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Within the generalized definition of ABCDGH matrices, the conventional ABCDGH diffraction integral is ex-

tended for a misaligned complex paraxial system with a curved optical axis. On this basis the transformation law

for Gaussian-Schell model beams through an ABCDGH systems is derived, the propagation behavior of the mutual

coherence function through ABCDGH systems in the presence of random media is investigated as well.
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I. INTRODUCTION

As is well known, the Fresnel diffraction integral

and the matrix-optics formalism are both useful for

describing the beam propagation from one reference

plane to another. In the past years, much effort has

been made to combine the two analytical techniques

in order to develop and improve the theory of beam

propagation in paraxial optical systems. Baues[1]

first related the diffraction theory to ray optics by

showing that the diffraction integral can be written

in terms of ABCD matrices. The extension of the

above results to astigmatic systems was reported by

Collins,[2] a compact form in terms of tensors was also

presented later.[3] Next, several authors[4−6] indepen-

dently proved that the ABCD diffraction integral is

valid for complex-valued matrices. In addition, a 4×4

misalignment matrix and the corresponding diffrac-

tion integral have been developed to treat a paraxial

system with misaligned optical elements.[7] Similarly,

the misalignment diffraction integral is proper for

complex-valued matrices.[8] Note that the 4 × 4 mis-

alignment matrix is introduced by means of the coor-

dinate transform, thus the misalignment diffraction in-

tegral cannot well determine the z-dependent phase (z

denotes the propagation axis) and is limited to asym-

metry owing to extrinsic misalignment. Recently, by

using the separation of variables to solue the paraxial

wave equation for a general complex lenslike medium

including intrinsic asymmetry, Tovar and Casperson

et al.[9] established a novel 3 × 3 ABCDGH matrix

and obtained an exact expression for z-dependent

phase. On the basis of Gaussian beamlets rather than

Huygens’ spherical wavelets, the Fresnel diffraction

integral was extended so that it can be applied to

the misaligned complex optical systems represented

by 3 × 3 ABCDGH matrices.[10] In the present pa-

per, we consider the effect of a curved optical axis by

introducing an equivalent increment in complex prop-

agation constant, and generalize the definition of the

misalignment matrix elements G and H . From the re-

sults, we prove that the ABCDGH diffraction integral

is also valid along a curved optical axis. Furthermore,

two cases are investigated. First, the transformation

law of Gaussian-Schell-model (GSM) beams through

a complex ABCDGH systems is derived. Second,

within the second-order Rytov approximation, an ex-

plicit expression for the mutual coherence function

(MCF) propagating through complex ABCDGH sys-

tems in the presence of random media is obtained.

Note that in this analysis a basic assumption is

that the profiles of gain (or loss) and refraction index

have at most quadratic variables, which is at least a

first-order approximation to any system having trans-

verse variation in transmission.

II. AGENERALIZATION OF THE ABCDGH

DIFFRACTION INTEGRAL

For simplicity, we restrict our discussion to one

transverse dimension. Here we extend Tovar and

Casperson’s ABCDGH diffraction integral[10] for the

general case of a curved optical axis, as illustrated in

Fig.1. Let z denote the arc length along the axis of a

curved medium and C(z) the curvature. It is shown

that within the paraxial approximation, a small cur-

vature C(z) is equivalent to an increment k0C(z)x in
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Fig.1. Illustration of a Gaussian beam through a complex

lenslike medium with a curved z-axis.

propagation constant.[11] When k0 is complex rather

than real, the direct ray-optics interpretation for the

additional increment in propagation constant, as in

Arnaud’s treatment,[11] seems no longer possible. For-

tunately, Nazarathy and Shamir[5] showed that the

Hamilton equation for first-order systems with gain or

loss is in the same form as the conventional ray equa-

tion. In other words, the ray-optics solutions can be

directly extended to complex-valued functions, known

as complex rays. So, along a curved z-axis, the parax-

ial wave equation is approximated as

∂2E(x, z)

∂x2
− 2ik0

∂E(x, z)

∂z
+

[

k2(x, z)

− k2
0(1 − 2C(z)x) − i

dk0

dz

]

E(x, z) = 0, (1)

where the complex propagation constant is of the form

k2(x, z) = k2
0(z) − k0(z)(k1(z)x+ k2(z)x

2). (2)

For a Gaussian beam

E(x, z) = E0 exp

{

− i

(

Q(z)

2
x2 + S(z)x+ P (z)

)}

,

Eq.(1) may be separated into the set

Q2 + k0(z)
dQ

dz
+ k0(z)k2(z) = 0, (3a)

QS+k0(z)
dS

dz
+
k0(z)k1(z)

2
−k2

0(z)C(z) = 0, (3b)

dP

dz
= − iQ

2k0(z)
− S2

2k0(z)
− i

2k0(z)

dk0(z)

dz
. (3c)

Equations (3a)–(3c) resemble the results of Ref.[10]

except that there is an additional term −k2
0C(z) in

Eq. (3b), which indicates the effect of a curved opti-

cal axis. Following the same procedures for analysis in

Ref.[10], one can obtain a generalized beam matrix, in

which ABCD are the usual complex matrix elements

for an alignment system as before, while G and H are

written as

G(z)=

∫ z

0

(

k0(z
′)C(z′) − k1(z

′)

2

)

A(z′)dz′, (4a)

H(z)=

∫ z

0

(

k0(z
′)C(z′) − k1(z

′)

2

)

B(z′)dz′, (4b)

The results for lens waveguides and lenslike media

with a curved axis[12] are merely particular cases of

Eqs. (4a) and (4b). And the z-dependent phase P (z)

is in the same form as Ref.[10]. Based on the analysis

above, it is indicated that the ABCDGH diffraction

integral is still valid along a curved optical axis but

the elements G and H are defined by Eq.(4). That is,

————————————————————————————
|

E(x, z) =

√

i

λB
exp(−iϕ)

∫

dζEin(ζ, z0) exp

[

− i
π

λB
(Aζ2 − 2ζx+Dx2 + eζ + fx)

]

, (5)

|————————————————————————————

where e =
λ

π
(BG −AH), f =

λ

π
H ,

ϕ = − λH

4π

(

BG−AH

B

)

+
λ

4π

∫ z

z0

(

G
dH

dz′

−H
dG

dz′

)

dz′ + k0(z − z0). (6)

For a quasi-monochromatic field, the MCF is defined

by

Γ (x1, x2; z) =<E(x1, z)E
∗(x2, z)>, (7)

where the angular brackets denote an ensemble aver-

age. Substitution of Eq. (5) into Eq. (7) yields

Γ (x1, x2; z) =

∫∫

dζ1dζ2g(x1, ζ1)

× g∗(x2, ζ2)Γin(ζ1, ζ2; z0), (8)

where Γin(ζ1, ζ2; z0) =< Ein(ζ1, z0)E
∗

in(ζ2, z0) >, and

g() is the kernel of the Fresnel diffraction integral writ-

ten as

g(x, ζ) =

√

i

λB
exp(−iϕ) exp

[

− i
π

λB
(Aζ2

− 2ζx+Dx2 + eζ + fx)

]

. (9)

Equation (8) governs the propagation rule of the MCF

through any misaligned complex optical system repre-

sented by ABCDGH matrices, which may be viewed

as a generalization of the van Cittert-Zernike theorem.

By means of the Wigner distribution function[13]

W (x, θ) =
1

λ

∫

exp(−i2πθs/λ)Γ (x + s/2, x− s/2)ds,

(10)



No. 2 Generalized Fresnel Diffraction Integral and Its Applications 121

the beam radius W and the far-field divergence Θ can

be evaluated by

W 2 = 4

∫∫

x2W (x, θ)dxdθ
/

∫∫

W (x, θ)dxdθ,

(11)

and

Θ
2 = 4

∫∫

θ2W (x, θ)dxdθ
/

∫∫

W (x, θ)dxdθ. (12)

III. APPLICATIONS

A. Transformation of Gaussian schell-model

beams through an arbitrary ABCDGH system

The Gaussian Schell-mode (GSM) beams, as rep-

resentative of partially coherent beams, have been ex-

tensively investigated for many years.[14−16] Here we

provide a more understandable derivation of the GSM

beam transformation with the ABCDGH diffraction

integral as a mathematical tool, and get a more gen-

eral result. A two-dimensional GSM source is charac-

terized by the MCF of the form[14]

Γin(ζ1, ζ2; z0) = A0 exp

(

− ζ2
1 + ζ2

2

4σ2
i0

− (ζ1 − ζ2)
2

2σ2
c0

)

,

(13)

where A0 is a constant, σ2
i0 and σ2

c0 are the variances of

the intensity and the degree of coherence, respectively.

According to Ref.[14], the MCF may be repre-

sented by a mode expansion

Γin(ζ1, ζ2; z0) =
∑

n

αnφn(ζ1, z0)φ
∗

n(ζ2, z0). (14)

Here, φn(ζ) is the Hermite-Gaussian mode and

αn = α0p
n, (15)

where

α0 =

√
8πA0σi0

M2 + 1
, p =

M2 − 1

M2 + 1
, andM2 =

√

1 +
4σ2

i0

σ2
c0

.

(16)

It is remarked that M2 is just the beam quality

factor.[17] Substitution of Eq.(14) into Eq.(8) yields

Γ (x1, x2; z) =
∑

n

αnφn(x1, z)φ
∗

n(x2, z). (17)

In deriving Eq.(17), we use the fact that the modes

φn are uncorrelated and take the form————————————————————————————
|

φn(x, z) =

√ √
2√

π2nn!ω0u

(

v

u

)n/2

Hn

(
√

2(x− e/2)

ω0

√
uv

)

exp

{

− i
π

λ

(

x2τ

u
+
x

B

( e

u
+ f

)

)}

exp(−iϕ′), (18)

where ω0 = 2σi0/M , q0 = iπω2
0/λ,

u = A+B/q0, v = A+B/q∗0 , τ = C +D/q0, and ϕ′ = ϕ− πe2/4λBu. (19)

With the relation[14]

∑

n

Hn(x1)Hn(x2)t
n

n!2n
=

exp

{

2x1x2t− (x2
1 + x2

2)t
2

1 − t2

}

√
1 − t2

, (20)

and after some algebra, Eq.(17) becomes

Γ (x1, x2; z) = A(z) exp

[

−x
2
1 + x2

2

4σ2
i (z)

− (x1 − x2)
2

2σ2
c (z)

−i
π

λR(z)
(x2

1−x2
2)

]

exp[∆i(x1+x2)−i∆c(x1−x2)+∆const], (21)

with

A(z) =
2α0 exp[2Im(ϕ′)]

πω2
0(|u|2 − p2|v|2) ,

σ2
i (z) =

(|u|2 − p2|v|2)|u2|ω2
0

4

{

2p2Re(uv) +
πω2

0

λ (|u|2 − p2|v|2)Im(τ∗u) − 2p|u|2
} ,

σ2
c (z) =

(|u|2 − p2|v|2)ω2
0

4p
, R(z) =

(|u|2 − p2|v|2)|u2|ω2
0

−2λ

π
p2Im(uv) + ω2

0(|u|2 − p2|v|2)Re(τ∗u)

,

∆i =
2

ω2
0(|u|2 − p2|v|2)Re(−pe∗ + p2ev∗/u) +

2π

λ
Im

(

(e/u+ f)

2B

)

,

∆c = − 2

ω2
0(|u|2 − p2|v|2) Im(−pe∗ + p2ev∗/u) +

2π

λ
Re

(

(e/u+ f)

2B

)

,
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|————————————————————————————

and

∆const =
p|e|2 − p2Re(e2v∗/u)

ω2
0(|u|2 − p2|v|2) . (22)

Equations (21) and (22) describe the transformation

law of a GSM beam through a complex ABCDGH

system. It is readily seen that the output beam is still

in the GSM form but the position is displaced, and

there is an additional phase shift. By using Eqs.(11)

and (12), one obtains the beam radius W (z) = 2σi(z),

the transverse displacement X0 = 2σ2
i ∆i, the far-field

divergence Θ =
√

(λ/π)2(1/4σ2
i + 1/σ2

c ) + 4σ2
i /R

2,

and the deflection angle θdef = 2σ2
i ∆i/R+ λ∆c/2π.

B. Propagation of the mutual coherence

function through any ABCDGH system

in the presence of random media

The study of waves in random media is important

in some fields such as astronomy, optical communica-

tion and remote sensing. For the case of weak fluctu-

ation, the extended Huygens-Fresnel principle[18] is a

fairly effective method for describing paraxial beams

propagation through random media. Along with this

principle and on the basis of the ABCDGH diffraction

integral discussed in Sec.II, we can develop a general

expression for the MCF of paraxial beams propagating

through any optical system characterized by complex

ABCDGH matrices in the presence of random media.

Following the extended Huygens-Fresnel principle

in weak-fluctuation media, we have

E(x, z) =

∫

dζg(x, ζ)Ein(ζ, z0) exp[ψ(x, ζ)], (23)

where g() is defined by Eq.(9). If considering the

second-order Rytov approximation, one has

ψ = ψ1 + ψ2, ψ1 = U1/U0, ψ2 = U2/U0 − ψ2
1/2,

(24)

where U0 is the output field of a spherical wavelet in

the absence of random media given by Eq.(5). U1 and

U2 are the perturbation solutions, respectively, corre-

sponding to the first- and second-order Born approx-

imation, namely,————————————————————————————
|

U1(x, ζ) = −k2

∫

dρ1g(x, ρ1)ε(ρ1)U0(ρ1, ζ), (25)

U2(x, ζ) = k4

∫∫

dρ1dρ2g(x, ρ2)ε(ρ2)g(ρ2, ρ1)ε(ρ1)U0(ρ1, ζ). (26)

Here ε = (n0 + n1)
2 − n2

0 = 2n0n1 + n2
1, n1 represents the fluctuation of the refraction index. Substitution of

Eq.(23) into Eq.(7) gives

Γ (x1, x2; z) =

∫∫

dζ1dζ2g(x1, ζ1)g
∗(x2, ζ2)Γin(ζ1, ζ2; z0)

× < exp[ψ1(x1, ζ1) + ψ2(x1, ζ1) + ψ∗

1(x2, ζ2) + ψ∗

2(x2, ζ2)] > . (27)

In deriving Eq.(27), we use the fact that the fluctuations in the source and the random medium are statistically

independent. For Gaussian random variables or correcting through terms of the order of ε2, we can deduce

< exp[ψ1(x1, ζ1) + ψ2(x1, ζ1) + ψ∗

1(x2, ζ2) + ψ∗

2(x2, ζ2)] >

= exp[< φ2(x1, ζ1) + φ∗2(x2, ζ2) > + < ψ1(x1, ζ1)ψ
∗

1(x2, ζ2) >],
(28)

where φ2 = U2/U0. After a lengthy derivation, one obtains

< φ2(x1, ζ1) >= − πk2

∫ +∞

−∞

dK

∫ L

0

dzΦε(K, z), (29a)

< ψ1(x1, ζ1)ψ
∗

1(x2, ζ2) >=2πk2

∫ +∞

−∞

dK

∫ L

0

dzΦε(K, z) exp[−Im(B0zBzL/B)K2/k]

× exp{−iK[(x1 − x2)Re(B0z/B) + (ζ1 − ζ2)Re(BzL/B) + i(x1 + x2)Im(B0z/B)

+ i(ζ1 + ζ2)Im(BzL/B)] −K[Im(B0zezL/B) + Im(BzLf0z/B)]}, (29b)

where

Φε(K, z) =

∫

∞

0

d(∆z)

∫ +∞

−∞

d(ζ1 − ζ2)Cε(ζ1 − ζ2; ∆z, z) exp[iK(ζ1 − ζ2)]
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can be viewed as the two-dimensional Fourier trans-

form of the correlation function of the dielectric fluc-

tuation Cε evaluated at Kz = 0. Cε is represented

by

Cε(ζ1 − ζ2; ∆z, z) =< ε(ζ1, z1)ε
∗(ζ2, z2) > .

Here ∆z = z1−z2, z = (z1 +z2)/2, and the transverse

correlation is merely related to the difference of coor-

dinates for the case of a stationary random medium.

Thus we obtain an extended expression for the

MCF in random media. The extension to the expres-

sions for other statistical moments including the mean

irradiance and the log-amplitude, phase and wave-

structure functions as discussed in Ref.[18] is straight-

forward by means of the generalized ABCDGH

diffraction integral. Here we will not study in detail.

IV. CONCLUSION

We have derived an extended version of the

ABCDGH diffraction integral, which is suitable for

the case of a curved optical axis, from the paraxial

wave equation. On the basis of this result, some ap-

plications have been further investigated. This paper

again shows that the generalized Fresnel diffraction in-

tegral in terms of matrix formalism is really a valuable

and convenient tool for the study of paraxial beams

propagation.

———————————————————————————
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