near the edge, while

n = 100 the central point. Figure 2(a) shows the bulk

magnetization of the whole sample. Both the bulk

and local magnetization have two symmetric convexes

of varying degree, reflecting the effect of the sign re-
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versal of the vortices.[11] Take n = 20 as an example,

in this figure the external field keeps on decreasing

until to the opposite direction. When the number of

flux lines within the sample decreases, the activation

volume decreases accordingly, and the driving force

reduces a little and causes the rate of further leakage

of the flux lines to slow down. After the reversal of

the applied field, the flux lines of the opposite sign be-

gin to force into the sample and when they reach the

point where n = 20, the number of the positive vor-

tices will decrease till it is outweighted by the number

of negative vortices. It is in this way that the convex is

formed. The penetration process can be roughly seen

from the series of plots in Fig.2(b).

2. High field-sweep rate

Change the external sweep rate into 3×10−4 T/s.

The magnetizations of different locations in the sam-

ple are shown in Figs.3(a),3(b), which shows the global

magnetization.

Comparison between Figs.2 and 3 shows their no-

table difference. Because of the relaxation effect of

magnetic field penetration, the measurements of hys-

teresis loop is closely related to the rate and the way of

change of the external field. When the applied field is

ramped up slowly, there is sufficient time for its change

to propagate into the sample, thus enabling the local

penetrated magnetic induction B to keep pace with

the external field. It is quite different for the quicker

ramp-up case, in which the local points cannot keep

up with the change of the external field. Qualitatively,

the change of the internal field accords with that of the

external field except for a phase difference after a cer-

tain period of time. In this case, the hysteresis loops

can be viewed as Lissajous figures and one can ascer-

tain the relaxation behavior at local points from the

orientation of the hysteresis loops.

B. Application of a constant external field

Apply a certain field to the sample instanta-

neously. A big gradient in the flux density is formed

beginning at the surface, so the driving force greatly

exceeds the pinning force. The vortices move prin-

cipally in a viscous -flow way and establish the Bean

state which is set up so quickly that it can be viewed as

done instantaneously, compared with the slow move-

ment of the flux lines. So in the following simulations,

the Bean state serves as the initial state.

1. b-log(t) curve

Allow sufficient time for the full penetration

of the external field, then remove the field. With

ω0 = 2 × 105 s−1, Jc = 1.06 × 109 A/m2, U0 =

15kBT, µ0H=0.03T, altogether 201 pinning centers

Fig.4. Relaxation of the local magnetic induction at vari-

ous points during the ramp-up stage. The values for the

parameters are as follows: ω0 = 2 × 105 s−1, Jc = 1.06 ×

109 A/m2, U0 = 15kBT, µ0H=0.03T, altogether 201 pinning

centers with a spacing of x0 = 5.0 × 10−6 m.

Fig.5. Relaxation of the local magnetic induction at various

points after the removal of the external field. The values for

the parameters are the same as in Fig.4.

with a spacing of x0 = 5.0× 10−6 m, we obtain Figs.4

and 5 which are the b-log(t) graphs for different loca-

tions in the sample. Figure 4 shows the penetration

condition of local points during ramp-up stage. The

speed of penetration is much greater on the edge than

in the center. In Fig.5, which shows the local magnetic

induction B after the removal of the external field, the

behavioral difference between the edge and the center

is even more obvious. Closer observation of Figs.4

and 5 will reveal a small bent in both of them. The

probable reason for the existence of the bent might
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be the penetration speed change, which is caused by

the sharp decrease in the driving force due to the

convergence of the negative and positive flux lines

and its spread from the center to both sides. If

we apply a constant field only for a short time and

then remove it, the result will be different. For the

sake of simplicity, we take ω0 = 2 × 105 s−1, Jc =

1.06×109 A/m2, U0 = 15kBT, µ0H=0.03T, altogether

61 pinning centers with a spacing of x0 = 5.0×10−6 m,

as shown in Fig.6. In each of the plot of Fig.6, both

the ramp-up and ramp-down processes are calculated

and the time is counted separately. The change of the

external field can be seen as a square pulse which, ow-

ing to the relaxation effect, spreads to the center after

such a long time that the internal magnetic field in-

creases even after the external field is removed. And

once again we observe that the change of the external

field penetrates into the sample quicker in the ramp-

up phase than in the ramp-down phase.

Fig.6. Relaxation of the local magnetic induction at various points after the removal of the external field, which

is applied only for a short time. The values for the parameters are as follows: ω0 = 2 × 105 s−1, Jc = 1.06 ×

109 A/m2, U0 = 15kBT, µ0H=0.03T, altogether 61 pinning centers with a spacing of x0 = 5.0 × 10−6 m.

2. The penetration speed

Figure 7 shows the penetration speed of the mag-

netic field; the vertical axis represents the position of

Fig.7. The penetration speed of the magnetic field. The

values for the parameters are as follows: ω0 = 2 × 105 s−1,

Jc = 1.06 × 109 A/m2, µ0H=0.03T, altogether 201 pinning

centers with a spacing of x0 = 5.0 × 10−6 m. For the shorter

line U0 = 16kBT , the longer line U0 = 18kBT .

the points in the sample, the horizontal axis corre-

sponds to the time when the external field reaches

this point. The values of the parameters are ω0 =

2 × 105 s−1, Jc = 1.06 × 109 A/m2, µ0H=0.03T, al-

together 201 pinning centers with a spacing of x0 =

5.0 × 10−6 m .For the shorter line U0 = 16kBT , the

longer line U0 = 18kBT . From this figure one can see

that U0 exerts a great influence on the penetration

speed. Information about the sample can be obtained

if further fitting is done to the curves.

C. The effect of Self-Organized

Criticality(SOC)

About ten years ago, Bak, Tang and Wiesen-

feld[14] proposed the notion of self-organized critical-

ity dealing with systems with both temporal and spa-
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tial degrees of freedom. They discovered that such

dynamical systems involve much interaction between

individual degrees of freedom and evolve naturally to-

ward a critical state which is very sensitive to outside

perturbations. SOC proposes that a nonequilibrium

system can organize itself into a certain critical state

through its own feedback mechanism, independent of

such parameters as temperature in phase transitions,

or initial conditions, thus offer a brand-new way of

thinking over the spatial and temporal complexities

existing in nature. Readers who are interested in SOC

theory can refer to Refs.[14–16]. As early as more

than thirty years ago, Bean[17] and de Gennes[18] had

noted the close analogy between the marginally sta-

ble state of vortices in hard superconductors and the

marginally stable slope of sand in a sandpile, a typi-

cal example for illustrating SOC theory. These early

analogies have been used mainly to understand the

static distribution of flux in a hard superconductor.

Recently, the dynamics of such systems have received

much attention. In the case of magnetic field penetra-

tion, the effect of SOC equals to reducing the effective

activation energy, thus speeding up penetration. As

regards the vortex avalanches, some believe they are

triggered by thermal activation, some think they hap-

pen randomly. In our work, we take the magnitude

of the gradient of the magnetic field as a criterion for

the occurrence of avalanche, as shown in Fig.8. Figure

8(a) shows the case in which the pinning potential is

uniform and there is no SOC mechanism, Fig.8(b) the

case that the pinning potential is uniform and there

is the SOC mechanism, and Fig.8(c) the case that the

pinning potential is nonuniform and there is the SOC

mechanism. The parameters are ω0 = 2 × 105 s−1,

Jc = 3.18×109 A/m2, µ0H=0.03T, altogether 61 pin-

ning centers with a spacing of x0 = 5.0× 10−6 m. For

the uniform potential we have U0 = 16kBT , for the

nonuniform potential U0 = (18±2)kBT . One can note

that fluctuations in Fig.8(c) is much greater than that

in Fig.8(b) because nonuniform potential can increase

the local magnetic gradient and thus causes more no-

table fluctuations; in all the three plots, fluctuations is

more evident in the ramp-up case than in the ramp-

down case. What we simulate here is the non-full-

penetration case, so when the external field is turned

down, the distribution of the internal field is less sharp

and results is less fluctuations.

Fig.8. The value for the parameters are as follows: ω0 = 2×105 s−1, Jc = 3.18×109 A/m2, µ0H=0.03T, altogether

61 pinning centers with a spacing of x0 = 5.0 × 10−6 m. (a),(b) and (c) all show the relaxation process in the

sample, but represent different conditions: (a) the pinning potential is uniform and there is no SOC mechanism,

U0 = 16k
B

T ; (b) the pinning potential is uniform and there is SOC mechanism, U0 = 16k
B

T ; (c) the pinning

potential is nonuniform and there is SOC mechanism, U0 = (18 ± 2)k
B

T .
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IV. CONCLUSIONS

From the above simulations and discussions, we

conclude that relaxation effect is the main feature of

flux creep and determines the general form of flux

distribution; the measurement of hysteresis loops is

dependent on field sweep rate; SOC can explain the

appearance of fluctuation to some extent; and nonuni-

form pinning potentials can enhance the fluctuation.
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